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PART  I 


Axiomi.    Defjiitioni.    PottuUtei 

hirpotheticai.  conbtructiins 

Intboductorv  ....  

Symholh  and  Abbreviationh  ...,'' 
Han  a.'d  Anglei. 

'^".f™S  L  "^\"'  '•  ■'?•'  T'"'  "djncent  angle,  which  one 
straight  line  makes  with  another  straight  |i-  on  one  side  ?>? 
It  are  together  equal  to  two  right  angles. 

.nSl"'  '■(    "  !.™  "'"■"'Kht  lines  cut  one  another,  the  four 
angles  so  formed  are  together  equal  to  four  right  anglw. 

r^:^\u'     Whenany  number  of  straight  lines  meet  at  a 

C  right  rnX  """  """""""^  """''*  ^  '°""^  '^^"«"« 

(iif  c"„m1;ieJi'^n»hr»l°Mi'e%S'"e^uar"'  "^  *""'"• 

trs?A&ffi^a«r;iTofr„dX^^te±Sk£'^ 

otheTIhe  J^rJ-  '*•'    •■/  '"o  "t^ght  'me.  cut  one  an- 
omer,  the  vertically  opposite  angles  are  equal. 

Triangles. 

Definitions      .        . 

The  Compabison  or  Two  TBiANOLEs    .        '        '        '        ' 

Theobem  4.     lEuc.  1.  4.1     If  two  triangles  have  two  sides  of 

asfe--e^i^rth^te^« 

"^trngreti.  Iqll.'-  '■'    ""*  ""«'-  "'  "•«  l"-  of  "n  isosceles 

duS:  t!.e  eLtrT|l'rart"h'eir^'-rr^^  -  P- 

Cob.  2.    If  a  triangle  is  equilateral,  it  is  a:8o  equiangular. 
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Thkiihkm  n.  IKuc.  I.  til  If  two  Jiiiiilfw  i>f  «  triiinglc  lire  equal 
to  one  unother,  then  the  riiden  which  lire  up|Hwite  to  the  equal 
ttn^leH  are  iHiuul  to  one  unother. 
Theokkm  7.  IKuc.  1.  «.l  If  two  triungleii  have  the  thn-e  niileii 
ot  the  one  eiiuiil  to  the  three  nideit  of  the  other,  carh  to  each, 
they  arc  eciuul  in  all  reniM-ctn. 
Thkiirku  8.  IKuc.  I.  111.1  If  one  iiiile  of  a  triannle  i»  pro- 
dured,  then  the  exterior  annle  ic  ureutcr  than  cither  of  the  in- 
terior oppiwitc  unnlen. 

Con.  1.     Any  two  un((le«  of  a  triangle  are  toftcther  lean  than 
two  right  anKlcH. 
Cor.  2.    Every  triannle  must  have  at  leant  two  acute  anRle*. 
Cor.  3.     f^nly  one  peri)enilicular  can  he  drawn  to  a  straight 
line  from  a  g..en  point  oulnide  it. 
Theorkm  9.     (Kuc.  I.  18.1    If  one  side  of  a  triangle  is  greater 
than  another,  then  the  angle  opiKwite  to  the  greater  side  m 
greater  than  the  angle  opiKwite  to  the  less. 
Theorem  10.     (Eue.  1.  101     If  one  angle  of  a  triangle  is  greater 
than  another,  then  the  side  opixwite  to  the  greater  angle  is 
greater  than  the  side  opposite  to  the  less. 
Theorem  11.     |Euc.  I.  201     Any  two  sides  of  a  triangle  are 

together  greater  than  the  third  side. 
Theorem  12.     Of  all  straight  lines  from  a  given  point  to  a  given 
straight  line  the  perpendicular  is  the  least. 

Cor.  1.  If  CC  is  the  shortest  straight  line  from  O  to  the 
straight  line  AB,  then  Of  is  perpendicular  to  AH. 

Cor.  2.  Two  obliques,  OP,  OQ,  which  cut  AB  at  enual 
distances  from  C  the  foot  of  the  perpendicular,  arc  equal. 

Cor.  3.  Of  two  obliques  OQ,  OR,  if  OR  cuts  AB  at  the 
greater  distance  from  C  the  foot  of  the  pi.pendicular,  then 
OR  is  greater  than  OQ. 
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PanUelt. 

Playfair's  Axiom "° 

Theorem  13.  [Euc.  I.  27  and  28.)  If  a  .itraight  line  cuta  two 
other  straight  lines  so  as  to  make  (i)  the  alternate  angles 
equal,  or  (ii)  an  exterior  angle  equal  to  the  interior  opposite 
angle  on  the  same  side  of  the  cutting  line,  or  (in)  the  interior 
angles  on  the  same  side  eoual  to  two  right  angles ;  then  in 
each  case  the  two  straight  lines  are  parallel.  m 

Theorem  14.  |Euc.  I.  29.)  If  a  straight  line  cuta  two  parallel 
lines,  it  makes  (i)  the  alternate  an^es  equal  to  one  another; 
(ii)  the  exterior  angle  equal  to  the  interior  opposite  angle  on 
the  same  side  of  the  cutting  line ;  (iii)  the  two  interior  angles 
on  the  same  side  together  equal  to  two  right  angles. 
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PaRALLELM  iLLnKTRATKD  BV    ItoTATION 

Thkokkm  If,  IKii..  1.  M.l  HinuKlit  11..  '  wl,i.'l,  ,in."™rulW  t„ 
the  «am«  Htrninht  Urn-  im.  i„imlli.| ,„.  unolher.   '^  '" 

llVPOTHETICAL  ClINMTKUC'TION   .... 

TrianfUi  continued. 

toKcthor  C(|uul  l<>  two  rigi.t  unglfH.  ■""nuit  iire 

...£Vf'  '■  '.u'l  ""'  !","•■■''"■  ""kI'"  of  liny  rrctilineal  fiuuro 

right  unglen  uh  the  hnurc  ha«  Men.  ' 

enfranl  to.!,'  ""^ "'''*'"  V'  "  ■;"■':''''"'•"'  Rk""-,  "hieh  ha«  n.>  re- 
entrant angU',  are  pn><iuee<l  in  ur.ler,  tl  n  all  the  exterior 
angle,  «,  formed  are  togeth.T  equal  to  f.   ,  ■  right  iVLl™ 

Theohem  17  IKue.  I.  2(l.|  If  two  triar  .,  have  two  anile» 
of  one  e<jual  to  two  angles  of  the  other,  eaeh  to  eaeh  n  1  Jnv 
Hide  of  tl,e  fimt  e,,ual  t^  the  eorn»,K,nding  «  de  f  the  other'^ 
the  triangles  ure  equal  in  all  re»|H'<t»,  ' 

On  the  Identical  Egi-ALiTv  ok  Tkia.v.ileb  . 

I."?!!!.?"  '*•■  ''"*'!  "■»*'-«'•(/'<'/  triiingleH  whieh  have  !■■ 
hypo  enu«.8  equal  and  one  m.le  of  one  e,,ua  to  one  »id. 
the  other,  are  equal  in  all  rcsix-et* 

"^"the  one  ZJf"',-  '  ^1 '  '/  ',*-  '""•"'''»  h-ve  two  ,ide«  of 
Intu  1^  i^  i'?  '*?  '"'""'  °'  "'"  """T,  caeh  to  eaeh  but  the 
includS  bvlei,'^'""  r'""  "',<""■  preater  than  the  angle 
buJe  of  th/t  ihiTTTi!"*'""  ""''■"  "f.*'"'  "ther;  then  the 
baS  of  the  other  ""  •*""""  ""«'"  "  «™'""  '•'"'"  "«' 

Converse  or  Theokeu  19       ...        . 

Pvdlelognms. 
Definitions      ... 

'^eXmit^,  of^w  ■  '■  ''•V  ?"  "*•;?'?'>'  I'"™  *'''''•  join  th« 
the  M^,.  1?.  *"  .1^""'  ^"''  P"™"*-'  s'f'Kh'  'ines  towards 
tne  same  parts  are  themselves  equal  and  parallel 

S"tt''pralleToS  *°  """  ""''"'"•  ""''  "'"''■ '"'"'°'"''  "'- 
it.'Tgii  ar"  Ight^aSgi;' "  P*™"^'"*"""  -  -  ^^  angle,  all 

angl«  ai  righ't  I'^X"''  °'  "  '^"'""  ""  '^"'''  =   "'"'  ""  '" 
otS"'  ^'    '^*'*  ''''«°'^  of  »  parallelogram  bisect  one  an- 
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THEoraM  22.  If  there  are  three  or  more  parallel  straieht  lines 
?hen  thi"'"^'"'  '7'^  '?y  """"  o"  "ny^ransve™? 'are  eqSS: 
Ire  al«  e^'""'*'"*  ""^'^P'^  »»  ""y  "'her  transvlrsai 

Cob.     In  a  triangle  ABC,  if  a  set  of  lines  Pp,  Qa,  Rr 

fh^r^rt't'"  ''^  ''i^'  ''J^''*''  "n"  «de  .» B  into  equal  parta', 
they  abo  divide   •.le  other  side  AC  into  equal  parts 

DiAaONAL  S*  ALES 

Practical  Geometry.    Problems. 

Intboduction.    Necessary  Instruments      . 

PROBLEUS  ON  LiNES  AND   ANGLES. 

PnoBLEM  1.    To  bisect  a  given  angle. 
Problem  2.    To  bisect  a  given  straight  line. 

^^?~^K*^:  '^?  '*™"'  *  «t™'8l>t  line  perpendicular  to  a  given 
straight  hne  at  a  given  point  in  it. 

''^a^gh"tU^^a'^g,lreLt*rnXTnr'''™'"  ^  "  '^'™° 

''ra^e'eqiill'  J^l^vS'tVi^e."  '^™"  '*™*'"  """  »°  """'<' 

Problem  6.    Through  a  given  point  to  draw  a  straight  line 

paraUel  to  a  given  straight  line  "iraigni  une 

^  of^J^/parJ^"  *"''*  "  «'™"  '"•"'«''*  "»«  '■"<•  '"y  "•"nber 
Thb  Construction  of  Triangles. 

^"thlfhJel'sidS  ''™''  *  '"''°*'^'  *"""*  *'™°  **  '™8*'«'  °f 
Problem  9.    To  construct  a  triangle  having  given  two  sides 
and  an  angle  opposite  to  one  of  them. 

^"th^'if^?'     ''"°  ""'«*"'<'*.»  right-angled  triangle  having  given 
the  hypotenuse  and  one  side.  bb  »>=" 

The  Construction  of  Quadrilaterals 

''TthrfouVsil^ZtreVng'le.'''"'"*''™''  '^™"  ""'  ''"'^">'' 
Problem  12     To  construct  a  parallelogram  having  given  two 

adjacent  sides  and  the  included  angle  ""ing  given  two      ^ 

Problem  13.    To  construct  a  square  on  a  given  side.  88 

Lad. 

«mt  Its  distances  from  two  fixed  points  A  and  B  are  always 
equal  to  one  another.  «.>.»j'o 


63 
66 


70 
71 


72 
74 


78 


77 


78 


80 


82 


83 


86 


91 


62 


63 
66 


CONTENTS 

AB.  Cfl'Tre  equal  to  one  another  *™°  ''"'*'*'  """^ 

Intehsection  of  Loci 

The  CoNcuHBENCE  OF  Straight  LmEs  m  a'tbiakole        ' 

iL    The  wt™  o1  *'?"■''  °'  "  *"'""^«  ""^  ~»™"»t- 
■^r^'?^-'-™--oU.^e 

HI.  The  medians  of  a  triangle  are  concurrent 

point  of  tri^cttrtr^"?  °'  *  ^''''''^'^  <""  on^  ""other  at  a 
the  a„^"°t  ■        *™"^'  ''«'°™'  '"  «"'=''  heing  towar<fa 

''•  'teS^a^t-S^- the  ^'^'^  <•'  -^  "i-S-e  to 


Vll 


92 
93 


96 
97 

97 


98 


Areas. 


PART  II 


Definitions 

THEOBEM23.    Abea' OF  A  Rectangle. 
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Theorem  30.     rEuc  I  is\    if.i,  =  i"«.oBEM 

of  a  triangle  ^  equai  to  the  L™^?'^;'^  de^Tibed  on  one  .side 

the  other  two  sidra  th.„  fk  i     ''^  squares  described  on 

aides  is  a  rS  M^e.  ^^  *"*'^  contained   by  these  two 
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P^.RT  I 

AXIOMS 

All  mathematical  reasoning  is  founded  on  certain  simple 
pnnciples,  the  truth  of  which  is  so  evident  that  they  are 
accepted  without  proof.  These  self-evident  truths  are  called 
I  Axioms. 

For  instance : 

Things  which  are  equal  to  the  same  thing  are  equal  to  one 
I  another. 

The  following  axioms,  corresponding  to  the  first  four  Rules 
of  Arithmetic,  are  among  those  most  commonly  used  in 
geometrical  reasoning. 

Addition.     //  equals  are  added  to  equals,  the  sums  are  equal. 

Subtraction.     If  equah  are  taken  from  egmls,  the  remainders 
I  are  equal. 

MuitipUcation.     Things  which  are  the  same  multipUs  of 
I  equals  are  equal  to  one  another. 

For  instance :    Doubles  of  equal,  ore  eqttal  to  one  another. 

Division.     Things  which  are  the  same  parts  of  equals  are 
I  equal  to  one  another. 

For  instance :    Halves  of  equals  are  equal  to  on«  another. 
The  above  Axioms  are  given  as  instances,  and  not  as  a 
I  complete  list,  of  those  which  will  be  used.    They  are  said  to 
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be  generiU,  because  they  apply  equally  to  magnitudes  of  all 
Kinds.  Certain  special  axioms  relating  to  geometrical  magni- 
tudes  only  will  be  stated  from  time  to  time  as  they  an 
required.  ' 

Definitions  and  First  Principles 

Every  beginner  knows  in  a  general  way  what  is  meant  by  a 

point,  a  Une,  and  a  surface.     But  in  geometry  these  terms 

are  used  in  a  stnct  sense  which  needs  some  explanation. 

1.    A  point  has  position,  but  is  said  to  have  no  magnitude 

M  to  Ungh  or  breadth,  but  to  think  only  where  it  i.  .ituated.     A  dot 

r^t-'hltt  r  """f  T^  •"  "'«'"  "  """"y  repre-enttifa 
point  but  8m»ll  as  such  a  dot  may  be,  it  .till  hw  .ome  length  and 
breadth  and  ..therefore  not  actually  .  geometrical  poi^  The 
s-Jialler  the  dot  however,  the  more  nearly  it  repre«nt.  a  point. 

2.  A  Une  has  length,  but  is  said  to  have  no  breadth. 
A  Une  i.  traced  out  by  a  moving  point.     If  the  point  of  a  pencil  is 
moved  over  a  sheet  of  paper,  the  trace  left  repre«,nt.  a  Un^    But 

?.  the^fT'n  rr  u  """'^  ^'"^'  ■""  "'""'  •'"•f™  »'  breadth,  and 
8  therefore  not  itMf  a  rue  geometrical  line.  The  finer  the  trace 
left  by  the  moving  pencil-point,  the  more  nearly  will  it  reprewnt  a 

3    Proceeding  in  a  similar  manner  from  the  idea  of  a  line 
to  the  idea  of  a  surface,  we  say  that 

A  surface  has  length  and  breadth,  but  no  thickness. 
And  finally, 

A  solid  has  length,  breadth,  and  thickness. 
SoUds,  surfaces,  lines,  and  points  are  thus  reUted  to  one  another : 
(i)  A  M)hd  is  bounded  by  surfaces. 

(ii)  A  surface  is  bounded  by  Une.;  and  surfaces  meet  in  Unes.   I 
in  plJiit^        "  *"  terminated)  by  points ;  and  Unes  meet  | 
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4.  A  line  may  bo  straight  or  curved 

totir"  ''"'  "•""*"  "' '''""'"°"  '"'""""""y  f«»»  point 

7'ico  gfratffA/  lines  cannot  enchae  a  apace. 

if  t.\l^"K''^'^  ""'''™'  "'^  *'"''  »f  "«»"«««  being  that 
If  any  two  points  are  taken  in  the  surface  the  strairiTt  lin„ 
between  them  lies  wholly  ,„  that  surfa^  *         ' 

6.  When  two  straight  lines  meot  at  a 
pomt,  they  are  said  to  form  an  angle. 

The  itraight  linea  are  called  the  arms  of  the 
angle ;  the  point  at  which  they  meet  i^'vL,x 

exJLT"""''"'"''"'"'^'^'"''^^*''- 

Suppose  that  the  arm  OA  is  fixed  and  th»t  nn  , 
the  paint  0  (as  shewn  by  the  arrowrtp^^fJoTat  Z' 
began  its  turning  from  the  position  OA      n^T         \  . 

thel'^r,-::  Zt  •"  *"■  -^'^  ''-'  -■"  -  -^  -^  ^oPe-d  on 

Angles  which  lie  on  either  side 
or  a  common  arm  are  said  to  be 
«dj«cent. 

For  example,  the  angles  AOB,  BOC 
"■■hich  have  the  common  arm  OB,  ar^ 
adjacent. 


OEOMETRV 
When  two  rtraight  line.  ,uch  uAB  CD 

Pe«dlcul.r  to  the  oS  ^  *°  **  '•'- 

perpendicular  io  aT  '  ^  '^«  ""*'  ''»  «'A«<^  «<  »> 

Ari.h.      ^\'^" '^'"  "'Vies  are  equal. 

eo  equal  part.  SXo^]^'^  "^-'"  " ;  ^h  ZVi^Ll 

In  the  above  fimire   H  nr  ^    i 

P-ition  0.1  into  rS«  UofoH  irj^n"*  ^J"""  *'«' 
onfffes,  or  180°.  '  "  '""^  through  <ioo  right 

o/a^d  :^tXrroS:f  1?"*  ■"-  «*»^'»'^  ^- 

four  right  angles  or  360'  '^'"°"'  ''  *"™«  through 

That  «..„  acute  angle  i,  less  than  90°. 

»■  An  angle  which  is  greater  than 
Sl'fV"'''^' ''"*'- "hint:    B. 
"«^*/;f«'«'««aid  to  f^  obtuse 

twl'VanrC-*""'^""'''- 


DEFINITIONS 

10.  If  one  arm  OB  of  an  an^le 
tunu  until  it  makes  a  itraight  line  with 
the  other  arm  OA.  the  angle  bo  formed 
18  called  a  ttralgiit  angle. 

A  •trkight  anicle  -  2  right  ancloi  .  jgo*. 

11.  An  angle  which  is  greater 
than  two  right  angles,  but  less  than 
four  right  angles,  is  said  to  ho 
■•flax. 

That  i>,  a  reflex  angle  liea  between  180°  and  360° 

r,.i  *'i-  ^'"  ""'"'■  -'y  '"PPo'inK  Ofi  to  have  revoh^^?^ 

l^^^^T'^  ""'"'•  "•""^  '">•     U-'*"  'ke  contrary  i,.Cd     ' 

rfi^^h'^r ;°  hfsr  •  ^"  •*  -■*"""--  -  '^"Whih 

13.    A  circl«  b  a  plane  figure  contained        y \P 

by  a  Ime  traced  oui  by  a  point  which 
mom  so  that  its  distance  from  a  certain 
fixed  j)oint  is  always  the  same. 

Here  the  point  P  moves  so  that  it.  distance 
from  the  fixed  point  0  is  always  the  same  

centm  t  th!'"'  °'  \""''^  '"^  "  "*"''''''*  ""«  ^™'^"  f™™  the 
Se"  «  ia~'^"""-    "  ^°"°''«  '"-'  ""  -«"  °f  " 

thJt„l'""!i'!"  °  •  *  ""^'^ ''  *  ''"^8''*  ""«  drawn  through 
the  centre,  and  terminated  both  ways  by  the  circumfer^nT 
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18-    ^n*"  Of  a  circle  is  any  Dart  nf»h     • 
by  a  diameter  o/lj,t\Jrh'°""'^' 

from  A  fn  It  .      '"""'  0   mows     . 

'--?JZL^^    '^'''''^'^''»-  *^^  it  UindesAB  into 
That  is  to  say  :  ' 
^''ery  finite  straiaht  linj>  k„. 
(")  //  o  line  OP         ,  ^"'  "/bisection. 

into  1.0  egZZtl       ^  ""'  ""^'^  ^0^ 
Tliat  is  to  say :  ^j- 


^"^'^ngkmaybe.upposed 


^''"^^  a  line  of  bisection. 


StIPERPos„,ON  AND   EquaLITT 

anoZle  eS"'""-  *^*  -  *«  ^.a^e  U>  coincide  ^tH  one 


POSTULATES  . 

ex^U.  Placed  over  the  "^l^Xtr.aZ4^''«"  ""^  '""'  *" 

1  to  ^tznor^er-'''^''^---'''''^"-^^^^ 

Postulates  ■; 

— rtHrs\£rHetr;/  *^^-  ^ '--^^^^^^ 

may  be  duly  performTd      '^         '^  ""'"^^  '""""""^'l  ^'"'^ 
Let  it  bt  granted  : 

may  Cul^  ,.  ,        '/  *"  ""y-   **"'  compasses 

Porifwithcentre  4,  and  radius  equal 
^Bat  X.  .t  «  obvious  tliat  AX  is  equal 
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j;  I 


VU 


Introductobt 
1-    Plane  geometry  deals  with  f  h» 
and  fi«u^  as  may  S  drawnl' atSS^f -h  ""- 

P^poa.io„sa.oftwo.l„ds,TW.„,a„dP.„M.„. 
.tateme„r'°''"^"^*°''™-*''«*-thofsomegeometrical 

«ome  required  figure  '^'''*"'"''''  '««'  °^  ^  construct 

Construction,  and  thr^t?:  "'"''"''"^  ^'^"n-a.ion,  the 

«i?in";eS!rsthtp"i^^ 

(u)  The  P,rti  proposition. 

tl...Ul,m„tt!i,^"„'r^«"  "Wt.  io  .p«i,l  Km. 


INTRODUCTORY  g 

5     A  CoroUary  is  a  statement  the  truth  of  which  follows 
readily  {jom  an  established  proposition  ;    it  is  therefore 
appended  to  the  proposition  as  an  infei^nce  or  deduSn 
which  usually  requires  no  further  proof.  "^auction, 

the  Jtf  ittoir'""  ^"' ''''-'''''''-  -  ^  - 

In  Part  I. 
•"•  for  therefore,  / 

=    "  is,  or  are,  equal  to,      A 

After  Part  I. 
Pt.  for  point, 

St.  line      "  straight  line, 
rt.  ^        "  right  angle, 
par'  (or  ||)   "  parallel, 
sq-  "  square. 


for  angle, 
"  triangle. 


perp.  for  perpendicular, 
par"     "  parallelogram, 
rectil.   "  rectilineal, 
O  "  circle, 

O"       "  circumference  ; 


and  all  obvious  contractions  of  commonly  .occurring  words 
such  as  opp.,  adj.,  diag.,  etc.,  for  opposite,  adjacent,  diagonal' 

introduced  graduaUy,  and  at  first  somewhat  sparingly^ 
^Injmmerical  examples  the  following  abbreviations  will 

m.    /or  metre,  cm. /or  centimetre, 

mm.       millimetre.  km.  "  kilometre. 

Also  mches  are  denoted  by  the  symbol  ("). 
Thus  5"  means  5  inches. 


GEOMETRY 

ON  LINES  AND  ANGLES 
Theorem  1.    (Euclid  I.  13] 

right  angks.  '^  "^  «^<"'/  *<-  are  together  equal  to  two 


Proof      T.^"T'  °^  ''  ''^  "«''*  ""K'-^  to  BA. 
Proof.    Then  the  ^^OC,  COS  together 

Also  the  ^  ^OA  i>Ofl°oX'r  ^  ^^'  ''^^'  ^^^• 

•••  tl>e  .  AOC.  COB  ..2^'Jt:.'Z:Z'  '''■ 
=  two  right  angles. 

Q.E.D. 
PROOF  BY  ROTATION 

let  the  revolving  U„e  tu^  inmZZZ,^^"  TT"  ^^■'  """  ". 
Now  in  passing  from  its  Z.  T-.°  ^"^^  ""^  '^  'IOC,  COB 

OB,  therevolving1in™"r^*s  th7o„r,w°"    ..1  *"  '''  ""'^  '~^«»- 
straight  line.  ^™"«'''  "">  "eh*  angles,  for  AOB  is  a 

Henee  the  4  ^OC.  COB  together  =  two  right  angles. 


II 

^  B 


LINES  AND  ANGLES 

COBOLLART  1.  //  two  straight  lines 
cut  one  another,  the  four  angles  so  formed 
are  together  equal  to  four  righ'  angL.  a" 

For  example, 

CoROLLABT  2.  Whm  any  number  of 
straight  hnes  meet  at  a  point,  the  sum  of 
the  consecutive  angles  so  formed  is  equal 
to  four  right  angles. 


con.p.ete„vo,u.o„.  a„a  Wot  ^1^;^  1^/ -^tZ 


DEFINITIONS 

Thus  in  the  Fie  of  Th,   ,.   i  n,  . 

-U..    A^„  fhe  anlt  iU  ^:.:'^^,  -fhe^S 

COROLLART  3.      (i)  S^cpplementsofthesan,.angleareequal 
(u)  Complementsofthesameangleareegual. 
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GEOMETRY 


MH 


Theorem  2.    C^uclid  I.  14] 
//,  at  a  paint  in  a  straight  line,  two  other  straight  lines  on 


At  0  .„  the  straight  line  CO  let  the  two  straight  lines  OA 
OB  on  opposite  sides  of  CO,  make  the  adjacent  Tlci' 
COB  together  equal  to  two  right  angles  •  (that  I  IpV^' 
adjacent  A  AOC,  COB  be  supplemental)'    ^         '''  '"'  '^' 

^-l^^^^'^^-^re.toj.ovethatOBandOAareinthesan.straight 

tharo^ifofet^rnT^r-^  ^*-'^-- 

'^'' tL  zToxiT'"""^""  ^''^  '^  '  ^^^''^ht  line, 

the  Z  COB  is  the  supplement  of  the  Z  COA. 
■••  the  Z  COA'  =  the  Z  COS; 
•••  OX  and  OB  are  the  same  line. 

^^But,  by  construction,  OX  is  in  the  same  straight  line  with 
h-^nce  OB  is  also  in  the  same  straight  line  with  OA. 

Q.E.D. 


LINES  AND  ANGLES 
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EXERCISES 

3.  If  two  straight  lines  intersect  forming  four  angles  of  whir-h 

Hg^fa^gr "'  *" "  '^'"  ''■"^'^-  -~^«  '^' '-« otwfi^rLrarsS 

4.  In  the  triangle  ABC  the  angles  ABC  Am^^^ 


5. 


the  internal  and  eitern.1  bisectors  of  the  given  angle. 

Thus  in  the  diagram,  OX  and  OK  are       ^'•. 
the  mtemal  and  external  bisectors  of  the 
angle  AOB. 

".'».'X"  "*■■  *"" "' "'"' '"  "•  ■*«■•  ■«■»■» 

9-    If  the  angle  AOB  is  35^  find  the  angle  C'OK 
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OEOMETRr 


Theobem  3.    [Euclid  I.  15J 


fet  the  straight  lines  AH   rn      . 
po,„t  O.  ^^.  Cfl  eut  one  another  at  the 

^' ^"-mired  to  priive  that 

^yhe^AOC^the^DOB- 

-hea,tr/;^--''e-a;«hthneCZ>, 

th-  is.  the  .  ^C^isTrSetnT  Xr'"*-^'-; 
Again,  because  DO  «,«»*     PP'^'"^"*  »'  the  ^  ^OZ). 
•••  the  adjacent  J^l)?^  "SfM"^'*'"'  ''»«  ^«. 
^    that  is,  the  ^  i)0^s  thfsi'"  =  *'^°right'angles; 
Thus  each  of  the  4  AOC    Z!^"^'''^'^'  "^  the  ^  ^^^. 
^  40A  ^"'^'  ^0^  «  the  supplement  of  the 

Smularly,  the  ^rOfi  =  the  z^OA 

PROOF  BY   ROTATION  *''°"' 

.  Suppose  the  line  mnt^ 
position  O^.     Tlien.f  *i.™"''*  *•"'"»  0  until  OCtnrn    •• 

a3to''er:r;ror'"''""^-'"-"'-.too,osethe .  .«e 

•■•  the  z  ^oc  =  the  z  COS. 


LINES  AND  ANGLES 
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1. 


EXERCISES  ON   ANGLES 

( Numerical) 

wiUbetheti»ewhe^/e'hf,^l:!,r:r;2r''    And  what 
4.     In  the  diagr.™  of TheTr!.;'.,''"' '"  =*  ^^^  ^O  "•i-? 

(•J    If  the    /    i40C    -   S';°    nrnt     J 

viUue  of  each  of  the  4  COB  ™0O    no  i"^""'"'  measurement)  the 
^^'^A^'X'"'''-  ^«^  i---- atup2«.».«„,  each  of  the 

of  tS:',our XfesTd.'"''^'  ^'^ '  'o-""^-  -''e  «P  274'.  find  each 

( Theoretical) 

on  oppo"i!::?de;Tri  t  r^otartf '  "T  ""• ""  -  '•™- 

angle  ^OZ, ,  ,hew  that  W  ZT^D^t^T"^"  ''"^  •^'""  ">  "«' 

6.  Two  straight  lines  ^B  °"""* '"the  same  straight  line, 
of  the  angle  Boh,  prove  thft  XoZZ^'  %  "  "''  "  ">e  bisector 

7.  Two  straight  lines  ]«  Cfl ^"^'^""l^^'^'^  «>*  angle  ^OC. 
bisected  by  OAT,  and  7oc  by  oyT^  ..  "  """  ""«'•'  '^O^  '^ 
same  straight  line.  ^        '  P™"^  ""a*  OX.  OY  are  in  the 

Jn  aluh'etX'^otmTbet^  ?''  '^  ""^"'^  '-«  "- 
How  would  OA  faU  wiith  re^d  t  OB  If     ™"""'*'  "■"'  «^- 

(«jtt:z:Jo^''"'r''""""^""'e^A-OB; 

O;  shew  b/^olSX-t™  2- ■--"'ting  at  Hght  angles  at 
fall  along  OD.  ^^     about  4  B,  that  OC  may  be  made  to 

^bo^t  oirtL'r  orfiiiX"o7T  t'^*-  '^ '"-  '°"'^<' 

■n  the  paper  is  perpendicular  to  !^a^  °* '  '''«"  ''"»'  "-e  crease  left 
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I  il 


i'lH 


OEOMKTRY 


ON  TRIANGLES 
«tmight  lines.  ""  """^  '"'"'''>  «"'  bounded  by 

mot  fhr7'°°  '"  *  P'"""  ''«5ure  bounded  by 
more  than  four  straight  lines.  ^ 

9.    A  rectilineal  ,^gure  is  said  to  be 
eqiUlateTtl,    when  all  its  sides  are  equal  • 

7     TrLL,         !".  '*  •"  '"*''  ^''"•'''**™'  "^'d  equiangular 

equiUt.r.1,  when  aU  its  sides  a«,  equal; 
so    e,,..     when  ^.o  of  its  sides  a^eq'ual; 
scalene,       when  its  sides  are  all  unequal 


iMMelMTHuila 


In  a  triangle /I  Bc.tho  letters^ 
note  the  magnitude  of  the  JvZl I'nfl'     ,    '^  ""^ 
ured  in  deimsea^  •   an j  .u    f®^*™'  "■"B'es  (as  moas- 

of  the  otSsiZi^:,^rji  '•■ '  L""  '"'<"'" 

metres,  or  some  other  un,?Tl"e:^'t;).'"'  """■ 


TUIANOLE8 
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tho  angle  included  by  them  '       ''  ""'  ^*""*'  »"«'«'  '• 

ritht-.ngled      when  one  of  itH  anRlen  k  a  riRht  angle- 
obtu..-.ngled,  when  one  of  its  anglcH  is  obtuse- 

T^^^'^'    *'■'"  ""  """'"  °'  '*«  »"«'<"'  «"•"  acute, 
lit  wiU  be  seen  hereafter  (Theorem  8   r™   1 1  .t  , 

RW..-..MTrU..,c       Ob.u«..„.MT,i.„,„  A^ZIZi:^^,.^^ 

cauls  theC.U^..'.'""''^  "•"  ''"«  <""»«''»  ^  'he  ri^ht  angle  1. 

miSdJ Z[of"thf  *'''  ^^^'^ht  line  joining  a  vortex  to  the 
miaaie  point  of  the  opposite  side  is  called  a  median. 

THE   COMPARISON   OF  TWO   TRIANGLES 

its  1  J.rt.""'^  S^  T'^  three  angles  of  a  triangle  are  called 

lo  it^n  *    ""'^  ''''°  '^  '"'"^'demi  with  i.gard 

(ii)  Two  triangles  are  said  to  be  equal  in  ,U  reaoe=«. 

when  one  may  be  so  placed  upon  the  other  as  to  exact  ' 

LSdiwr"!r°'"°'  ""''  ^"'""•^'y  *hat  with  which 

wi   -^      "^'''  corresponding  sides  are  oppoHte  to 
e?«a^anfffe.,andcor,.po„dinganglesa,^<,ppo«tetoe^'^«de, 
Tnangles  which  may  thus  be  made  to  coincide  by  su4^ 
portion  are  said  to  be  identiciOl,  «,„„  or  congruent 


18 


OKOMBTKY 


I 


Thborum  4.    (Euclid  I.  4] 

D 


Proof. 


I*t^flC,Z)^f  be  two  triangles  in  which 
AB  -  DE, 

J  .u    .    ,  ^C  '  DF, 

and  the  included  anirle  fl^r   _  *k„:    i  j   . 

n  is  rehire,  to  PrJLfe  AABV':'f:i'^f/Z 
respects.  -^  -^t.^  —  me  ^  UtF  tn  all 

Apply  the  A  ABC  to  the  A  DBF 
m  that  the  point  A  falls  on  the  point'/), 
and  the  «de  AB  a"  ng  the  side  DE. 
Then  because  AB  =  DE 

■"■  *'"'i'°i"K  ^  ""'*  ""*""''«  '^•th  the  point  E 
And  because  ^B  falls  along  DE 

and  the  /  fl^c  =  /.  EDF,   ' 

•'•  AC  must  fall  along  DF. 

And  because  AC  =  DF 

■  the  point  C  must  coincide  with  'the  point  F 
rhen  smce  B  coincides  with  E,  and  C  with  F 

■  the  ..de  BC  must  coincide  with  'the  side  /f  ' 
Hence  the  A  ABC  coincides  with  the  A  DEF 
and  is  therefore  equal  to  it  in  all  respects. 

Q.E.D. 


CONOHUBNT  TRIANGLES  I9 

Obi.    In  thw  Th.  rem  wo  miut  carefully  observe  what  is 
[  given  and  what  ik  proved. 

f  AB  -  DE, 

Given  that  I  AC  ~  DF 

land  the  Z  B AC  -  the' /:  EDF. 
From  these  data  we  prove  that  the  triangles  coincide  on 
superposition. 

u  .  I  BC-BF, 

Hence  we  conclude  that  the  /  ABC  -  the  Z  DBF, 

......       .      .  \<iad  the  ^ACB- the  ^  DFe': 

also  that  the  triangles  are  equal  in  area. 

Notice  thai  the  angle*  which  are  proved  equal  in  the  two 
tnanglea  are  opposite  to  sides  which  were  given  equal. 

A  P 

NoTK.  The  adjoining  diagram  nhowii 
that  in  order  to  make  two  congruent 
triangles  coincide,  it  may  he  necessary 
to  reverte,  that  i»,  turn  over  one  of  them 
before  •uperposition. 


EXERCISES 

(i)  \Lf,^,tT  ""r^^"-^  'f  ">;  ""'i'^  oMe  0/  o„  .-.osc/M  Irianjle 
(U  tntecta  the  Ixue,  (n)  13  perpendicular  to  the  base. 

2.     LetO  be  the  middle  point  0/  a  straight  line  AB,  and  let  OC  be 
perpendtcular  to  it.     //  P  .,  any  point  in  OC,  prove  that  PA    "pB 

.n.?"./."!""'"*,""*  ""^  '""  "^'^  "'  "  "J"""  ^BCD  are  equal, 
BD  J^  "*  *"   "^'"  '"'*'''"•  P"™  "">  diagonals  ^ic; 

A  R   Rr"^^rn  '""""'  ""^  '"  ^'  *'"'  ^  »"  ">«  "'ddle  points  of 

AB   BC,  and  CD :   usmg a  separate  figure  in  each  case,  prove  that 

(x)LM-MN.     mAM-DM.     (ni)  AN^AM.     MBN^DM. 

5.     ABC  is  an  isosceles  triangle:  from  the  equal  sides  AB.  AC 

ZZ^X'^cx'  '  "^  *"*  '"'• '"''  ''  ^  '^  -  ^- 
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GEOMKTBY 


Theorem  5.    [Euclid  I.  5] 
The  angles  at  the  base  of  an  isosceles  triangle  are  equal. 
A 


Let  ^BC  be  an  isosceles  triangle,  in  which  the  side  AB= 
the  side  AC. 

It  is  required  to  prove  that  the  ji^  ABC  =  the  /.  ACB. 

Suppose  that  AD  is  the  line  which  bisects  the  Z  BAC  and 
let  it  meet  BC  in  D.  ' 

1st  Proof.    Then  in  the  A  BAD,  CAD, 

I  ba  =  ca', 

because  AD  is  common  to  both  trianRles, 

I  and  the  included  Z  BAD  =  the  included  Z  CAD; 
.:  the  triangles  are  equal  in  all  respects  ;     Theor.  4. 
so  that  the  Z  ABD  =  the  Z  ACD. 

Q.E.O. 

2n(l  Proof.    Suppose  the  A  ABC  to  be  folded  about  AD. 
Then  since  the  Z  BAD  =  the  Z  CAD, 
.:  AB  must  fall  along  AC. 
And  since  AB  =  AC, 
■•■  B  must  fall  on  C,  and  consequently  DB  on  DC 
.:  the  Z  4BD  will  coincide  with  the  Z  4 CO,  and  is  therefore 
equal  to  it.  ^^^^ 


n 


ISOSC  LES  TRIANOLES 


Corollary  1.  //  the  equal  sides  AB,  AC 
of  an  isosceks  triangle  are  produced,  the  exterior 
angles  EBC,  FCB  are  equal;  for  they  are  the 
supplements  of  the  equal  angles  at  the  base. 


21 


E'  \F 

//  o  triangle  is  equilateral,  it  is  also  equi- 


Corollary  2. 
angular. 

Definition.  A  figure  is  said  to  be  symmetrical  about  a 
line  when,  on  being  folded  about  that  hne,  the  parts  of  the 
figure  on  each  side  of  it  can  be  brought  into  coincidence. 

The  straight  Hne  is  called  an  axis  of  symmetry. 

That  this  may  be  possible,  it  is  clear  that  the  two  parts  of  the 
figure  must  have  the  same  size  and  shape,  and  must  be  similarly 
placed  with  regard  to  the  axis. 

EXKRCISKS 

1.  A  BCD  is  a,  foui^sided  figure  whose  sides  are  all  equal,  and  the 
diagonal  BD  is  drawn :  shew  that 

(i)  the  angle  ABD  =  the  angle  ADB; 
(ii)  the  angle  CBD  =  the  angle  CDB ; 
(iii)  the  angle  ABC  =  the  angle  ADC. 

2.  ABC,  DBC  are  two  isosceles  triangles  drawn  on  the  same 
base  BC,  but  on  opposite  sides  of  it :  prove  (by  means  of  Theorem  5) 
that 

the  angle  ABD  =  the  angle  ACD. 

3.  ABC,  DBC  are  two  isosceles  triangles  drawn  on  the  same 
base  BC  and  on  the  same  side  of  it :  employ  Theorem  5  to  prove  that 

the  angle  ABD  =  the  angle  ACD. 
4.     A  B,  AC  are  the  equal  sides  of  an  isosceles  triangle  A  BC ;  and 
i-.  M,  N  are  the  middle  points  of  AB,  BC,  and  CA  respectively 
prove  that       (i)  LM  =  NM.  (ii)  BN  =  CL. 

(iii)  the  angle  ALM  -  the  angle  ANM. 


■3    \ 
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I 


Theorem  6.    [Euclid  I.  6] 
Blotter.  '^'^         '"  '*'  '«"^  ""i/fe  are  equal  to  om 


Let  4flC  be  a  triangle  in  which 

.  the  Z  ^5C  =  the  /.  ACS. 

If^Cand^fiarenotequal,  suppose  that^flis  the  greater 
From  BA  cut  off  BD  equal  to  AC 

Join  Z)C.' 
P^'o'-  Then  in  the  A  MC,4CB, 

because  ^^ircommon  to  both, 

I  and  the  included  /.  DBC  -  tl,o  ,v  i  j  j    ,    . 
.•■  the  A  Z>^C  =  thfA  icfitl?'  ni'^^/- 
the  part  equal  to  the  whole  ;  which  Tabsurd        '  '^ 
..  AB\s  not  unequal  to  4C  ; 
that  is,  AB  =  AC. 

""'rue;  since,  if  it  were,  we  should  ^^  .         '"'  *''*°™'"  "^"""o'  »« 


A  THEOREM  AND  ITS  CONVERSE 
NOTE  ON  THEOREMS  5  AND  6 
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Theorems  5  and  6  may  be  verified  ex-  A 

penmentaUy    by   cutting   out    the   given  ."- 

A  ^BC,  and,  after  turning  it  over,  fitting        ''    \ 
It  thus  reversed  into  the  vacant  space  left       .' 
m  the  paper.  /  \ 

^ -i,    ^- 

Sup^se  A'B'C-  to  be  the  original  position  of  the  A  ABC  and 
let  ^CB  represent  the  triangle  when  reversed  ' 

In  Theorem  5,  it  will  be  found  on  applyine  A  to  A- thut  r 
made  to  fall  on  B',  and  B  on  C        '^^'""^  '**"'*  """■*  ^  may  bo 

JlltT  ''  ""  "'""^"'^  ""  '°  «'  ""'^  ^  -  ^'  -  find  that  A 
NOTE   ON  A   THEOREM  AND   ITS   CONVERSE 

If  we  mterchange  the  hypothesis  and  conclusion  of  a  the„r»™ 

'^cr^prr^trm^'"'-^""''--— ---^^ 

it  is  Msumerf  that  a  a       ,f, 

Now  ^T^t:  r'^ """  '"^  •"*'«  ^'' '  *"«  ^■«"'  ^^«- 

it  is  oMumed  that  the  angle  ABC  =  the  an^le  ^CB •  1 
It  IS  required  to  prove  that        AB  =  AC 
iJhZTk    '«',''""  Theorem  6  is  the  converse  of  Theorem  5  •  for 
the  hypothec,  of  each  U  the  conclmion  of  the  other. 

It  must  not  however  be  supposed  that  if  a  theorem  is  true  its 
oonveme  is  nece>,anly  true.     [See  p.  25.1  """""^  >=  t™".  'ts 
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Thborpm  7.    (Euclid  I.  8J 

'  "'^"'o  each,  they  are  equal  in  all  respects 
*  P 


I^t  ABC.  DEF  be  two  triangles  in  which 
AB  =  DE, 
AC  =  flf', 
RC  =  £/?. 

^•"of-  Apply  the  A  ABC  to  the  A  DEF 

80  that  B  falls  on  £,  and  BC  along  5/^,  and 

Then  because  BC  =  £^,  c  must  fall  on  ^. 
lei  GEF  be  the  new  position  of  the  A  ABC 
Join  DG. 
Because  ED  =  EG 
■•■  the  /  EDG  =  the  Z  EGD. 
Again,  because  F/)  ^  FG 
■••  the  ^  /^fiO  =  the  /.  FGD. 
Hen,e  the  whole  /.  EDF  =  the  whole  Z 
that  IS,  the  /.  EDF  =  the  /  B^C. 
Then  in  the  A  S^C,  ^j/j^  j 
because!      .  BA  =  ED,  a.ni  AC  =  DF 

land  the  included  Z  BAC  =  the  included  Z  EDF  ■ 
■ .  the  triangles  are  equal  in  all  respects.     Them-.  4.' 

Q.E.O. 


Theor.  5. 


EGF; 


CONGRUENT  TRIANGLES 
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Obs.    In  this  Theorem 
it  is  given  that  AB  =  DE,  BC  =  EF,  CA  =  FD- 
and  we  prove  that  /C  =  />^,  Zyl=  ^o^  ^p  =  Z£. 

Also  the  triangles  are  equnl  in  area. 

Notice  that  the  angles  which  ar-.  proved  equal  in  the  two 
triangles  are  opposite  to  sides  which  were  given  equal. 

^  ^°JS  l^^*  ''*'"'  **''™  *''*  "^  '"  *hieh  DG  falls  within  the 

Two  other  eases  might  arise : 

(i)   DG  might  fall  outside  the  /i  EDF,  EGF  [as  in  Fig.  1.) 
(ii)  DG  might  coincide  with  DF.  FG  [as  in  Fig.  2.) 


Vig.Z, 


Tnese  oases  will  arise  only  when  the  given  triangles  are  obtuse- 
angled  or  nght-angled ;  and  (as  will  be  seen  hereafter)  not  even  then, 
.  *j^n?f^"  .  '^  "loosing  for  superposition  the  greatest  side  of  the 
A  A  BC,  as  m  the  diagram  of  page  24. 

Note  2.  Two  triangles  are  said  to  be  equiangular  to  one  another 
when  the  angles  of  one  are  respectively  equal  to  the  angles  of  the 

Hence  ij  two  triangles  have  the  three  aidea  of  one  severally  equal  to 
the  three  aides  of  the  other,  the  triangles  are  equiangular  to  one  another. 

The  student  should  state  the  converse  theorem,  and  shew  by  a 
diagram  that  the  converse  is  not  necessarily  true. 

"t*  At  this  stage  Problems  1-5  and  8  [see  page  70]  may 
cmwenierUly  he  taken,  th,  proofs  affording  good  illustrations  of 
the  Identical  Equality  of  Two  Triangles. 
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OEOMETRy 
EXERCISES 

Theorems  4  and  7         ^'"*''«'''=« 
J  C^/ieorelical) 

W  bisecte  the  vertical  angle     ?mL""'  '"^• 
^    2-     «  ^BCfl  is  »  rt„„^„  ■    '"    "  Perpendicular  to  the  base. 

„  ^ "  .n  a  vi :  iT/rT:"''^''''-^'- 

namely^  B  =  CD  and  /o  =  e^''  '^«  "Pf^ite  «W.s  are  equal 
the  angle  ABC.  "      ^B,  prove  that  the  angle  A  DC  = 

*■    It  A  BC  and  DRr  „-„  . 
»me  ba,e  BC,  p^ve  (bVmZ  "of  ;T"'"  l™"«'-  ''™-n  on  the 
=  the  angle  ACD,  tatane  m  ,h  ™"""  '^^  "'"t  the  angle  A  Bn 

-- Side  o,  BC.  cii)  th''e^::^:trhe;t:or '™"^'™  - '•-'-e 

.5.     If  ^  BC,  OBC  are  twn  i         ,  "  "Ppo^Ve  sides  of  BC 

«des  Of  the  sa^e  ba^Tc,td7rL"bl™"^'?  '^''"  "»  "PPo^^e 
the  angles  B4C,  BOC  will  ill  dWd^ttor''  P™™  """  «-"  of 

6-     Shew  that  the  str».i»h,  ,     "*"  ""o  two  equal  parts, 
base  of  an  i-eelesVrir^.t'^^-J^ich  join  the  extremities  of  the 
»'d-  are  equal  to  one  another       "  """'"^  "^'"'^  of  the  opp^^t 

10     Ti,  ,  "'"""ts  the  angle  By^c 

'"•     The  equal  sides  B^    r  A  „,        .*'""'!'• 

produced  beyond  the  vertex  :i  to  t hi*" •"™'""'''  *"»■"«'«  B^C  are 
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EXKRCISES  ON   TRIANGLES 

( Numerical  and  Graphical) 

c    ''i .',"""![/  '™"*^'*  ^^^'   having  givon    a  -20"    fc       o  ,- 
«  -  1  3  .     Measure  the  angles,  and  Bnd  their  sum.     "  '  *  "  ""'• 

2.     In  the  triangle  ^BC,  a  -=  7-5  pm    h       -r  n 
Draw  and  measure  the  perp^ndicularTom  Jon  cT'  '  =  ''  ""■• 

C  !-65?""  '  '"'""^'^   ^''^-  '"  -"-■"  «  -  r  em.,  6  .  e  cm 

the!l;^';:t^zr  •LtnTSnTeL"''  "^-- "-'"« 

illustration.  "na  snape.'     Invent  some  experimental 

X  -  57^'TnH  '"''"^'''  '"""  *'"'  '""-"""K  data:  6  =  2"  c  -  2-V' 
'I  -  57  ;   and  measure  o,  B,  and  C  -=  .  c  -  J  ■>  , 

Draw  a  seeond  triangle,  using  as  data  the  values  just  found  fn, 
",  t     and  measure  b  c  4      w;i,„t         ■     •     '"""'  i"^^  lound  for  a, 
o,  c,  ^ .     What  conclusion  do  you  draw  ' 

a  sh'ado?;^",:''^,':  "ReJrtnTtw"  '"'"^7'  "  ^""™'  >»'«  "-^^ 

ft.)  i  and  find  by  measuremenT.h        °"  *     '^'""  '*""'''  '"  '"  '° 
measurement  the  approximate  height  of  the  pole 

then  aiTy^'r  NortVt"oT"nX  l^  '"''/  ^  ^^''  '"  «  = 
Plot  his  course  (scale  1"  to  im  '  TT^  ^  ^^"^^  •*""  ^""st  to  D. 

i3  from  ^.     mJ:::^   he  angTe  ^^'b'  aL"'  ""'  ^^ '^  """^  '"  « 
bears  from  A.  '  *"''  "^^  '"  "hat  direction  D 

7.     B  and  C  are  two  points,  known  tn  h„  oan        j 
straight  shore.     X  is  a  vVssel  »t  »!  k        ^.       ^*'''''  "P"^''  ""  a 
are  observed  to  be  33°  and  8  "!  I"' ,  ^•"'  ""^'"^  ^*^-  ^^^ 

approximate  distance  orthe'les^.Trnt-  '""I  ^■"■"'"'"^  "■" 
from  the  nearest  point  on  shore  ^^  ■"'"'"  "^  ""•"  f"'  ""^ 

twl  twoS7and'"'  hut"  ""rT'^. '"  «"''  '"^  O'^'--  •»- 
urement  ca^t  I^  ^^f '  Th/'  "  '"'"'  ■""•"™-.  a  direct  meas- 
point  C,  from  wjTh  to^h  A  Ld  T™^"  ''""'^'"'  '^''"^  "  ""ird 

=  245;ards.ctl%Ty:tdrln^.rerr.''^r4t''t^'* 
tarn  from  a  plan  the  approximate  distancettweel.  'aI^  f' 
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GEOMETRY 
Theorem  8.    [Euclid  I.  16) 


greater  than  either  of  the  intencr  oppoMte  angles. 
A 


Let  ABC  be  a  triangle,  and  let  BC  be  produced  to  D 
It  u  required  to  prove  that  the  exterior  Z  ACD  is  areola  Ihn,. 
either  of  the  interior  opposite  d  ABC,  BAC 

Join  RP  ^"''T"  ^. '"  ^  *'"'  '"•*""  P°int  of  AC. 

Jow  BE  ,  and  produce  it  to  F,  making   .F  equal  to  BE. 
Join  FC. 

^ooi.  Then  in  the  A  AEB,  CEF 

.  AE^CE, 

because  EB  =  EF 

.and  the  Z  4^fi  =  the 'vertically  opposite  Z  C^i^  • 
.••  the  triangles  are  equal  in  all  respects  ;       TAeor  4 
so  that  the  ^  BAE  =  the  Z  ^Cf" 
But  the  Z  ^CZ)  is  greater  than  the  Z  SC/-  ■ 

tKo.  ■■  Tu    "^  ■^^^  '■''  ^""^^  than  the  Z  BAE  '■ 

that  IS,  the  Z  ^CB  is  greater  than  the  Z  Bic  ' 

In  the  same  way,  if  AC  is  produced  to  G,  by  supposing  A 

to  be  joined  to  the  middle  noint  nf  nr  ;*  u  ""PP^^'^K  ^ 

thfe  Z  BCC  is  greater  thanTe  Z  Sc*  ""^  "*  "^^^'^  *'"** 

°"-  'tt  ''//^^n°  *'•'  ^'"^''"^"■^  °PP°«'te  Z  ^Ci). 
..  tiie  Z  ACD  IS  greater  than  the  Z  4BC.     q.b.d. 


TRIANGLES 


2d 


Corollary  1.    Any  ii  n  angles  of  a  triangle  are  together  less 
than  two  right  angles. 

For  the  Z  ABC  is  Ipsa  than  the  /  /I CD:  Prowd. 
to  each  add  the  /  ACB. 
Then  the/i  /IBC,  ACBarelem  than  the4  /ICD,  /ICB, 
therefore,  less  than  two  right  angles. 

Corollary  2.    jBrerj/  triangle  must  have  at  least  two  acute 
angles. 

For  if  one  angle  is  obtuse  or  a  right  angle,  then  hy  Cor.  1  each  of 
the  other  angles  must  be  less  than  a  right  angle. 

Corollary  3.    Only  one  perpendicular  can  be  drawn  to  a 
straight  line  from  a  given  point  outside  it. 

If  two  perpendiculars  could  bo  drawn  to  AB  from 
P,  we  should  have  a  triangle  I'QH  in  which  ea<!h  uf 
the  A  PQR,  PRQ  would  be  a  right  angle,  which  is 
impossible. 


EXERCISES 

1.  Prove  Corollary  1  by  joining  the  vertex  A  to  any  point  in  the 
base  BC. 

2.  ABCita  triangle  and  D  any  point  within  it.     If  BD  anil  CD 
are  joined,  the  angle  BDC  is  greater  than  the  angle  BAC.     Prove  this 

(i)  by  producing  BD  to  meet  AC. 
(ii)  by  joining  A  D,  and  producing  it  towards  the  base. 

3.  If  any  side  of  a  triangle  is  produced  both  ways,  the  exterior 
angles  so  formed  are  together  greater  than  two  right  angles. 

4.  To  a  given  straight  line  there  cannot  be  drawn  from  a  point 
iiutside  it  more  than  two  straight  lines  of  the  same  given  length. 

5.  If  the  equal  sides  of  an  isosceles  triangle  are  produced,  the 
cxterioi  angles  must  be  obtuse. 
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OEOMETRy 


Th,oh,m  9.    fEuelid  I.  igj 


/'''mired  to  prove  that  the  ^  ABC  ■ 

^  ^^^-       „  ^  ^^^  "  greater  than  the 

F'«m^Ccutoff^Z)equalto4fi 
_  Join  BD. 

Proof.  „ 

oecause  AB  =  AD 

.   Buttheexterior  TaDbT.J  '''  ^^''^-        ^*'<''- 5- 
-tenor  opp<«ite  ^  D^sfC^.^l^^'^^'^'^tertkantke 

Still  mo.,  then  ^t£  '^  X"  ""*"  '"^  ^  ^C^- 

e^^fiC  greater  than  the  ^4Cfl. 


INKQUALITIKS 
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Thborbm  10.     [Euclid  I.  19) 
//  one  angle  of  a  triangle  is  greater  than  another,  then  the  Me 


the^i  IcB^  "  *™"'''^' '"  ''^'''^  *'"'  ^  ^*C '«  P^atei-  than 

«i'  ^^b'*'"'''*^  *"  P"""^  '^"^  '**  «■''«  ^<^  '■»  ff^eoter  than  the 

Proof.  If  ^c  is  not  greater  than  AB, 

It  must  be  either  equal  to,  or  less  than  AB. 
Now  if  AC  were  equal  to  AB, 
then  the  Z  ABC  would  be  equal  to  the  ^  ACB  ;  TAeor  5 
but,  by  hypothesis,  it  is  not. 

Again,  if  AC  were  less  than  AB 
then  the  Z  ABC  would  be  less  than  the  ^  ACB  ;  Theor.  9. 
but,  by  hypothesis,  it  is  not. 
That  is,  AC  is  neither  equal  to,  nor  less  than  AB. 

■:  AC  is  greater  than  AB.  q.e.d. 

IPor  Exercises  on  Theorems  9  and  10  see  page  34.) 
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Theohem  U.    [Euelid  I.  20J 
J  n,  /.„  „„«  „/  a  Wa^e  are  U^etHer  neater  iHan  tHe  tHir, 


.  '^t  ^flC  be  a  trianRle. 

It  is  enouKh  to  Hhew  thii«  if  »/•■  •    ii. 
BA,  AC  a.  .OKothor  :iV;ht  ^V"  '"^'^'  ''''''  "»- 

Produce  fi.l  to  fl,  making  ^Z)' equal  to  ^C 
Join  DC. 

^<**"-  Because  ^/)  =  ^c 

But  the  Z  «r«'  ^  ^''''  '  ''"'  ^'  ^^^-        ^*«--  5. 
••  the  Z  fiCZ)  u,  greater  than  the  /  ADC 

Hence  f«m  the  A  BDc' '''  *''"'  ''"  ^  ^''^■ 

5/>  is  greater  than  flC.  yw.  10. 

•   fl..      ^"*;?^ '^^""d^C  together- 
••  ^^  ""''  ^C  «■*  together  greaterTha^  flc. 

straight  line  BC  is  clearly  shorter  th»„.  *      7''     '  '"  ^  *»<»•«  th" 
'rom  A  to  C.     In  other  words  '<•  «fo  from  B  to  ^  and  then 
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Theorem  12 

Of  all  ttraight  linen  ilrnwn  from  a  given  point  to  a  given 
straight  line  the  perpetuticular  i>  the  least. 


Let  OC  be  the  perpendicular,  and  OP  any  oblique,  drawn 
from  the  given  point  O  to  the  Riven  straigiit  Hne  AB. 
It  is  required  to  prove  thai  OC  is  less  than  OP. 
Proof.    In  the  A  OCP,  Nince  tlie  Z  OCP  is  a  riRht  angle, 
.-.  the  /.  OPC  in  lesH  than  a  riRht  angle  ;  Theor.  8.  Cor 
that  IS,         the  Z  OPC  is  less  than  the  Z  OCP. 

.:  OC  in  less  than  OP.  Theor.  10. 

q.E.D. 
CoBOLLAHy  1.     Hence  conversely,  since  there  can  be  only 
one  perpendicular  and  one  shortest  line  from  0  to  AB, 

If  OC  is  the  shortest  straight  line  from  O  to  AB,  then  OC  is 
perpendicular  to  AB. 

Corollary  2.     Two  obliques  OP,  OQ,  which  cut  A  Bat  equal 
distances  from  C,  the  foot  of  the  perpendicular,  are  equal. 
The  A  OCP,  OCQ  may  be  shewn  to  be  congruent  by  Theorem  4 ; 
hence  OP  =  OQ. 

Corollary  3.  Of  two  obliques  OQ,  OR,  if  OR  cuts  A  B 
al  the  greater  distance  from  C,  the  foot  of  the  perpendicular,  then 
OR  is  greater  than  OQ. 

The  Z  OQC  is  acute,  .-.  the  Z  OQR  is  obtuse; 

.".  the  Z  UQK  is  greater  than  the  Z  OHQ; 
■'•  08  is  greater  than  OQ. 


« 
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of  the  other  sides.  '  ""*  '"""»''  -»«*"  <««««  o«^Je,  ^^  .^^ 

"-"  "•■ «.  .pp<S'X£  ■"■"•«-»'  1" .«.  wSS 

6.     In  a  triangle  ^Bf  ,»  -^  . 
«ny  straight  line  drawn  thwn.ah  .L'  "''   ^»*«''  '''"''  ^*.  shew  th»t 
»«^  ^C,  i,  ,e,s  than^B':""^''  "*  """**  ^  """^  tennini^Tyte 

^eB«:^^j:4^-2^'tira:i?"v.*-  «^  "'-t  the  »„«,«,  ^^^ 

greater  than  OC.  ''**"«'»'«"•  "lanXC.Thenolis' 

^^  Jhe  di.e.nce  o,  any  two  .de,  „,  a  triangie  is  ,e.  than  the 

a  «ne  which 'n.rsSVr^.tlKr"'  ^^^''  "-'-^  ». 
CX  greater  than  CX.     Henie  Z  „  a  pl^J^r  ""°  *^'  '"^ 

11-     The  sum  of  th«  ^i..  Theorem  11. 

'"m  its  anguh.  poltl'ls  ^2  trZ^""'  ^'"^  »  ^'^-^'e 

12.     The  sum  of  the  diagon^s "f  t        .  "'  """  '^^'- 

than  the  3„m  of  the  four  stS^el^r'f'""'''^  is  „ot  g^t,, 

manner  of  Theorem  sT'  '""  ^'"P'*'''  'J"  eonatruotion  after  the 
-• '■     "■  "" '"""-  '*•  "•-  "'  '*«  --n- .-.  U.S  than  tU  ^„. 
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PARALLELS 
Definition.    P.r.Uei  .triUght  Une.  are  such  as,  being  in 

Z^i^^^': ''"'  ""-^  '^^  ^-  *■>-  -  P-^-d" 
r  nT^is^ ,rzr "  '"^-"^'' ' "-'  '^-  -  - '"  ^° 

;  n^^'Z-  /J">'''^''^i^  straight  lines  cannot  both  be  parol- 
lei  to  a  third  straight  line. 

In  other  words  : 

Through  a  given  point  there  can  be  only  one  straight  line 
parallel  to  a  given  straight  line. 

This  assumption  is  known  as  Plaufair'g  Axiom. 

Definition.  Wiien  two  straight  lines  AB,  CD  are  met  by 
a  third  straight  Kne  EF,  eight  angles  are  fo^ed,  to  wtich 
for  the  sake  of  distinction  particular  names  are  given. 

Thus  in  the  adjoining  figure, 
1,  2  7,  8  are  called  exterior  angles, 
3,  4,  5,  6  are  called  interior  angles, 
4  and  6  are  said  to  be  alternate  angles; 
so  also  the  angles  3  and  5  are  alternate 
to  one  another. 

Of  the  angles  2  and  6,  2  is  referred 
to  as  the  exterior  angle,  and  6  as  the 
interior  opposite  angle  on  the  same  side 
of  EF.    Such  angles  are  also  known  as  corresponding  angles 
Smiilarly  7  and  3,  8  and  4,  1  and  5  are  paii^  of  corresponding 
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Thbobbm  13.    [Euclid  I.  27  and  28] 

M  tne^^^  armies  on  ^  san.  ^  ^  ^  ,,„  ^^ 
then  m  each  case  the  two  straight  lines  are  paraUel. 


GHD  equal  to  one  anothe^.  "  '''  '"*^™''*«  ^  ^««. 

ftoir'^fl"  """'  ""^  ^^  ""^  ^^  «-  P^rollel- 

P-duced,  eithef  i^f  j^Jir/'^''  *'^>:.'^"'  »-*'  ^ 
If  possible,  let  AB  and  rn     u      '  °'!^^''"^  ^  and  C. 

and  Z),  at  the  Si„t  /  '  "''"  ''"^'"'^'^'  ">-»  ^-''"l^  B 

TU^n  KGH  is  a  triangle,  of  which  one  side  KG  is  p^duced 

■'■  TSXt  b  T  '^  r*^'  **""•  *»•«  ^*«ri-  opposite 
•••  AB^dciT.'  \^y^'^^^-  it  i«  not  greater. 

A  and  C  :  "^  ''^"'^  *'«'*  ^^^y  «annot  meet  towards 

•••  AB  and  Cfl  are  parallel. 
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the   exterior    ^  EGB  =  the    interior   opposite 


(ii)  Let 
^GHD. 

It  is  required  to  prove  that  AB  and  CD  are  parallel. 
Proof.  Because  the  Z  EGB  =  the  Z  GHD, 

and  the  ^  EGB  =  the  vertically  opposite  A  AGH  ; 
.-.  the  Z  AGff  =  the  Z  G//Z)  : 
and  these  are  alternate  angles  ; 
.-.  AB  and  CD  are  parallel, 
(iii)  Let  the  two  interior  4  BGH,  GHD  be  together  equal 
to  two  right  angles. 
It  is  rehired  to  prove  that  AB  and  CD  are  parallel. 
Proof.    Because  the  A   BGH,  GHD  together  =  two  right 


and  because  the  adjacent  A  BGH,  A  GH  together  =  two  right 


.-.  the  A  BGH,  AGH  together  =  A  BGH,  GHD. 

From  these  equals  take  the  Z  BGH  ; 

then  the  remaining  /:  AGH  =  the  remaining  Z  GHD  : 

and  these  are  alternate  angles  ; 

/.  AB  and  CD  are  parallel.  q.b.d. 

Definition.    A  straight  line  drawn  across  a  set  of  given 
unes  is  called  a  transversal. 

For  instance,  in  the  above  diagram  the  line  EGHF,  which  crosses 
the  given  hnes  .IB,  CD,  is  a  transversal. 
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Theorem  14.    [Euclid 


I.  29] 


If  a  s^M  line  cuts  tu,o  parallel  lines,  it  makee 

UJ  m  extenor  anale  emuJ  t„  ,1.    ■ 
'^  ^-'ne  side  of  the  Z^:Xe.''^  opposite  angle  an 

M  the  two  intenor  anaUs  nl  th. 
lu>o  right  angles.  ^      °^  *'""""^  <^  together  equal  to 


I«t  the  straight  lines  AR   rn  v. 
straight  line  E^F  cut  thlm.  """'""''  """J  '«»  the 

f)  ihe  tu.  interior!  'bgh'^^  7"^  '  """^  • 
'angles.  "    "^«'  GHD  together  =  two  right 

•••  thet"«:^iX^i^,f -d  ^"-  talle,  ;*^"'-  ^^• 
•■•  the  Z4GrWi„„„,        '      ,  ^"^Ufair's  Axiom. 


PARALLEla 


39 


'  the  vertically  opposite 


(ii)  Again,  because  the  ^  EGB 

^  AGH  ; 

and  the  Z  AGH  =  the  alternate  ^  QHD-  Proved 
•^  heex  enor  ^  EGB  =  the  interior  opposite  /(Sd 
(ui)  Lastly,  the  ^^CB  =  the  ^G//Z);  proved 

then  the  4  J^fi.BC// together  =  the  angles  SG//,  GTO 
^B^t  the  adjacent  A   EGB,  BGH  together  =  t^o  ri^t 

angU'"'  two  interior  A  BGH,  GHD  together  =  two  right 
PARALLELS  ILLUSTRATED  BY   ROTATION 

Now  suppose  that  AB  and  CO  in 
the  adjoining  diagram  are  paral- 
lel then  we  have  learned  that  the 
ext.  £  APX  ~  the  Int.  opp.  z  cOX  ■ 
that  is,  AB  and  CD  Zake  e,^ 
angle,   w,th    the   line   of   reference 

This  brings  us  to  the  leading  idea 
connected  with  paraUels : 

of  the  line  AB.  "^  "*  »PPo«'te  tense* 
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Theorem  15.    [Euclid  I.  30J 


^nu^re^re,  .  ,.<.,  ,,,  ,^  ^^  ^^  ^^^  ^^^^^^  ^  ^ 

PoprCf  r^  ^^  -«^»«  --.  Cn,  and  ;>,  i„  ,,e 
m^rJ,  j;""  '"'"'-  ^^  a»d  ^0  a.  pa«,H  and  ^y. 

•••  the  exterior  ^  0^^^^^^^    /'  '"'d  ^^  meets  them, 
^  <^0^  »  the  fiS  'X     '^  °"« J^"'""  «  which  the 
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EXERCISES  ON   PARALLELS 


1.     In  the  diagram  of  the  previous  pa«e  if  the  a.n„t„  fro  i.  c=. 
«pre«  in  degree,  each  of  the  angle,  oT.  HKQ  QKp  ' 

JJIC^C-L,:!---'^-'^-.     She, 
truVZre,^l::,'irer^,r  11"  »-«  -»«  of  an  i».e,e, 

a  sL,^!?  ^'  t*"'"*  "  ""^  "^  ^^  "'  »°  i^o^elB'  triangle  ABC 
Ld^f  ii^S"  "J"'^  "'  "**•'  """f'""  t"  *«  ba,e,  cutting  ABinY 
and  C4  produced  m  Z:  shew  the  triangle  4  YZ  is  isoscefes  ' 

angte  il'pS^lkTf'the"  """',  "'*?"'  ■"■  ^^'«'"'"  ""«'<'  <"  "  tri- 
isoieles.  ""'  "'""'■*''  '"•«•  «'"'*  ""'t  the  triangle  is 

are  J?uKr^:LtrgX^^:rrrhur-'^"^ '■'«'"• 
adiii;,n/  *  *'"'  ^^  "^  t'^o  straight  Unes  intersecting  at  D,  and  the 

-tors  ^r.^zz'\^,7tr:^^i^^r  --""^  "■«  •"- 

^^.^..jrjm^^irre^.^/^^^^^^^ 

If  .*ey  surt  parallel  and  pointing  the  same  way  how  long^^U  it  ^ 

S  r'Z,":aT"  "^    '•  ''  ■"'"'■'*  °'""^"^  ->-(«)  P^inU 
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OBOMETRY 


Theorem  16.    [Euclid  I.  32J 
n«  mree  angU>s  of  a  tnan,U  are  to,etker  e^  u,  U^  rigU 
A 


8  C-     — D 

,,  .  ^t  ABC  be  a  triangle. 

%ir:7r.l3f-  '^  ^''ree  .  .SC.  BCA,  C.B 

the^:"'    ^"-"^  -^^  -'»  ^^  -  parallel  and  AC  meets 

•••  the  Z  ACE  =  the  alternate  Z  CAB 
thelT'  ""  ^^  ''"''  ^^  •'-  ""-'H  -d  BD  meet, 

oppostfe  4  C^^  ABC.  ~         *""*  "•'^  ***  '"""  ''^'"■ 

the  4  BCr!Jci  wtl''""'  f '^  *''^  ^  ^^^  '•  then 

a  «oa,^CZ>  together  =  the  three  A  BCA,  CAB  ABC 

ang£.  '''  '^'"-"''  '  ''^'  ^^^  together  =  two' Z' 
•••  the  A  BCA,  CAB.  ABC  together  =  two  right  angles. 

^tp-rh^^elSeJ"  ^°"°^-  ™- - 

Namely,  the  ext.  ^  ^C/,  =  the  Z  c:iB  +  the  Z  ABC. 


THE  ANGLES  OP  A  TRIANGLE 

inpi;rence8  prom  theorem  16 
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1.  If  A,  B,  and  C  denote  the  number  of  degrees  in  the  anaUa 
of  a  triartgle, 

thenA+B  +  C  =  180°. 

2.  //  two  triangU."  have  two  angUa  of  the  one  respectively 
equal  to  two  angles  of  the  Mher,  then  the  third  angle  of  the  one  is 
equal  to  the  third  angle  of  the  other. 

3.  In  any  right-angled  triangle  the  two  acute  angles  are  com- 
plementary. 

4.  //  one  angle  of  a  trianqle  is  equal  to  the  mm  of  the  other 
two,  the  triangle  is  right-angled. 

5.  The  sum  of  the  angles  of  any  quadrilateral  figure  is  equal 
to  four  right  angles. 


EXERCISES  ON   THEOREM    16 

1.  Each  angle  of  an  equilateral  triangle  is  60°. 

2.  In  a  right-angled  isosceles  triangle  the  angles  are  45°,  45°,  90°. 

3.  Two  angles  of  a  triangle  are  36°  and  123°  respectively :  d^ 
duoe  the  third  angle;  and  verify  your  result  by  measurement. 

4.  In  a  triangle  ABC,  the  /:  B  =  1H°,  the  Z  C  =  42°-  de- 
duce the  Z  A,  and  verify  by  measurement. 

5.  One  side  BC  of  a  triangle  ABC  is  produced  to  D.  If  the 
exterior  angle  ACD  is  134°,  and  the  angle  BAC  is  42°,  find  each  of 
the  remaimng  interior  angles. 

/  »  '=,?!, **^  "'  Theorem  16,  if  the  Z  ACD  ~  118°,  and  the 
^  «  -  51  ,  find  the  4  A  and  C ;  and  checlc  your  results  by  measure- 
ment. 

7.  Prove  thalA  +  B+C-  180°  by  ,uppo«ng a  line  drawn  through 
the  vertex  parallel  to  the  ba»e. 

8.  If  two  straight  linen  are  perpendicvlar  to  two  other  straight  lines 
each  to  each,  the  ac,^e  angle  between  the  first  pair  is  equal  to  the  acute 
angle  between  the  second  pair. 
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OEOMETBY 


COBOLLART    1       All  tkm    ■   I     ■ 

nght  angle,  ao  the lureT X."'  '"'"^'^'^-»n^ny 


I' ^^  reared  U,  pr«,e  liua 

M  the  interior  angles  +  4  rt.  J  -  2«  rt   >< 

iU^Sier  '^^"^  '  "^'^'^  '^^  ««"-.  and  jot  O  to  each  of 

Then  the  figure  fa  divided  into  n  trianries 

Het^rt;^Toi:;r/t*r"^-- 

But  all  the  A  of  alHhe  1       .    *"""  '  ^n  rt.  4. 

Definition     A  remiu       i  <Jbd. 

«des  equal  and  all  iJ^l^^Z"  "  °"'  "'''•"'  '^^  "^  '»« 

thus  :  '*  '"*^«'  the  above  result  may  be  stated 

«^  +  360°  =  „.i8o=. 
EXAMPLE 

(10  side,).  ""->•     (")  oet-HTon   (8  «de,VnS,  decagon 


THR  ANGLES  OF  RECTILINEAL  PfOUFlES 
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EXERCISES  ON   THEOREM    16 
( IfumeHciU  and  Oraphical) 

degree,  in  each  of  thew  angle..  '     ^  ""*  """"»'  "' 

Con.truct  .uoh  .  triang.^'and  ch^k  Jrt ^.t  1 7' "*"  """"• 
3     Tli« «        .  •!.  *^  mpoBurement. 

the.  dr^ror;,^''  sra'rt'h:!'^.'" » """«'« "  '«2°-  -n" 

(i)tLvrSX(mt^°','Lt"'''''T^°'"''«2-:  deduce 
o.     In  » triangle  XBC,  the  anirlB«»»  n.„  J /^ 

and  75,^XTe'7o:^S  rgr"*^™'  ""  "--"-'-  »*»°.  «>". 

"p^^ve^^KSt^f::^  -  -r »'  ^-r  ^  -  - 
.22 '•and°'^?rtd°!h:v;r„t''™'^''"  ^•'  "'"->  -  «••  7«". 

2J^  '\r  "'"'"'■  '~'^""'  "'  "  ""*"•  «'«'''  """f'"  """tab 
-^-^  right  angles. 

(11)  Sl^i/"^  "*"!.'  '"""  ""■  Enunciation  of  CoroUary  l 
eetiir  ^tlVfo^'^ptne^urf"'  l^re.  wh.vh  ^,,,  ^  ,^,^  ^^ 
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^11  f 


OEOMETRy 


j^^  '"'•'^+t''esuinofthenejit.  ^-2n 

But  by  Corollwy  1, 
the  sum  of  the  int.  4  +       ^^t   a 

■•■  the  sum  of  the  ext.  .<  -  4  ,*   a  '^'  ^  ' 

>nd  Proof.  *'*-^-  g.,.„. 


from  O  in  the  ^.  in  wWcTtE  ^    '  '^' '°'  '^  ^"-"^  """^^ 
Then  the  ext.  Z  betw^n  tw/   !'  ''"*  Produced). 
The  other  ext  ti  =  T^  '"^'*  ^  and  fi  -  the  ^  a06. 

.-.  the  suL  of  the  J"'rLT'"'  ^  *^''  ^'  "«*'  «0- 
ext.  a  =  the  sum  of  the  4  at  O 

-  4  rt.  4 . 


Iff 


In 


THE  ANOLK8  OP  KKCTILINEAL  K10URE8        47 

EXERCISES 

1.     If  one  ride  of  »  reguUr  be»«on  i.  produced,  shew  thkt  the 
exterior  ««le  i.  equri  to  the  interior  .n«le  of  .„  equil.ter.1  triangle 

ii^^'^'}"^  '"  •''"^  ""'  "'•«"""de  of  e«h  tzimor  angle  of 
(I)  •  regular  octagon,  (ii)  a  regular  decagon. 

in  Jri„,'l!.'i"*''\'u""'  "**',•  '*"  >*""*'  ""»'«•"  ''n""-  ""I  the  two 

m"^:;  ri^M  a":;!™' """  "'"^  "*  ""«"«'•  •"•• "»'  «■«  •"— 

5.  If  the  baw  of  any  triangle  i.  produced  both  wayi,  .hew  that 

L'''trrig°ht'';:^re:.*'''*^''' ""- """" "-  -'«"" "«'« <■  •^-J 

6.  In  a  triangle  ABC  the  baw  angle,  at  B  and  C  are  bi«cted 
by  BO  and  CO  respectively.    Shew  that  the  angle  BOC  -W°+d. 

.rLJ"  ""f  *""*u.  ^  ^^-  "■*  "•'*'  -<  fi.  ^ C  "e  produced,  and  the 
exterior  angle,  are  bi«cted  by  BO  and  CO.    Shew  that  the  angle 
BOC  -  90°  -  4.. 
2 

8.  The  angle  oonUined  by  the  bimctora  of  two  adjacent  angle, 
of  a  quadrilateral  i.  equal  to  half  the  sum  of  the  remaining  angt. 

9.  The  straight  Une  joining  the  middle  point  of  the  hypotenuM 
hy^tonSi^  "*^'''  "^  *'"'  '^'"  ""''^  '•  «""''  to TaS  th" 

EXPERIMENTAL  PROOF  OP  THEOREM   16 
lA  +  B  +  C  -  180°) 
In  the  A  ABC.  AD  is  perp.  to  BC,  the 
greatest  ride.     AD  is  bisected  at  right 
angle,  by  ZY;  and  YP,  ZQ  are  perps.  on 
BC. 

If  now  the  A  is  folded  about  the  three 
dotted  Unes.  the  d  A.  B,  and  C  wiU  coin- 
cide with  the  4ZDK,  ZDQ,  YDP; 
.-.  their  sum  is  180°. 


,1 
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GEOMETRY 


Theorem  17.    [Euclid  I.  26] 
»  0 


the  Z  A  =  the  ^  D 

the  ^  B  =  the  ^  e' 
and  the  side  fir  -  *i,» 

respecfa.  ■^''^•^^f^  are  equal  in  all 

P'oof-    Thesmnofthe^^.fl  c-2.^    ^     ^ 

-  thl  "'^  -^^-  ■i      Theor.  16. 

'^d  the  ^  ^  and  fi  :  tL  Hi'^  ^  ""'  ^'  '»<*  ^^ 
•••  the  Z  C  =  the  ^  ?''"•*  ^  respectively, 
Apply  the  A  ABC  to  the  A  DFF       *u 
and  BC  along  ^if.  '^  ^^^'  ^  that  fl  falls  on  E, 

Then,  because      BC  =  FP  r        x     . 
Because  the        ^  fi  =  /i,     y  v       ""'""'"^e  with  ;P. 
And  because  the^  C  =  the  ^p'rf  """*  ^''"  "'""R  ^^. 
•••  the  point  A,  which  falls  .17.       ^n    '""'*  ^""  "'""^  FD. 
cide  with  -Z),  t'  Stt  wShl'  r"  ''^'  ™"«*  "-- 
•••  the  A  ASC  eoincid:  Sh  thel""ir'"'''- 

andtheA^lc~=''tf;A'4^=^^^ 

lue  A  i'is/'  m  area.      q.e.b. 


CONGRUENT  TRIANGLES 
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EXERCISES 
On  the  Identical  Equality  of  Triangles 

,i.  ^L  ^^T  *'^*  ""'  P^l^ndioulars  drawn  from  the  extremities  of 
the  base  of  an  .soscele„  triangle  to  the  opposite  siZ^"""  "' 

al  oAleZX  ""  ""  "'"""  "^  ""  ""'"  "  ^"'*"""  /™'»  «« 
3.    Through  O,  the  middle  point  of  a  stT».i„ht  li.,^    a  d 

.ngt  I  z  ^.r 'tiiett:!':  °'  ^  ---  ^'  -  Hght 
.heU  fhtsn:  rjeir  -"'^ "' '  '-^"^'^ "-  •>'-- 

maL^rTre:remir'  """  "'"'"''^  '"*  '"'"^'™«"-"  "^^  '-« 

Of  the rarrTht'it^:;:r™;tr  '"^  •"™"'''^- "-'  --"-' 

B^rl^r  ,  ,   *""^'"<'  »<  «  P"""  ^  n^ar  We  hank,  he  nolo  an  object 

»™n.^  afLIT '; "?  '*f  »'*"  *""*•  ^^  '"y^  •'"-'' « '•»"^c »; 

^C  7™™  ?^.   ""'/r  '",^  ^'  ^"'"'  «  ""•^*  "'  O. «.  mirfdJ*  point  0/ 
^«o»  m««„re.  CO;  prove  that  the  reeuU  give,  him  the  mdth  of  the 
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GEOMETRY 


ON  THE  IDENTICAL  EQUALITY  OP  TRIANGLES 
Three  cases  of  the  congruence  of  triangles  have  been  dealt 
with  in  Theorems  4,  7,  17,  the  results  of  which  a^e 

thrlT™^'"'^'"'  T  "'"''' '"  ■*"  '^P"'^  '''>«'>  the  foUowing 
three  parts  in  each  are  severally  equal  : 

1.  Two  ndes,  and  the  included  angU.  Theorem  4 

2.  The  three  sides.  ™. 

,      _  ,  ,  Theorem  7. 

3.  Two  angles  and  one  side,  the  side  given  in  one  trianaU 
CORRESPONDING  to  that  given  in  the  other  ZJrZu 

Two  triangles  are  not,  however,  necessarily  equal  in  all 

respects  when  ar^y  three  parts  of  one  a«  equaf  tX  corre 

spending  parts  of  the  other.  ^ 

For  example  : 

(i)  When  the  three  angles  of  one  are 
equal  to  the  three  angles  of  the  other, 
each  to  each,  the  adjoining  diagram 
shews  that  the  triangles  need  not  be 
equal  in  all  respects. 

(ii)  When  two  sides  and  one  angle  in  one  are  equal  to  two 
«rfe«  and  one  a„«feoftheother,the  given  angles  beCijfe 
need  not  be  equal  m  all  respects.  '-"B'es 

o 


J 


/dEf  ;!^n  ,f^'  ""''/^  =  ^''•'*'«1  '^^  ^  ABC  =  the 
Z  UHF,  ,t  will  be  seen  that  the  shorter  of  the  given  sides  in 

the  trianglefl^fmaylie  in  either  of  the  position^D^or^r 
Note.    Se6ai«,Theoreml8.p.61,i„,dProblem9.p.8S. 


CONGRUENT  TRIANGLES 


51 


Theorem  18 

Two  right-angled  triangles  which  have  their  hypotenuses  equal 
and  one  side  of  one  equal  to  one  side  of  the  other,  are  equal  in  all 
respects. 


K 


B 

Let  ABC,  DEF  be  two  right-angled  triangles,  in  which 
the  A  ABC,  DEF  are  right  angles, 
the  hypotenuse  AC  =  the  hypotenuse  DF, 
and  AB  =  DE. 

It  is  required  to  prove  that  the  A  ABC,  DEF  are  equal  in  all 
respects. 

Proof.    Apply  the  A  ABC  to  the  A  DEF,  so  that  AB  falls 
on  the  equal  line  DE,  and  C  on  the  side  of  DE  opposite  to  F. 
Let  C  be  the  point  on  which  C  falls. 
Then  DEC  represents  the  A  ABC  in  its  new  position. 
Since  each  of  the  A  DEF,  DEC  is  a  right  angle, 

.•.  EF  and  EC  are  in  one  straight  line. 
And  in  the  A  CDF,  because  DF  =  DC  (i.e.  AC), 

.:  the  Z  DFC  =  the  /  DCF.       Them:  5. 
Hence  in  the  A  DEF,  DEC, 
[the  Z  DEF  =  the  Z  DEC,  being  right  angles  ; 
because  j  the  Z  DFE  =  the  Z  DCE,  Proved. 

I  and  the  side  DE  is  common. 
.-.  the  A  DEF,  DEC  are  equal  in  all  respects  ;  Theor.  17. 
that  is,  the  A  DEF,  ABC  are  equal  in  all  respects. 

q.B.D. 


i 


B2 


QKOMETBT 


II 


*  Theohem  19.    [Euclid  I.  24] 

of  the  other;  then  the  base  Tfhn,    \^J.    corresponding  aides 
greater  than  the  bleTZ^  "'"*  *"  ""'  "^^"^  "^'^  - 


^^  ABC  D^F  be  t^o  triangles,  in  ^hich 

BA  =  ED,  and  AC  =  DF 
but  the  Z  BAC  is  grater  tlian  the  /  EDP 
n^^s  reined  to  prove  that  BC  is  grelTo^f^^- 

on  A  L  raC  ^/^^  ^  *»>«  A  ^^-,  «o  that  A  fa.. 

Then  if  ^«  pasTSui^^^i'^r;^^  •-«'«-■ 
^^;  that  is,  BC  is  greater  than  Jf      ^'     "" "'  ^"^^  *•«»• 

-wf^^S--S-^-.^).^^h. 

f  FD  =  rn"  *"  **""  "^  ''^^'  ^^^' 

**"*"*'  1  anH  th      '  r°I^  f  ^  '"  ""■"'nra  to  both, 
land  the  mcluded  Z  i^nR-  -  tk„  •    i    i   , 

•FK~       ~        ""''"ded  Z  (7/)^; 
Now  the  two  sides  ff  IT    jrl?  '    '  TAeor.  4. 

that  is  pTV^  '         '^  '^^**'"  than  £?f ; 

-  £G  (or  BC),s  greater  than  £ii',  g^D 


CONVERSE  OF  THEOREM    19  53 

Conver.ely  if  two  triangUs  have  two  Mes  of  the  one  egml  to 

TanT."/  '*:  f  ^'  '^'^  ^^'b^the  base  of  TneTZ 

tamed  try  the  corresponding  sides  of  the  other. 

A 


Let  ABC,  DBF  be  two  triangles  in  which 
BA  =  ED, 
and  AC  =  DF, 

^'"t  the  base  BC  is  greater  than  the  base  £f 

Proof.    If  the  ^  BAC  is  not  greater  than  the  /  EDF 
It  must  be  either  equal  to,  or  less  than  the  /.  EDF 

then  the  ba^  BC  would  be  equal  to  the  ba^e  EF  ;  Theor  4 
but,  by  hypothesis,  BC  is  not  equal  to  EF 

*K     ^uf""'  '^  ^''^  "^  ^^^  '^"^  '«»«  than  the  Z  £;Z)F 
then  the  base  BC  would  be  less  than  the  base  EF  ;  Theor  19 
but  by  hypothesis,  BC  is  not  less  than  EF 
ASf  ^^^  is  neither  equal  to,  nor  less  than  the 
.-.  the  Z  BAC  is  greater  than  the  Z  ££>f . 
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GEOMETRY 


1. 


REVISION  LESSON  ON  TRIANGLES 
State  the  propertie,  of  a  triangle  relating  to 
(1)  the  sum  of  its  interior  angles  • 
(u)  the  sum  of  its  exterior  angles. 

In  the  triangle  ABC.  if  ,o  =  36  cm.,  6  .  2«  cm    ,      , « 

In  the  tnangle  ABC,  if 

greTisf  ■Jde'""  *""  ^  =  ''°-  "'"'  ^'^'^  ^'^'^  "■«'«.  "<«  name  the 

in  oi^erVtfeirShs""'  '"^  "^  ■"«'«•  "">  '»««<'  '"«  »ides 

thatthrra;;{i^°;*^?3",f -»S™»  I!"'  ■""^  -  <»-'"<'« 
where  ambigjty  arises     tJLT.lT'^^y  "^"^^    P""'  "o' 


(i) 


(iv) 


A-A'=71\ 
B  =  B'_46°. 
0=0'  -3-7  cm. 

0=0'  =3-0  cm. 
6=  6'=,'i-2cm. 
c^  c'  =4'5  em. 


(U) 


a  = 
6  = 
C 


=4-2  cm. 
=2-4  cm. 
-81°. 


(iii) 


A -A' -36°. 
B-B'-12V 
C  =  C' =23°. 


IC-C-. 

(vi)     c-c'  = 

(  a  «  a'  a 


=  90°. 
=5  cm. 
'3  cm. 


=  6' 
■  C'  = 

[B-B'.S3°. 
(v)      6  -  6'  =4-3  om. 

B     „  I  <;=  c'-50om.  >a-a-3cm. 

e J.  u'nX'^.^  l^drnft^fotJiX--'^-  ''  "^"^  - 
(1)  are  necessarily  congruent  • 
(u)  may  or  may  not  be  congruent. 


''\i: '. 


EXERCISES  ON  TBIANQLES 
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(Miicellaneoiu  Bzamplu) 

oi^  J^-  "•'"'f''^'^'"-  "  the  ,horte,l  line  thai  can  be  drawn  to  a 
liven  Iratght  {in<  from  a  given  point.  «m  lo  a 

eq^]  °''"''""  "'**'*  ""*'  """^  ""'""  '^*  '*'  perpendicular  are 

JtL''iZ:^Z:  ""  ""  "  '*"'  "'*••'*  """*"  '*'  '"""'-  ■"""« 

,*  \  '^  ""t  '""»<''"  *'"'«  '"-o  "■''M  »/  Me  one  equal  to  two  tide,  of 
the  other.  eacA  to  each,  and  have  likewUe  the  angle,  oppo.it  Z oneL/r 
ofegual  «d«  egual.  then  the  angle,  oppoeite  to  the  Xr  pairofeZi 
«de.  are  either  egual  or  suppUmentary.  and  in  the  former  ca.eZ 
tnangUs  are  equal  in  aU  reepecta. 

\J^LI^^  is  a  triangle  in  which  AB  and  AP  have  constant 

engths  4  om.  and  3  cm.     If  X  fi  is  fixed,  and  A  P  rotates  ahmtr^ 

tr^e  the  changes  in  PB,  as  the  angle  A  incteifs  H"  "t  /sO-' 

Answer  th.8  question  by  drawing  a  series  of  figures,  inereasinri 

increments  of  30».     Measure  PB  in  each  case':^an<i  STarthl 

12.     From  B  the  foot  of  a  flagstaff  ^  B,  a  horizontal  Une  is  drawn 

tT."t:'^:!gh't:?th^flt':^.-  -  ^^  —^^^^i^ 

seei^at  ^ZrK^^"^^"}  " '«'"'"»''«  P^'  t^o  boats  A  and  B  are 

dtaitf "'  rTr  '"»"••  -^  «'<''b  ".imetrih: 

distance  between  4  and  B  to  the  nearest  foot. 

yaritaJI^"!.™!!^''""'^'^  t  two  ships  A  and  B,  which  are  600 
re^ti^'  K^^^"^  '"  !"^"°°'  ^■'^-  •""•  15°  East  of  South 
respectively      At  the  same  time  B  is  observed  from  X  in  a  8  E 

™Z  r'^-^""  "  ?'*"  <'"'^''  1"  '^  20"  ys.).  and  find  by  measurei 
ment  the  distance  of  the  Ughthouse  from  each  ship 
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PARALLELOGRAMS 
DEFINITIONS 

1.  A  quadrilateral  is  a  plane  figure  bounded 
by  four  straight  lines. 

The  straight  line  which  joins  opposite  angular 
points  in  a  quadrilateral  is  called  a  diagonal. 


2.  A  parallelogram  is  ^  quadrilateral 
whose  opposite  sides  are  parallel. 

lit  will  be  proved  hereafter  tliat  the  opposite 
mdeg  of  a  parallelogram  are  equal,  and  that  iU 
opposite  angles  are  equal.) 


/:z7 


3.  A  rectangle  is  a  parallelogram  which 
has  one  of  its  angles  a  right  angle. 

[It  wiU  be  proved  hereafter  that  all  the  angles  of 
a  rectangle  are  right  angles.    See  page  59.) 

4.  A  square  is  a  rectangle  which  has  'wo 
adjacent  sides  equal. 

[It  will  be  proved  that  att  the  side,  of  a  square  are 
equal  and  aU  it^  angles  right  angles.     See  pl«e  59.1 


6.  A  rhombus  is  a  quadrilateral  which 
has  all  its  sides  equal,  but  its  angles  are 
not  right  angles. 


J 


6.    A  trapezium  is  a  quadrilateral  which  has 
one  pair  of  parallel  sides. 


zn 
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Theorem  20.    [Euclid  I.  33] 

The  straight  lines  which  join  the  extremities  of  turn  equal  and 
parallel  straight  lines  towards  the  same  parts  are  themselves 
equal  and  parallel. 


Let  ilS  and  CD  be  equal  and  parallel  straight  lines  ;  and 
let  them  be  joined  towards  the  same  parts  by  the  straiuht 
lines  AC  and  BD. 

It  is  required  to  prove  that  ACandBD  are  equal  and  parallel. 
Join  BC. 

Proof.  Then  because  AB  and  CD  are  parallel,  and  BC 
meets  them, 

.-.  the  ZABC  =  the  alternate  Z  DOB. 

Now  in  the  A  ABC,  DCB, 
f  AB  =  DC, 

because  |     BC  is  common  to  both  ; 

I  and  the  Z  ABC  =  the  Z.  DCB , 
.:  the  triangles  are  equal  in  all  respects ; 

so  that  AC  =  DB, (i) 

and  the  Z  ACB  =  Z  DBC. 
But  these  are  alternate  angles  ; 

.-.  AC  and  BD  are  parallel (ii) 

That  is,  AC  and  BD  are  both  equal  and  parallel. 

Q.E.D. 


Proved. 
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Thbomm  21.    (Euclid  I.  34J 


'>^  c 

nif^^^y'  "  parallelogram,  of  which  BD  i,  a  diagonal 
It  la  required  to  prove  that  ^'agonal. 

(i)  AB  .  CD,  and  AD  .  CB 
(")  the  Z  BAD  .thez  DCB. 
M  the  ^  ADC  .thez  CBA 

them    '•    ^""^  ^^  ""-^  ^^  -^  P«-'H  and  BD  meets 

B«.  :'n ''^  ^  ^^^  "  ^''^  "'»«"«**«  ^  CDB 

Beca„..Z,      ,^^  ^       ^^^^^^^.^^ 

„      ^  ^/^«  -  the  alternate  ^  CflZ) 
Hence  in  the  A  ABD,  CDB 
I  the  Z  ABD  =  the  Z  CDB. 

•  ti,o  *  •  ^  '^  common  to  both  ■ 

••  *•'«  tnangles  are  equal  in  all  resoecb.  •        ta        „ 

«o  that  ^B  =  CA\nd  ^Z)  =  cT     '        '^**'"-  '/; 

andthe^fi^fl.the^flCfi     ' V^! 

and  the  A  ABD  =  the  ACDrL. ^"^ 

And  because  the.. ^^tr/cr p!:^ 

andtheZC/)B  =  thelSA  ""• 

..  the  whole  .4Z)C  =  the  whole  .'Cfl...    (m) 

q.B.D. 


In  other  words: 

All  the  angles  of  a  rectangle  are  right  angles. 
For  the  lum  of  two  con«eoutive  A  ^9^    ^     Z, 
••■ ,  if  one  of  thew  i.  .  rt   .n^T  .1.     '^  "  ^  rt.  4 ;    ( Theor.  14.) 

And  -  o^^fe  Si^r- -' tr-  -'^- 
•  •  BU  the  angle>  are  right  anglea 

.Atr4  zii. ''''' "'"  '^^^ "-  '^<-  -"^  '^ 

„i°''''*«^  '•     ^**  '''-'"-'•^  «/  «  P--/W««-m  Insect  one 

To  prove  AO  -  OC.  and  BO  -  OD 

In  the  A  AOB,  COD,  '  f^  = 

( the  /  0.4B  _  the  alt.  Z  OCD 
becu«,    theZ40fl.,ert.opp'^'cofl. 

•■  0^  -OC;  and  OB.  oo.  ^W.  17. 


KXERCISE8 


P-rlK*"'"'"''"^'" '««''"'«'-«'«.«/ 


parallelogram. 

3.    //Medi 

^raUetoQram. 

*■    Tlu  diagomU,  of  a  rhombu,  bisect 
5.  If  the  diagonals  of  a  paral 
e  right  angles. 

6-  In  a  parallelogram  which  is 


""  equal,  the  figure  i,  a 
'aeh  other,  the  figure  ia  a 


S    T,  ,L     ..  ,  ' ""'  "»«<*«•  "t  right  angle,. 

are'right  aifr"""  °'  -^  ''"«"«-"^'»  -  e,„al,  all  its  angle. 


unequal. 


not  rectangular  the  diagonals  i 
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EXERCISES   ON    PARALLELS   AND   PARALLELOGRAMS 

(Symmetry  and  Superpotilion) 

1.  Shew  that  by  folding  •  rhombus  about  one  of  itf  diaconali 
the  triuglM  on  opponte  •idoi  of  the  crewe  may  be  made  to  coinoide 

That  U  to  «y,  prove  that  a  rfaombui  U  tymmetricat  about  either 
diagonal. 

2.  Prove  that  the  diagonal*  of  a  square  aro  axe,  of  eymmelry 
Name  two  other  lines  about  which  a  square  is  symmetrical. 

3.  The  diagonals  of  a  rectangle  divide  the  figure  into  two  eon- 
gruent  triangles:  is  the  diagonal,  therefore,  an  axis  of  symmetry r 
About  what  twq  lines  is  a  rectangle  symmetrical? 

4.  Is  there  any  axis  about  which  an  obUque  parallelogram  is 
symmetncal  ?     Give  reasons  for  your  answer. 

5.  In  a  quadrilateral  A  BCD.  AB  -  AD  and  CB  -  CD-  but 
the  sides  are  not  all  equal.  Which  of  the  diagonals  (if  either)'  is  an 
axis  of  symmetry? 

0.   Prove  by  the  method  of  superposition  that 

(i)  Two  parallelogram,  are  identicnUy  equal  if  two  adjacenl  ndet  of 
one  arc  equal  to  two  adjacent  ,idt,  of  the  other,  each  to  each,  and  eno 
angle  of  one  equal  to  one  angle  of  the  other. 

(ii)  Two  rectangle,  are  equal  if  tu>o  adjacent  ride,  of  one  are  equal 
to  two  adjaunt  ride,  of  the  other,  each  to  each. 

7.  Two  quadrilaterals  A  BCD,  EFOH  have  the  sides  AB,  BC, 
CD,  DA  equal  respectively  to  the  sides  EF,  FO,  GH,  HE  and  have 
also  the  angle  BA  D  equal  to  the  angle  FEH.  Shew  that  the  egurea 
may  be  made  to  coincide  with  one  another. 

(\fi,cellaneou.  Theoretical  Example,) 

8.  Any  straight  Bne  drawn  through  the  middle  point  of  a  diago- 
nal of  a  parallelogram  and  terminated  by  a  pair  of  opposite  sides 
IS  bisected  at  that  point.  ' 

9.  In  a  parallelogram  the  perpendiculars  drawn  from  one  pair  of 
opposite  angles  to  the  diagonal  which  joins  the  other  pair  are  equal. 

10.  If  A  BCD  is  a  paraUelogram,  and  X,  Y  respectively  the 
middle  points  of  the  sides  AD.BC;  shew  that  the  ilgure  A  YCX  is 
a  parallelogram. 
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11.   -4flC  tnd  DBF  m  two  triangle.  ,uoh  th.t  AB,  BC  an 

:rrrs.L°r.'  ■»-""  -  «^-  *■'■  •--  "-t^^^r*^ 
.oUr^  '„•„:  '^Tii^  ^w'  IV — '•' «-.  -d 

(1)  the  /  /I  +  the  Z  C  -  180'  -  the  Z  /(   .  ,],,.    ,  ft 
(li)  the  diagonal  AC  -  the  diagonal  BO: 
(lii)  the quadriUterBli.,»»,me(rtcoi about  .i,  .  irniuM  lir.   i„m 
ing  the  middle  pointa  of  4B  and  DC. 

rate,  (both  clookwiB,)  .bout  two  fixed  pivots    I  md  /.  r,   ,„, ,i,^  t 
If  the  rod,  .tart  parallel  but  pointing  in  „pp™,to   ..„s..,  %,^'Zi. 

(i)  thoy  will  always  be  parallel ; 

(ii)  the  line  joining  PQ  will  alway.  pa™  througl,  ,.  Mx,  ,1  point. 

(MuceOaruoui  Numerical  and  Oraphicat  Einmjilf,) 
63  "h/is"!!'  Moi*  '^H''  ""'  "''»"«*•  hereourw  .ucoo^ivcly  by 

eoui^  J'th^...T,°.'K""'  '"'*"'"  '"«'*"  "'  »  rectilineal  figure  i. 
equiU  to  the  .um  of  the  exterior  angle,,  how  many  ,id.«  ha,  it.  and 

in  whic?""''  "''"*  ^""^  P^'ra^tor.  any  fiv.Mid..d  figure  A  BCDB, 

/B-1I0-.      ZC.U5'.      ZD-M»,      ZE.152' 

r«.Z^^!L^V  '^T"'"^'""  '^"'  "■'"'  ""''  "ompa.^.  that  AE  i, 
paraUel  to  BC,  and  account  theoretically  for  thi,  fact. 

Bo":,JSl  f  "^'"°  «"«»  P"'"'".  and  two  straight  line  A  P. 

.tming  from  the  direction  AB,  turn,  about  yl  clockwi«,  at  the  uni 
om  ™tc  of  7r  a  «cond:  and  BQ,  ,tarting  ,imultaneou,ly  fZ 
3}' a"nd"  '"""  """'  *  """nto^Iockwise  at  the  rate  of 

(i)  In  how  many  .eoonds  will  AP  and  BQ  be  parallel' 
.n^L.,  graphicaUy  and  by  calculation  the  angle  between  AP 
..T*  ™*'™  "eoonds  from  the  start, 
(iii)  At  what  rate  does  this  angle  decrease? 
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Theorem  22 

If  there  are  three  or  more  parallel  straight  lines,  and  the  inter- 
cepts made  by  them  on  any  transversal  are  equal,  then  the  cor- 
responding intercepts  on  any  other  transversal  are  also  equal. 
A     PI  \x    _g 


Let  the  parallels  AB,  CD,  tEF  cut  off  equal  intercepts  PQ, 
QR  from  the  transversal  PQR  ;  and  let  XK,  KZ  be  the  cor- 
responding intercepts  cut  off  from  any  other  transversal 
XYZ. 

It  is  required  to  prove  that  XY  =  YZ. 
Through  X  and  Y  let  XM  and  YN  be  drawn  pj,rallel  to  PR. 
Proof.    Since  CD  and  EF  are  parallel,  and  XZ  meets 
them, 

.•.  the  Z  XYM  =  the  corresponding  /  YZN. 
And  since  XM,  YN  are  parallel,  each  being  parallel  to  PR, 
.:  the  /.MXY  =  the  corresponding  ZNYZ. 
Now  the  figures  PM,  QN  are  parallelograms, 
.•.  XM  =  the  opp.  side  PQ,  and  YN  =  the  opp.  side  QR  ; 
and  since  by  hypothesis  PQ  =  QR, 
.:  XM  =  YN. 
Then  in  the  A  XMY,  YNZ, 
(the  Z  XYM  =  the  /  YZN, 
because   the  Z  MXY  =  the  Z  NYZ, 

and  XM  =  YN  ; 
.:  the  triangles  are  identically  equal  ;       Theor.  17. 

•'•   XY  '^    YZ.  Q.E.D. 
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CoBOLLABT.  In  a  triangU  ABC,  if  a  set  of  lines  Pp,  Q„, 
Rr..  drawn  parallel  to  the  base,  divide  one  side  AB  il 
m<U  parts,  they  aUo  divide  the  other  side  AC  into  e^plrU 


\l  ,  i. 


'■ 


»/- 

; 

\. 

/  /  <\. 

L 

1 

;    \ 

B 

1 

2          3" 

Note.    The  lengths  of  the  paraUels  Pp,  Q,  Rr  „,„  ,. 

be  expressed  in  terms  of  the  base  BC  ^  """ 

Then,  by  Theorem  22,  these  pari"  divide  BC  i^l  t„  . 

of  Which  Pp  evidently  contains'o™.,'^!^^'^^^''  """' 
In  other  words, 

PP'i-BC;       Qg^i-BC:       Rr  =  ,  .  flc 
Simih^ly  if  the  given  par-  divide  AB  into  „  equal  parts. 
„         .        vv      ^    oc,        «r  =-•  BC;  andsoon. 
*,*  ProbUm  7,  p.  78,  shmild  now  be  vmked. 
DEFINITION 
AX  ^By1T'""1''"' "'  " '""^''^' ""« ^«  perpendicular 
then  JT  K  »  said  to  be  the  orthogon,!  projection  oiABon  PQ 


^. J-0    r 
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EXERCISES    ON    PARALLELS    AND    PARALLELOGRAMS 

J.  The  atraighl  line  drawn  through  the  middle  point  of  a  ride  of  a 
trianile,  parallel  to  the  bate,  bisectt  the  remaining  aide. 

[This  is  an  important  particular  case  of 
Theorem  22. 

In  the  A  A  BC,  if  Z  is  the  middle  point  of 
A  B,  and  Z  V  is  drawn  par'  to  BC,  we  have  to 
prove  that  AY  -  YC. 

Draw  YX  par"  to  AB,  and  then  prove  the 
AZAY,  XYC  congruent.) 

2.  The  straight  line  which  joins  the 
middle  jiointa  of  two  sides  of  a  triangle  is 
parallel  to  the  third  side. 

[In  the  A  A  BC,  if  Z.  Y  are  ihe  middl.i 
points  of  AB,  AC,  we  have  to  prove  ZY 
par'  to  BC. 

Produce  ZY  to  V,  mailing  YV  equal 
to Z r,  and  join  C  V.     Prove  the  ^AYZ,CYV  congruent.) 

3.  The  straight  line  which  joins  the  middle  points  of  two  sides  of  a 
triangle  is  equal  to  half  the  third  side. 

4.  Shew  that  the  three  straight  lines  which  join  the  middle  points 
of  the  sides  of  a  triangle,  divide  it  into  four  congruent  triangles. 

5.  Any  straight  line  drawn  from  the  vertex  of  a  triangle  to  the  base 
is  bisected  by  the  line  which  joins  the  middle  points  of  lie  other  sides. 

6.  A  BCD  is  a  parallelogram,  and  X.  Y  arc  the  middle  points  of 
the  opposite  t'des  AD,  BC:  shew  that  BX  and  OY  trisect  AC. 

7.  If  Ihe  middle  paints  of  adjacent  sides  of  any  qtmdrHateral  are 
joined,  the  figure,  thus  formed  is  a  parallelogram. 

8.  Shew  that  the  straight  lines  which  join  the  middle  points  of 
opposite  sides  of  a  quadrilateral,  bisect  one  another. 

9.  From  two  points  A  and  B.  and  from  O  the  mid-point  be- 
tween them,  perpendiculars  A  P,  BQ,  OX  are  drawn  to  a  struight 
Une  CD.  If  AP,  BQ  measure  respectively  42  cm.  and  58  em., 
deduce  the  length  of  OX,  and  verify  your  result  by  measurement. 

Shew  that  OX  ~  \(.AP  +  BQ)  or  h(AP  -  BQ),  according  aa  .1 
and  B  are  on  the  tame  side,  or  on  oppotite  sides  of  CD. 
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l(a  +  b)  cendmc^re,.  '^       '"  "*"•  <""'  'hat  its  length  is 

parallels  are  drawn  i„  any  diroltirr'''  ^'^"^^  """^^  ?"'«« 
lengths  of  these  parallel,  taketh!".  ""*'  ^'^-  M'^™^'  the 
the  length  of  the  (*  J  p„aUe,  ''"^T  "^^-^o.  "-d  compare  it  with 
parallel  is  the  mean  of  all  five  "  <>"'"""'''=<'"!/  that  the  3'^ 

of  ^rsoTr''""  '"'"""  '-  -^  Odd  number  (2„  +  ,) 

are"raw^T,t  sTrSg^t  t":ht:r??.°^.'"  •'^^^^^ 

shew  that  the  sum  of  the  DernenHl,  T       ,   "'"d«  ""'  Parallelogram  ■ 

- -r  -ints  is  ^::n:i^zt7iizzT^z 
bas^f  ait^rs't^txrorhtt:^^^^^^^^^   ""^-  -•"  ■•"  «>« 

dienlar  drawn  from  either  extrem  t^of  K  t'  "  •'^"'''  '"  •'"'  "'"P™- 

(It  foUows  that  the  sum  of  the  dltl!        T  *"  "■"  "P""'''"  "'^e. 

of  an  isosceles  triangle  from  the  eo^lir  "'  """  P°'"'  '"  ^he  ba.se 

in  the  bas:':lltr'"''^ '""''*''«'' ''■'■■''^-npointwerc taken 

an  equilaltrtXleTtr^h"!::'''-^  '""""  '™'"  ""^  P"'"'  within 
lar  drawn  fr„m  an/onfof  tVe  Z^^'j  "."'""''  '°  «"'  Perpendicu- 
and  is  therefore  constant  ^      •"'""  '"  "'o  "PPo^'te  side, 

other  st^:^!  Z.  '"^"^'  ""<''  '•-«  «>-'  P^iections  on  any 
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DIAGONAL  SCALES 
Diagonal  scales  fomi  an  important  application  of  Theorem 
22.     We  shall  illustrate    i.ir  construction  and  use  by  de- 
scribinK  a  Decimal  Diagonal  Scale  to  shew  Inches,   Tenths 
and  Hundredths. 

A  straiRht  line  AB  is  divided  (from  A)  into  inches,  and  the 
points  of  division  marked  0,  1,  2,  . .  .  .  The  primary  division 
0^  is  subdivided  into  tenths,  these  secondary  divisions  being 
numbered  (from  0)  1,  2,  3,  . .  .  9.  We  may  now  read  on  AB 
inches  and  tenths  of  an  inch. 


In  order  to  read  hundredths,  ten  lines  are  taken  at  any  equal, 
intervals  paraltel  tc   AB  ;    and  perpendiculars  are  drawn 

through  0,  1,  2, 

The  primary  (or  inch)  division  corresponding  to  0/1  on  the 
tenth  parallel  is  now  subtiivided  into  ten  equal  parts  ;   and 
diagonal  lines  are  drawn,  as  in  the  diagram, 
joining  0  to  the  first  point  of  subdivision  on  the  10*  parallel, 
"       1  to  the  second  "  "  "  " 

"      2  to  the  third     "  "  "  "  ■ 

and  so  on. 

The  scale  is  now  complete,  and  its  ust  is  shewn  in  the 
following  example. 

Example.     To  take  from  the  scale  a  length  of  2-  47  inches. 

(i)  Place  one  point  of  the  dividers  at  t  in  AB,  and  extend  them 
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^:^ri:\^Z^ ''"  ™'^'^-'<^  "-'^  •-•  we  ^.. 

Then  extend  the  dividers  tillThe  tff  '  '■'' """""r  '^  ^u.  p»™ilel. 

a-  on  the  7^  p„a,.e,.    Ct'^'o^H?  SLrrd:!* 

REASON    FOR   THE   ABOVE    PROCESS 

Jom,„B  the  point  4  to  the  corresponds  ^^• 

angle  4,4,6,  of  which  one  side  4,4  L.  divided 
mto  ten  equal  part«  by  line,  parallel  to  tfi 

Therefore  the  lengths  of  the  parallels  be- 
tween 4,4,  and  the  diagonal  4,6  are  ^  A    3 
■•■  of  the  base,  which  is  .1  inch     ^' *' "' 

Hence  these  lengths  are  01,  02,  -03         nf 
1  inch.  >    •    ui 

Thus,  by  means  of  the  scale,  the  lenirth  of  „     ,    -^ 

NOTE 
Should  tak«/„..  paUiTt^ll  .4™       *""■   '"  *■""•  <»«  *^ 


*3  2  1  0 
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EXERCISES  ON   LINEAR  MEASUREMENTS 

1.  Draw  straight  lines  whose  lengths  are  1'25  inches,  2-72  inches, 
3-08  inches. 

2.  Draw  a  line  2-68  inches  long,  and  measure  its  length  in  centi- 
metres and  the  nearest  millimetre. 

3.  Draw  a  line  5-7  cm.  in  length,  and  measure  it  in  inches  (to 
the  nearest  hundredth).  Check  your  result  by  calculation,  given 
that  1  cm.  =  0-3937  inch. 

4.  Find  by  measurement  the  equivalent  of  3- 15  inches  in  centi- 
metres and  miUimetn-}.  Hence  calculate  (correct  to  two  decimal 
places)  the  value  of  1  cm.  in  inches. 

5.  Draw  lines  2-9  cm.  and  6-2  cm.  in  length,  and  measure  them 
in  inches.  Use  each  equivalent,  to  find  the  value  of  I  inch  in  centi- 
metres and  millimetres,  and  take  the  average  of  your  results. 

6.  A  distance  of  100  miles  is  represented  on  a  map  by  1  inch. 
Draw  lines  to  represent  distances  of  336  miles  and  408  miles. 

7.  If  1  inch  on  a  map  represents  1  kilometre,  draw  lines  to  rep- 
resent 850  metres,  2980  metres,  and  1010  metres. 

8.  A  plan  is  drawn  to  the  scale  of  1  inch  to  100  links.  Measure 
in  centimetres  and  millimetres  a  line  representing  417  links. 

9.  Find  to  the  nearest  hundredth  of  an  inch  the  length  of  a  line 
which  will  represent  42- .500  kilometres  in  a  map  drawn  t»  the  scale 
of  1  centimetre  to  5  kilometres. 

10.  The  distance  from  London  to  Oxford  (in  a  direct  line)  is 
55  miles.  If  this  distance  is  represented  on  a  map  by  2' 75  inches, 
to  what  scale  is  the  map  drawn  ?  That  is,  how  many  miles  will  be 
represented  by  1  inch?     How  many  kilometres  by  1  centimetre? 

[1  cm.  =  0-3037  inch;    1  km.  =  J  mile,  nearly.) 

11.  On  a  map  of  France  drawn  to  the  scale  1  inch  to  35  miles, 
the  distance  from  Paris  to  Calais  is  represented  by  4-2  inches.  Find 
the  distance  accurately  in  miles,  and  approximately  in  kilometres, 
and  express  the  scale  in  metric  measure.     [1  km.  =  {  mile,  nearly.) 

12.  The  distance  from  Exeter  to  Plymouth  is  37J  miles,  and 
appears  on  a  certain  map  to  be  2\" ;  and  the  distance  from  Lincoln 
to  York  is  88  km.,  and  appears  on  another  map  to  be  7  cm.  Com- 
pare the  scales  of  these  maps  in  miles  to  the  inch. 

13.  Draw  a  diagonal  scale,  2  centimetres  to  represent  1  }'ard 
shewing  ^ards,  feet,  and  inches. 


PRACTICAL    OEOMBTBY 


PRACTICAL  GEOMETRY 

PROBLEMS 

The  following  problems  are  to  be  soIvpH  ».fK      , 
compasses  only.    No  stPn  »^,  ■       ,.  ^"'^^  '^•th  niler  and 

of anylineor^gleTtSstosrt  *"'*"'"  '--"'-'"ent 
made  without  using  either  a  ZT'  '^'''^'^^'ions a,^  to  be 
protractor.  *  "  ^^^"ated  scale  of  length,  or  a 

JK:=r„i::^ta^Krrs^^^^^^^  ■■ 

by^e^^ean.    great  ca.J„~;^^rc^^^^^ 

from  lines  necessary  tfthe  rns^'n*"  '"*'"«^^'>  *»•«"> 
^^p^S^Stf^lo-Z-Te-.-- 

a^-^ir:„di:s--^r;:r— 

other  Sa::iro7^o;„730»''  *"^-  °^  ^^ °   -^  ^''e 
3-     A  pair  of  pencil  compasses 
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Phoblem  1 

To  bisect  a  given  angU. 


Let  BAChe  the  given  angle  to  be  bisected. 
Construction.    With  centre  A,  and  any  radius,  draw  an 
arc  of  a  circle  cutting  AB,  AC  at  P  and  Q. 

With  centres  P  and  Q,  and  radius  PQ  draw  two  arcs  cutting 
atO.  Join  AO. 

Then  the  /.  BAC  is  bisected  by  AO. 
Proof.  Join  PO,  QO. 

In  the  ▲  APO,  AQO, 
AP  =  AQ,  being  radii  of  a  circle, 
because  PO  =  QO,      "        "      equal  circles, 

and  AO  is  conunon  ; 
.".  the  triangles  are  equal  in  all  respects  ;      Theor.  7. 
so  that  the  /.  PAO  =  the  ^  QAO  ; 
that  is,  the  Z  BAC  is  bisected  by  AO. 

Note.  PQ  has  been  taken  as  the  radius  of  the  arcs  drawn  from 
the  centres  P  and  Q,  and  the  intersection  of  these  arcs  determines 
the  point  O.  Any  radius,  however,  may  be  used  instead  of  PQ,  pro- 
vided that  it  is  great  enough  to  secure  the  intersection  of  the  arcs. 


J 
that 
foUo 
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Problem  2 

^'''>i*ecl  a  given  slraithf  line. 
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arcs,  o„e  «„  eachSl^n?  ^'  '"'^  ""^^'  ^«'  "^-w  two 

^^n4r;lr£fi--^e.o„eo... 

^yPQ,  ending  AB  at  O 
Then  ^fi  is  bisected  at  O 

Join  ^i',  ^(?,  BP,  BQ. 

lntheA^/>p,fipg_ 

Again  u,  the  A  APO,  BPO  ^^  ^■ 

because/      ,  ^'' =  fiP  and  P/l  ;=  « 

I  "Wd  the  z  ^po  =  the  TbPO  "' 

•■•  ^O  =  Ofl  •  '    _ 

that  the.  AOpVllr^^l'-"^  r  -^  ■^™-  ^''Oit  foUow, 
'oUow,  that  PQ  u,ecu  AaTri^uln^^^  ""  '^^-'  -'^^^ 


Proof. 


because 


'!    i! 
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Problxm  3 

To  draw  a  ttraight  line  perpendicular  to  a  given  straight  line 
at  a  given  point  in  it. 


rt — 

Let  AB  be  the  straight  line,  and  X  the  point  in  it  at  which 
a  perpendicular  is  to  be  drawn. 

Conttructioii.    With  centre  X  cut  off  from  AB  any  two 
equal  parts  XP,  XQ. 

With  centres  P  and  Q,  and  radius  PQ,  draw  two  arcs  cut- 
ting at  0. 

Join  XO. 
Then  XO  is  perp.  to  AB. 
Proof.  Join  OP,  OQ. 

In  the  ▲  OXP,  OXQ, 

fXP  =  XQ,  by  construction, 
OX  is  conunon, 
and  PC  =  QO,  being  radii  of  equal  circles  ; 
.-.  the  /.OXP  =  the  Z  OXQ.  Theor.  7. 

And  these  being  adjacent  angles,  each  is  a  right  angle  ; 
that  is,  XO  is  perp.  to  AB. 

Oba.    If  the  point  X  is  near  one  end  of  AB,  one  or  other  of 
the  alternative  constructions  on  the  next  page  should  be  used. 


ill 
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Pboblws.    S.COND  Method 

Jom  flC,  and  p^^j^^^  j^ 

thecrcumfcrenceoftherircleatO 
Join  A'O. 
Then  JfO  is  perp.  to /IS 

^r'-                           Join  CA-. 
oecause  CO  =  rv  •      .    n       . 

3nd  beeau.cz,  =  Ca' '    ..r  ^IfSolTco^  '"' 

••  the  whole  ^Z>^0  =  the  Z.YOA,  + the  f;^^ 
=  i  of  180°  =  90°. 
•■•  ^O  is  perp.  to  Xfl. 

Problem  3.    Third  Method 

Construction.  With  centre  X 
and  any  radius,  draw  the  arc 
(■OE,  cutting  ^fi  at  C. 

With  centre  C,  and  with  the 

same  radms,  draw  an  arc,  cutting 
the  first  arc  at  D. 

With  centre  D,  and  with  the 
same  radius,  draw  an  arc,  cut- 
ting the  first  arc  at  E. 

Bisect  the  ^  DXE  by  XO 
Then  XO  is  perp.  to  ^fi 
Proof.     Each  of  the  4  CXD,  DXE  is  GO- 

and  the  ^  MO  is  half  of  the  ^DAT^. 

•••  the  Z  CVO  is  90°. 

That  is,  XO  is  perp.  to  AB. 


/"rofc.  1. 


I    ;■! 
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Problem  4 

To  draw  a  straight  line  perpendicular  to  a  given  straight  line 
from  a  given  external  point.       y 


Proof. 


Let  X  be  the  given  external  point  from  which  a  perpen- 
dicular is  to  be  drawn  to  AB. 

Construction.    Take  any  point  C  on  the  side  of  AB  re- 
mote from  X. 

With  centre  X,  and  radius  XC,  draw  an  arc  to  cut  AB  at 
P  and  Q. 

With  centres  P  and  Q,  and  radius  PX,  draw  arcs  cutting 
at  Y,  on  the  side  of  AB  opposite  to  X. 

Join  XY  cutting  .AB  at  0. 
Then  XO  is  perp.  to  AB. 
Join  PX,  QX,  PY,QY. 
In  the  A  PXY,  QXY, 
PX  =  QX,  being  radii  of  a  circle, 
PY  =  QF,  for  the  same  reason, 
and  Xy  is  common  ; 
the  Z  PXr  =  the  Z  QXY.         Them.  7. 
Again,  in  the  A  PXO,  QXO, 
PX  =  QX, 
because  i  XO  is  common, 

[  and  the  Z  PXO  =  the  Z  QXO  ; 

.-.  the  Z  XOP  =  the  Z  XOQ.     Theor.  4. 
leing  adjacent  angles,  each  is  a  right  angle, 
that  is,  XO  is  perp.  to  AB. 


because 


se  I 
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one  or  other  of  theThol'l"'"''"''^' "'''"""'' """f"'' "Mfi 
Bhoul<l  be  uj.  '*"''"''*'"^  constructions  given  below 


Problem  4.    Second  Method 
Construction.     Take  any  point  D  in 

With       f-""'/"''  '^'^'-t  't  at  C. 
W,  h  centre  C,  and  radius  C.V  <lraw 
a  nrcle  cutting  ^fi  ^t  />  ,„,,  o"";''  ''™^^    -^ 
Join  A'O. 
rhenXOisperp.  to^fi 


'i  XOD 


IS  a 


Problem  4.    Third  Method 
With  centre  D,  and  radius  DX,  draw 

Wth  centre  E,  and  radius  £X,  draw 
another  arc  cutting  the  former  ^tr 
Join  Xr,  cutting  4fi  at  O 
Then  XO  is  perp.  to  AB. 

(i)  Prove    the    A  X/)£',     }'/)£■ 
equal  in  all  respects  by  Theorem  7 

so  that  the  Z  XZ>£r  =  'the  Z  YDE 

iuai  IS,  AL»  IS  perp.  to  ^B. 
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Problem  5 

At  a  given  point  in  a  given  straight  line  to  make  an  angle 
equal  to  a  given  angle. 


Let  BAC  he  the  given  angle,  and  FG  the  given  straight 
line  ;  and  let  0  bo  the  point  at  which  an  angle  is  to  be  made 
equal  to  the  Z  BAC. 

Construction.  With  centre  A,  and  with  any  radius,  draw 
an  arc  cutting  AB  and  AC  at  D  and  E. 

With  centre  0,  and  with  the  same  radius,  draw  an  arc 
cutting  FG  at  Q. 

With  centre  Q,  and  with  radius  DE,  draw  an  arc  cutting 
the  former  arc  at  P. 

Join  OP. 
Then  POQ  is  the  required  angle. 
Proof.  Join  ED,  PQ. 

In  the  A  POQ,  BAD, 

(OP  =  AE,  being  radii  of  equal  circles, 
OQ  =  AD,  for  the  same  reason, 
PQ  =  ED,  by  construction  ; 
.*.   the  triangles  are  equal  in  all  respects  ; 

so  that  the  Z.  POQ  =  the  Z  BAD.       Theor.  7. 
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Problem  6 

.  Thrmigh  a  given  point  to  ,lrn 
men  straight  line.  ''"""  «  •'"•"'ff*'  Une  parallel  to  a 


X     A 


Construction.     I„  XV  *  ^  "'"  ""'■  '"  ^i'- 

U«i„s  the  construotion  ote.'^"'",*  ^'  «'"'  Join  OA. 

-rr— --^-rtS-si^-^r 

makes  the  >>itZZfA' PoTnVv"  '*'''"'^'''  ""«''  0^-  XY 
^1  "^  '  equal  ;  ' 

■■■  OPispaHto^YK. 
7  '^^  *«  »»-«  mckS^drZZ  t/,e"T'  ""'  ''-/"■«*^«- 
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Problem  7 
To  divide  a  given  straight  line  into  any  number  of  equal  parts. 


Let  /li?  lx>  the  givon  RtraiRht  lin<-,  and  suppose  it  is  required 
to  divide  it  into  five  equal  parts. 

Construction.  From  A  draw  AC,  a  straiRht  line  of  un- 
limited length,  making  any  angle  with  AB. 

From  AC  mark  off  ^ue  equal  parts  of  any  length,  AP,  PQ, 
QR,  RS,  ST. 

Join  TB  ;  and  through  P,  Q,  R,  S  driiw  par*  to  TB,  meet- 
ing AB  in  p,  q,  r,  s. 

Then  since  the  par"  Pp,  Qq,  Rr,  Ss,  TB  cut  off  five  equal 
parts  from  A  T,  they  also  cut  off  five  equal  parts  from  AB. 
(Theorem  22.) 

SECOND  METHOD 

From  A  draw  ^IC  at  any  angle  with 
AB,  and  on  it  mark  off  four  equal  parts 
AP,  PQ,  QR,  RS,  of  any  length. 

From  B  draw  BD  par"  to  AC,  and  on 
it  mark  off  BS',  S'R',  R'Q',  Q'P',  each 
equal  to  the  parts  marked  on  AC. 

Join  Pf,  QQ',  RR',  SS'  meeting  AB 
in  p,  q,  r,  s.  Then  AB  is  divided  into 
five  equal  parts  at  these  points. 

[Prove  by  Theorems  20  and  22.] 


1      r„     .  '-^•■"Pl'iral  Kxcrei.,,) 

'•     ^-onstruet  (with  mi.  ► 

%  -poatH  bi.eti„„  diwrth- xr;;;;;t* ""  ""•'"• "' «"°- 

/•     %  means  of  Exorciso  I   /  ^      "'"■'^"'"' «'qual  part, 

*■     f'-om  a  straight  lino  •j.r.vM       ""    -  tJ-*!"?  inch.) 
thepartineontimelresali      '""«^' '■"' off  "«f  m>.,„/i      m,. 
work  by  calculation  "  "'"'  '"^  "<'--'  -"'"imetre.  CreSZ' 

to  ^  B,  m«lfng"lp  .'"l,?  •"?«'"  ''"«  'I «  draw  JtP  „„        ,. 
30'Mon.  to  ^eft7^inrCeu^r/''™^-™rt 

*"  "  ""s  "npossible? 
'•     In  a  straight  linn  v  v  «  j 

-4-.  -^  --nesThi:h^rti"r.^:rrf  °-^-^^' 

^  /".  -kin.  ^P'Z:,  fo^/r  ^.^.J^P^to  .B,  and  produce  P» 
"■■    ^™  that  PX,  Qg     "\J°"'  ^  ^  ""ttine  ^  fi  at  A"     Jo^ 
10-     Through  a  riven  "'^""■'"'"'""•1 
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THE  CONSTRUCTION  OF  TRIANGLES 
Problem  8 
To  draw  a  triangle  having  given  the  lengths  of  the  three  sides. 


Let  a,  h,  c  be  the  lengths  to  which  tlic  sides  of  the  requircJ 
triangle  are  to  be  equal. 

Construction.  Draw  any  straight  line  BX,  and  cut  off 
from  it  a  part  BC  equal  to  a. 

With  centre  B,  and  radius  c,  draw  an  arc  of  a  circle. 

With  centre  C,  and  radius  6,  draw  a  second  arc  cutting 
the  first  at  A. 

Join  AB,AC. 

Then  ABC  is  the  required  triangle,  for  by  consti action  the 
sides  BC,  CA,  AB  are  equal  too,  6,  c  respectively. 

06s.  The  three  data  o,  6,  c  may  be  understood  in  two 
ways  :  either  as  three  actual  lines  to  which  the  sides  of  the 
triangle  are  to  be  equal,  or  as  three  numbers  expressing  the 
lengths  of  those  lines  in  terms  of  inches,  centimetres,  or  some 
other  linear  unit. 

Notes,  (i)  In  order  that  the  construction  ma  be  possible  it  is 
necessary  that  any  two  of  the  given  sides  should  be  together  greater 
than  the  third  side  (Theorem  11) ;  for  otherwise  the  arcs  drawn  from 
the  centres  B  and  C  would  not  cut. 

(ii)  The  arcs  which  cut  at  A  would,  if  continued,  cut  again  on  the 
other  side  of  BC.  Thus  the  construction  gives  two  triangles  ou 
opposite  sides  of  a  common  base. 


THK  CONsTRUCTroN  OK 


'I'HIANOLKS 
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ON   THE   COX.STRt;rT.OX   OK   .„,,,,„,, 
the  corr,.«po„,|i„K  parts  of  ,(„.  Jl-  ."'  '""""  •''"'"'  '<' 

en  Wh      .  ^  instruct  a  trinnRl,. 

^  W  When  ..„  .,..  (,  ,,  ^„,  ^,^^  ^^^^^^^^^^^  ^^^  ^^^  ^^ 

«  and  C;    for  wo  tn  "  m"  ""S'*"*  "I""!  to 
("i)  If  the  three  annlet  A    li  r 

other  two.  '™  following  necessarily  from  the 
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Prorlrm  0 

Ti>  coiiHtriirt  a  trinmjle  hariiiy  yiivii  two  xiilcn  and  an  angle 
oppuaite  U)  out-  of  them. 


Let  6,  c  be  the  given  sides  and  B  the  given  angle. 

Construction.  Take  any  straight  line  BX,  and  at  '^  make 
the  /  XBY  equal  to  the  given  /  B. 

From  BY  cut  off  BA  equal  to  c. 

With  centre  A,  and  radius  6,  draw  an  arc  of  a  circle. 

If  this  arc  cuts  BX  in  two  |x)ints  Ci  ami  Ci,  both  on  the 
same  side  of  B,  both  of  the  ^ABCi,  ABd  satisfy  the  given 
conditions. 

This  double  solution  is  known  as  the  Ambiguous  Case,  and 
will  occur  when  fc  is  less  than  c  but  greater  than  the  perp. 
from  A  on  BX. 


EXERCISE 

Draw  flKures  to  illustrate  the  nature  and  number  of  solutions  in 
the  following  cases ; 

(i)   >yhen  b  is  greater  than  c. 

(ii)  When  b  is  equal  to  r. 

(iii)  When  b  is  equal  to  the  perpendicular  from  A  on  BX. 
(iv)  When  b  is  less  than  this  perpendicular. 


THKCOX.sT,ti;c,:oNOKTH,ANu 


LK.S 
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PnODLEM    10 


Let^abc,hehypote„u«ca„.l/.th,.«ivo„suie 
Construction.    Bisect  >1  fl  „*  ,o  «'vtn  suic. 

radius  04,  draw  a  mnlti  '   ""'^  ^'"'  ™"*«'  «'  ""d 

With  centre  4,  and  radinu  p    i 
circle  at  C.  '"'  '^' ''™"'  ""  ar"  to  cut  tae  semi- 

Join  4  C,  fit'. 

Then  4flC  is  the  required  triangle. 
Join  OC. 
Because  OA  =  OC- 
■■■  the  Z  OCA  =  the  Z  OAC. 
And  becap  ■;  QB  =  oc- 

-the  whole  ^4CB  =  the^0.C+ the  ZO^C 

:ij^^'  n.cr.  16. 


Proof. 
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CiKOMKTHY 


1. 


ON   THE   CONSTKUCTION    OF  TUIAN(1I-KS 

{(IrnphirnI  EnrriHrii) 
Draw  n  triuriKli'  wIkwc  Mm  iiri'  7-.")  im.,  (i  'J  I'tii.,  anil  :>■ 


.  (>  'Ji'tii.,  anil  rilli-m. 
Draw  ami  nii'iisurc  tlic  |HT|H>nilii'ularn  ilropixil  on  tlifw.  Hiili'M 
from  llii'  i>|i|HiNii<>  viTtii'i'H. 

2.     Draw  a  triunKlv,  cin^n  a  -  :)(X)".  b  -  a-'iO".  r  »  27.V'. 

Bisi'ft  thi'  anRli'  .1  hy  u  lini'  which  niifl»  llii.  \hw  uI  X.  MrttH- 
urc  HX  nnil  AT  (to  thr  niari'iit  hunilri'dth  of  uri  iiii-hl :  and  lii'nci^ 
cali'ulBtK  thi'  valui'  of  '^'\  to  two  placid  of  ilicitnaU.  Compare  your 
ri'sult  with  Ihi'  value  of  r/h. 

;t.  Two  HiilcH  of  triangular  (Icld  arc  .tir)  yardH  and  2(iO  yariN, 
und  the  included  angle  is  known  to  Im'  ;«)".  Draw  a  plai,  (1  inch  to 
100  yardH)  and  find  by  measurement  the  length  of  the  remaininK 
side  of  the  flsld. 

4.  A  fir  is  a  trianKular  plot  of  KTOund.  of  whieh  the  base  BC  is 
75  metres,  and  the  angles  at  B  ai  d  C  are  47°  and  (1S°  respt-ctively. 
Draw  a  plan  (scale  1  cm.  to  10  metres).  Write  down  without  meas- 
urement the  size  of  the  angle  A  ;  and  by  measuring  the  plan,  obtain 
the  approximate  lengths  of  the  other  sides  of  the  Held ;  also  the 
perpendicular  drawn  from  A  to  BC. 

5.  A  yacht  on  leaving  harbour  steers  N.E.  sailing  9  knots  an 
hour.  After  20  minutes  she  goes  about,  steering  N.W.  for  35  minutes 
and  making  the  same  average  speed  as  before.  How  far  is  she  now 
from  the  harbour,  and  what  course  (approximately)  must  she  set 
for  the  run  home?  Obtain  your  results  from  a  cl.art  of  the  whole 
course,  scale  2  em.  to  1  knot. 

6.  Draw  a  right-angled  triangle,  given  that  the  hypotenuse 
c  -  10-6  cm.  and  one  side  n  -  .l-O  cm.  Measure  the  third  side  »; 
an?l  find  the  value  of  Vr'-a'.     Compare  the  t  vo  results. 

7.  Construct  a  triangle,  having  given  tiie  following  parts: 
B  "  34°,  6  =  5-5  cm.,  r  =  SS  em.  Shew  that  there  are  two  solu- 
tions. Measure  the  two  values  of  n,  and  also  of  C,  and  shew  thai 
the  latter  are  supplementary. 

8.  In  a  triangle  ABC,  the  angle  A  =  50°,  and  h  =6-5  cm. 
Illustrate  by  figures  the  cases  which  arise  in  constnicting  the  triangle, 
when  (i)  o  -  7  cm.     (ii)  a  -  8  cm.     (iii)  a  =  5  cm.     (iv)  o  -  4  cm. 


T..B  (■.,NsTIMrrT.,.N  „K  TK.AN„U:.S  s.5 

pri..i::;rri:;.r:i:n;:;tr",rr'';  "■■"■•"  -  ■• 

'"•tw....„  „,.,  ,,ri,,^.„  i,  ^,„         [  •  ■•  -'K     ■'    /  «n.l  r.     T|„.  ,,i,„.,„.„ 
"'  't  u-..rl«i„  ,1,.,  ,|i„a,>;.,  ;„;„    h:,V  "'""■  »•"'  ''.V  "..•a»ur..„,..„!: 

riw  ::.:;;:: :";- '"""-'" "'■"'-.> 

a  4"  -^'""'rr';;;;x!rr.;:;: ■  •'- 

•■qual  to  a  giv,.,,  „,raiKi„  ij,;,,    "  ""'  ''"""  ""■  v.Tt.x  on  tl„.  ha»„ 
of  a  -ide  to  th.  n..arr,t  millimeJro  ""■•     '^'••''"""'  "■"  l-ngth 

r..»p<.ctiv,.ly.     M™«ur,.  HC.  '  '^^  ""'  ■''*  ™'-  "^      '0  .m. 

I'J-     Construct  a  triani7li>  /i  n/^  i.     • 
equal  to  two  ^iven  anil's  t  ami  tf  ^7,1 ""'  ''"'^'""  "'  «  -">"  ^ 
on  «r  equal  to  a  Kiv,.n  line  T        '  '"''  ""'  l«"-P<n<li-ular  from  A 

two:n.,:''";r?irtirr"'"""'~--)^-'n^.^ve„ 

vorIL  an".;:.  tTl  to"!  rn'l^rr""*"  '^""*^'"  -'"-  't» 

of  th'e  h;;zr :  r^d'rt':^!  ivr""  """-^  --" "-  '-n^h 

and  oaloulat,.  tho  value  otVa'T^'     ^^  "  '"''  *  P^aphioally; 

the'Le"^"  n!™l;^tt  +  tZ  '"T"'"^'"  -^  "■••  -«'-  at 
18-     ConstruK  a  trianri,  ,,  »r  f  °    1™'       °  ^""^  ^  =  ^O*- 

Measure  the  lonBths  of  6  and.         ™-     ""''«  =  «''■ 
>9.     C°n'truct^a^«an..e  .«c  from  the  followm.  data: 
Measure  the  length,  of  6  and"c.  """■'    ■"**  ^  =  ^°- 
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THE  CONSTRUCTION  OF  QUADRILATERALS 
It  has  been  shewn  that  the  shape  and  size  of  a  triangle  are 
completely  determined  when  the  lengths  of  its  three  sides  are 
given.  A  quadrilateral,  however,  is  not  completely  deter- 
mined by  the  lengths  of  its  four  sides.  From  what  follows  it 
will  appear  that  fixe  mdependent  data  are  required  to  con- 
struct a  quadrilateral. 

Pkoblem  11 

To  construct  a  quadrilateral,  'given  the  lengths  of  the  fmr 
sides,  and  one  angle. 


B    X 


f^iA 


Let  a,  b,c,dbe  the  given  lengths  of  the  sides,  and  A  the 
angle  between  the  sides  equal  to  o  and  d. 

Construction.  Take  any  straight  line  AX,  and  cut  off 
from  it  AB  equal  to  a. 

Make  the  Z  BA  7  equal  to  the  Z  A. 
From  A  Y  cut  off  AD  equal  to  d. 
With  centre  D,  and  radius  c,  draw  an  arc  of  a  circle. 
With  centre  B,  and  radius  b,  draw  another  arc  to  cut  the 
former  at  C. 

Join  DC,  BC. 

Then  A  BCD  is  the  required  quadrilateral;  for  by  construc- 
tion the  sides  are  equal  to  a,  b,  c,  d,  and  the  Z  DAB  is  equal 
to  the  given  angle. 


CONSTRUCTION  OP  QUAI,H,:^,,«,^ 
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Problem  12 


«  Si^^r'^--  ^-"^  --  ^.o  a^J^em  «.. 


and  make  ^Z)  equal  to  Q  ^  '^^^  ^"^^  to  the  ^  ^ 

former  at  C.  ^'"'  ^'  ^'^"^  another  arc  to  cut  the 

Proo,  ''''^"^^^^-therequi„,dpar-. 

Join  DB. 
In  the  A  iJCfi,  BAD 
,  jDC  =  fi^,  ' 

because  |  Cfi  =  AD, 

•  "'*'  '^CDB  =  the  ZABD- 

and  these  are  alternate  angles' 
•■  ^C  IS  par"  to  ^5. 

.    n^        ,         Also  DC  =  AB- 

••^^  and  5C are  ajso  equal  and  parallel. 

Construction  2      flT.Vi  „  . 
befo.  ;  then  with   eT^;u?r:s'"tr:-^    ^-w^^and^Das 
^5  and  through  «  draw'  BC  paH t?/  "'^^  ^  f«"^  *" 

Byco„structio„^fiCZ)isapa^Javt^\, 

^       navmg  the  required  parts. 


Theor.  7. 


Them.  20. 
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Problem  13 

To  construct  a  square  on  a  given  side. 


Let  AB  be  the  given  side. 

Construction  1.     (With  ruler  and  compasses.)    At  A  draw 
AX  perp.  to  AB,  and  cut  off  from  it  AD  equal  to  AB. 

With  B  and  D  as  centres,  and  with  radius  AB,  draw  two 
arcs  cutting  at  C. 

Join  BC,  DC. 
Then  ABCD  is  the  required  square. 

Proot    As  in  Problem  12,  ABCD  may  be  shown  to  be  a 
par".     And  since  the  Z  BAD  is  a  right  angle,  the  figure  is  a 
rectangle.     Also,  by  construction  all  its  sides  are  equal. 
.•.  ABCD  is  a  square. 

Construction  2.     (With  set  sqiiares.)    At  A  draw  AX  perp. 
to  AB,  and  cut  off  from  it  AD  equal  to  AB. 

Through  D  draw  DC  par"  to  AB,  and  through  B  draw  BC 
par'  to  AD  meeting  DC  in  C. 

Then,  by  construction,  ABCD  is  a  rectangle.     [Def.  3, 
page  56.] 

Also  it  has  the  two  adjacent  sides  AB,  AD  equal. 
.'.  it  is  a  square. 


CONSTBUCTION    OP    QUADHIMTERALS  89 

EXERCISKS 

straight  ■i„7;0whth"LX\'''H"''''"  ^'"^^  '^  ^O""^  to  a  ^ven 

Ascertain  (X^r:'JZZmZ'''^T'  "'  "-"  «^"' 
angle,  giving  a  reason  for  your  answer      "'""'*'"  "'  '^"^^'^^  '»  "'^h 

that  H«^dZn\rreZr tdty  •i'"^''«'-  ^-  ««»->>.„ 

^*  =5.5  cm.,  and  the^iagonafs^C    «n"^  ^™"  *•""  ""^  ^^e 
respectively.     Measure  ^^  '  '  ^'^  ^"^  ^  «"'••  and  6  cm. 

-L„xr^;oiv„::;itar:irj-  "-•"  ^-o  eo 

independent  data  are  here  g^veu  ^    °'  •*  '     «''™  ""at/tw, 

Construct  the  quadrilateml  '    xt 
t"''''P''>"''>'yo''r.Z;TMe^:^V''  r--=    and  give  a 
between  the  diagonals  were  increased  to  S^-TT**''     "  *«  ""«'« 
would  the  perimeter  be  increased  '      ""*  '  *>*•  '"'^  """'l'  Per  cent 

6.     In  a  quadrilateral  ABCD 
^  5'  6  cm    Jif^      OK         ' 
Shew  that  the  sh^pe  offte  qua"riIaLl  *"  ™-  """*  ^^  =  3-3  em. 

Draw  the  quadrilatemi  when  ST'I^"",'  T^'f  '^  ''"'^  ''**- 
does  the  construction  fail  when  j  I  jmof  '  "'^  ^  =  «>".    Why 

«p:.«-"-  ''"^  -t  value  Of  A  for  which  the  con- 

Iengthso?'L^foI sWeraCoToneH'!"''''"','''""'''  ''"^'"^  ^^^en  the 
hold  among  the  data  in  ordej  °hat  tT"'^-.,  ^^"^  conditions  must 

^Illustrate  your  method  by  Inst^c'tiZ'''™  T',  *"  '»'^'"«? 
"••■en  "•^  oonstructmg  a  quadrilateral  ABCD 


when 

(i)  .IB  =  30",  BC  =  1.7"    CD- -2^ 
diagonal  Bo  =  a.^,,      MeJu;e?c." 


(ii)  XB  =  30 


om..  BC  =  7-7 


om     and  the  diagonal  AC  =  s' 


and  D. 


DA  =  2-8",  and  the 

em.,  CD  =  6-8  cm.,  DA  =  5-1 
cm.     Measure  the  angles  at  B 


111! 
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LOCI 

Definition.    The  locus  of  a  point  is  the  path  traced  out 
by  it  when  it  moves  in  accordance  with  some  given  law. 

Example  1.  Suppose  the  point  P  to  move  so 
that  its  distance  from  a  fixed  point  O  is  constut 
(say  1  centimetre).  ' 

Tljen  tlie  locus  of  P  is  evidently  the  circum- 
ference of  a  circle  whose  centre  is  O  and  radius 
1  cm. 


Example  2.  Suppose  the  point  P 
moves  at  a  constant  distance  (say  1  cm.) 
from  a  fixed  straight  linn  AB. 

Then  the  locus  of  P  is  one  or  other  of 
two  straight  lines  parallel  to  AB,  on 
either  side,  and  at  a  distance  of  1  cm. 
from  it. 


P 
-t— 


B 


Thus  the  locus  of  a  point,  movinR  under  some  given  con- 
dition, consists  of  the  line  or  lines  to  which  the  point  i.s 
thereby  restricted  ;  provided  that  the  condition  is  satisfied 
by  every  point  on  such  line  or  lines,  and  by  no  other. 

When  we  find  a  series  of  points  wh'  h  satisfy  the  given 
law,  and  through  which  therefore  the  moving  point  must  pass 
we  are  said  to  plot  the  locus  of  the  point. 


LOCI 
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Problem  14 


To  find  the  locus  of  a  noint  P  ,„a  •  i 


Join  OP. 
Then  in  the  A  PO^,  pqb 

••■  the' rioi:,f'^  hypothesis  ; 
H         „      "^  =  the  ^  POB.  rp,        , 

Hence  fO  is  r^-„„    .■     ,  Ineor.  7. 

"^  '^  perpendicular  to  4fi 


. 
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Problem  15 

To  find  the  locus  of  a  point  P  which  mcmes  ko  that  its  perpen- 
dicular distances  from  two  given  straight  lines  AB,  CD  are  eq-al 
to  one  another. 


because 


Let  P  be  any  point  such  that  the  perp.  PM  =  the  perp 
PN.  ^  f 

Join  P  to  O,  the  intersection  of  AB,  CD. 

Then  in  the  A  PMO,  PNO, 

the  A  PMO,  PNO  are  right  angles, 

t!  e  hypotenuse  OP  is  common, 

and  one  side  PM  =  one  side  PN  ; 

.:  the  triangles  are  equal  in  all  respects  ;    Theor.  18. 

so  that  the  Z  POM  =  the  Z  PON. 

Hence,  if  P  lies  within  the  Z  BOD,  it  must  be  on  the  bisec- 
tor of  that  angle  ; 

and,  if  P  is  within  the  Z  AOD,  it  must  be  on  the  bisector  of 
that  angle. 

It  follows  that  the  required  locus  is  the  pair  of  lines  which 
bisect  the  angles  between  AB  and  CD. 


Locr 
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INTERSECTION   OF  LOCI 

i"«  to  each  con6iiCtu:r^lT^''''r-  ^°'  ^°"''^''-"- 
quired  point  must  lie  Hence  ill  ?"\°"  '"''''''  '^e  n,- 
to  these  two  loci,  that  is  all  the  1^"'",'''''''''  "^  ""'n""'" 
'oci.  Will  satisfy  U  l^Sl:^S^  '—"on  "f  the 
Example  1.     Tn  Unj 

from  A  and  »  .•.;■.  ^         equidistant 

««.  wMch  bisect.  ^Car4^;:™«'«"e 
Hence  the  point  common  Z'm  and 

and  fisi^n  T'"'  "'  "tersection  of  f^ 

I*t  ^^  be  the  Jvtn°'JX7ntrand*  *'"'^'^  "^ '"-■ 
^^^Thenthe  triangle  is  known  if  its  „e.(..  is 

'.«iAord^!S^?.tr;.'''''-°'"-^  - -entre.  .ta  radius 
Hence  anv^^intVIiih"  ""'"  """'  "'^  ""  '*"  «-'- 

^^^Mhe.iv;n^o„ditit:Z:rrarifcr^'''"'«-«^>' 

'"  ^:  ^'  each  of  the  points  of  int*r«l.-^'  •  ^^  '"terscct  the  circle 
required  triangle.  ™,  supp^^aXr  "^i^','  *^  ""^  ^<'«<'- "f 'he 
Skater  than  the  altitude.  ^'^  '""«"■  "^  ""«  median  ^  to  be 
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It  may  happen  that  the  data  of  the  problem  are  ao  related  to  one 
another  that  the  resulting  loci  do  not  intersect.  In  this  case  the 
problem  is  impossible. 

Obs.  In  examples  on  the  Intersection  of  Loci  the  student 
should  make  a  point  of  investigating  the  relations  which  must 
exist  among  the  data,  in  order  that  the  problem  may  be 
possible  ;  and  he  mjst  observe  that  if  under  certain  relations 
two  solutions  are  possible,  and  under  other  relations  no  solu- 
tion exists,  there  will  always  be  some  intermediate  relation 
under  which  the  two  solutions  combine  in  a  single  solution. 


EXAMPLES  ON   LOCI 

1.  Find  the  locus  of  a  point  which  moves  so  that  its  distance 
(measured  radially)  from  the  circumference  of  a  given  circle  is 
constant. 

2.  A  point  P  moves  along  a  straight  line  RQ ;  find  the  position 
m  which  it  is  equidistant  from  two  given  points  A  and  B. 

3.  A  and  B  are  two  fixed  points  within  a  cmjle :  find  points  on 
the  circumference  equidistant  from  A  and  B.  How  many  such 
points  are  there  ? 

4.  A  point  P  moves  along  a  straight  line  RQ ;  find  the  position 
m  which  it  is  equidistant  from  two  given  straight  lines  XB  and  CD. 

5.  ^  and  fi  are  two  fixed  points  6  cm.  apart.  Find  by  the 
method  of  loci  two  points  which  are  4  em.  distant  from  .4,  and  5  cm 
from  B. 

6.  X  B  and  CD  are  two  given  straight  lines.  Find  points  3  em . 
distant  from  AB,  and  4  cm.  from  CD.  How  many  solutions  arc 
there? 

7.  A  straight  rod  of  given  length  slides  between  two  straight 
rulers  placed  at  right  angles  to  one  another. 

Plot  the  locus  o»  its  middle  point ;  and  shew  that  this  locus  is  the 
fourth  part  of  the  circumference  of  a  cu-cle.     (See  Problem  10.] 

8.  On  a  given  base  as  hypotenuse  right-angled  triangles  are 
descnbKi.    Find  the  locus  of  their  vertices. 


EXAMPLES  ON  LOCI 


"o<  the  locus  of  />  Jho  m.-jji 
»"  ;-  "  «tr.i,ht  ,i„e  ^LT'^'ar"'  "'  '^  ^ '  "■<« '--  the  iocus 

'"■     ^  ia  a  fixed  point  >n,i  .i. 
enoe  of  a  ^        „,„,^  "'•  ""d  the  po.nt  X  move,  on  the  ci^umfer- 
"o' the  locus  of  P  (|,„  „;.., 

12.     Two  straight  Unes  or  ov  ^'""t  "'  ^X. 

(i)  PM  =2  Pff. 
14      Pin^         .     ^"^  ''^  -  3  PAT.' 

only,  and  when  of  none?        """"'  "'  '*"  »°'"tions,  when  of  one 

2J  wches  distant  from  MX.  *  '"'''^'  *'tant  from  S.  and  also 

a  £en  st^fe'^^rtr^^^^^  '^  ^^ven  point  ^  and 

'"  ""'  Po'-ts  so  found.  '  """"'  f'^ohand  Passing  through 

^  vSe^trJr  ZiXV-'^-'e  o'^ven  altitude,  hav- 

-i"««Poi.te,uidistantfromthe-thr.sidesofatria^,. 
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19.  Two  utreight  linwi  OX,  OV  cut  at  right  angloi ;  and  Q  and 
R  pointi  in  OX  and  OY  reapcctivply.  Plot  the  locua  of  the  middle 
point  of  QR,  when 

(i)  OQ  +  0R  -  constant; 
(.ii)  OQ  -  OR  -  constant. 

20.  S  and  S'  are  two  fixed  points.  Find  a  series  of  points  P 
■Uoh  that 

(i)  HP  +  S'P  -  constant  (say  3-5  inches) ; 
(ii)  SP  -  S'P  m  constant  (say  1-5  inches). 

In  each  case  draw  a  curve  freehand  passing  through  all  the  points 
so  found. 


ON    THE    CONCURaENCE    OF   STRAIGHT    LINES    IN    A 
TRIANGLE 

I.     The  perpendiculars  drawn  to  the  tides  of  a  triangle  from  their 
middle  points  are  concurrent. 

Let  A  BC  be  a  A,  and  X,  Y,  Z  the  middle 
points  of  its  sides. 

From  Z  and  Y  draw  perps.  to  A B,  AC, 
meeting  at  0.     Join  OX. 

It  it  required  to  prove  that  OX  it  perp. 
to  BC. 

Join  OA,  OB,  Of.  ^ 

Proof.        Because  YO  bisects  ^C  at  right  angina, 

.•.  it  is  the  locus  of  points  equidistant  from  A  and  C ; 
.-.  OA  =  OC. 
Again,  because  ZO  bisects  AB  at  right  angles, 
.•.  it  is  the  locus  of  points  equidistant  from  A  and  B; 
.:  OA  =  OB. 
Hence  OB  =  OC. 
.".  0  is  on  the  locus  of  points  equidistant  from  B  and  C ; 
that  is,  OX  is  perp.  to  BC. 

Hence  the  perpendiculars  from  the  mid-points  of  the  sides  meet 
at  0.  a 

Q.E.D. 


f^^'^'Cl/KHENCK  OF  LrVFs  iv   a   n,. 


,     .  -foi"  AO. 

JVom  O  draw  O/"  fin  no  ^ 
•ide.  of  the  A.  '  "^'P'  '"  ""' 

"""  "'  '•""'  "'  •»'"t-^uidi«a„t  ,™„  BA  .„d  i,C. 

•■•  ftp  -  OQ. 
Henot  Oft  _  OQ 

duoed  to  D  and  AT  h„  j  *  '*'  P'"" 
Bi^ect  the  ^CBDBCF^"1l'"'^.  '°  '^• 
which  meet  at  o  ''      "*'"  ""*" 

Join  AO. 

J'^tAT'"'  '"  '"""-"  "<"  ^0  U.ect. 
^ftomOdrawOP.oo.o«p,^.,„^p^ 

Proof.    Aa  in  Exercise  11  prov,.  that 

OP  ^  OR, 

OP  =  0Q 

OR=OQ; 

-hence  that  the  hisecto.  of  the  an„e,  BAC.  CSO,  nCE.  meet 

■  Q.E.D. 
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III.     The  mediant  n]  a  triangle  are  toneurrtnl 
Let  ABC  hem  A. 
Let  BK  and  CZ  be  two  of  ita  mediani,  and 
let  them  intenect  »t  0. 
yoiFi  AO, 
and  produce  It  to  meet  BC  In  X. 
H  it  required  to  them  that  AX  it  the  remain, 
inn  median  of  the  A. 
Through  C  draw  CK  parallel  to  fl)' ; 
produce  AX  to  meet  CK  at  K. 
Join  BK. 

Proof.  In  the  A  AKC, 

beoau»o  K  la  the  middle  point  ol  AC,  and  KO  la  parallel  to  CK, 
.:  O  i>  the  middle  point  of  AK.  Tkeor.  22. 

Again  in  the  A /I  BK, 
dnoe  Z  and  O  arc  the  middle  points  of  AB,  AK, 
.'.  ZO  is  parallel  to  BK, 
that  is,  or  in  parallel  to  BK, 
.:  the  figure  BKCO  in  a  par". 
But  the  diagonals  of  a  par"  bisect  one  another; 
.".  X  is  the  middle  point  of  BC. 
That  is,  AX  i»Bt  median  of  the  A. 
Hence  the  three  medians  meet  at  the  point  O.        <j.e.d. 

Definition.  The  point  of  intersection  of  the  medians  is  called 
the  centroid  of  the  triangle. 

CoRottAHT.  The  three  mediant  of  a  trianile  cut  one  another  at  a 
point  of  tritection,  the  greater  legment  in  each  being  towardt  the  angular 
point. 

For  in  the  above  figure  it  has  been  proved  that 
AO  =  OK, 
also  that  UX  is  half  of  OK ; 

■:  OX  is  half  of  04  :  ; 

that  is,  OX  is  one  third  of  AX. 
SimiUu-ly  Oy  is  one  third  of  BY, 
and  OZ  is  one  third  of  CZ. 

a.E.D. 


CONCURHENCE  OK  UNFs  IV   *   n^. 
.Id^r'""'  """•^"-.b-  to  r' 

"     .  JiV*""""'''"*"'"- 

fflmiWly  wo  may  pn,ve  ;h«t  ^  fi"  f  ^'^ 

■„•  '^  '"  """  ""ddl-  point  of  r'«' 

Similarb-,  fi^  i^S  c7^"t™°  h'^',"  '"'  '»"'<1'«  Point 
'heir  middle  point,.  ^  P«'Pend,eul»r  to  CM'  and  4'B-  at 

•■•■^  A  fii?,  and  tT  arc  concurrent.    P„,.  «,.  , 
MISCELLANEOUS   PROBLEMS 

'■     -4  ir  a  given  point  anH  B/^        • 

How"™*'' """ '"  ""«k«"  th  flean Z,"™*^'  ""«•     ^™"'  '• 
How  many  such  line,  can  be  drawn'   *'*""""'  "'•«*™-'  ""glo. 

'ex'o  i.fZt„rc:r  -  "-'•'  ^''«.  -•"■out  «.„,  t^e  ... 


I 
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4.  OA,  OB,  OC  are  three  straight  lines  meeting  at  O.     Draw  a 
transversal  terminated  by  OA  and  OC,  and  bisected  by  OB. 

5.  Through  a  given  point  .1  draw  a  straight  line  so  that  the  part 
mtercepted  between  two  given  parallels  may  be  of  given  length. 

When  does  this  problem  admit  of  two  solutions?     When  of  only 
one?    And  when  of  none? 

6.  In  a  triangle  A  BC  inscribe  a  rhombus  having  one  of  its  angles 
coinciding  with  the  angle  A. 

7.  Use  the  properties  of  an  equilateral  triangle  to  trisect  a  given 
straight  line. 

8.  In  any  triangle  the  shorter  median  bisrets  the  greater  side. 

{Connlruciioh  of  Triangles) 

9.  Construct  a  triangle,  having  given 

(i)  The  middle  points  of  the  three  sides. 

(ii)  The  lengths  of  two  sides  and  of  the  median  which  bisects  the 
third  side. 

(iii)  The  lengths  of  one  side  and  the  medians  which  bisect  the 

other  two  sides, 
(iv)  The  lengths  of  the  three  medians. 


AREAS 
PART    II 
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OW  AREAS 

Definitions 
^-     ^ne  altitude  for  hRi»h*^    r 
«-e  to  a  given  .idl  a'S^^  thr''"^'°«-'»  -*>>  «fe. 
betwee^n^the  ba.e  and  the  opl;o:itf  ^idf '"""""'^  ^'■«'-- 

Then  the  fig.  ^  Pn  n  : 
a  rectangle;    ^^  ^ ^^  "  evidently 

••  ^P  =  DQ. 

.3-     TheareaofafieurpJ 

-thin  its  boundingter 

length.                  °    "  '"^''   one   inch  in 
5-    Similarly  a  sauar  

't-1  in  the  .a^e  seVr  ""'"■^^'""-  '»«-  -'-  a«,  to  beW 
Of  lit'i':'^  """  "^  -  i^  the  a.a  of  a  square  on  a  side 
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Theorem  23 
Area  of  a  rectangle.    //  the  number  of  units  in  the  length  of 
a  rectangle  is  multiplied  by  the  number  of  units  in  its  breadth 
the  product  gives  the  number  of  square  units  in  the  area 


Let  ABCD  represent  a  rectangle  whose  length  AB  is  5 
feet,  and  whose  breadth  AD  is  4  feet. 

Divide  AS  into  5  equal  parts,  and  BC  into  4  equal  parts 
and  through  the  points  of  division  draw  parallels  to  the  sides 
The  rectangle  ABCD  is  now  divided  into  compartments, 
each  of  which  represents  one  square  foot. 
Now  there  are  4  rows,  each  containing  5  squares, 
.-.  the  rectangle  contains  5X4  square  feet. 
Similarly,  if  the  length  =  a  linear  units,  and  the  breadth 
=  0  linear  units, 

the  rectangle  contains  ab  units  of  area. 
And  if  each  side  of  a  square  =  o  linear  units, 

the  square  contains  a»  units  of  area. 
These  statements  may  be  thus  abridged  : 

the  area  of  a  rectangle  =  length  X  breadth (i), 

the  area  of  a  square  =  (side)' (jj) 

Q.B.D. 

Corollaries,  (i)  Rectangles  which  have  equal  lengths  and 
equal  breadths  have  equal  areas. 

(ii)  Rectangles  which  have  equal  areas  and  equal  lengths  have 
also  equal  breadths. 


AREA  OP  A  RECTANGLE 
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NOTATION 

for  these  adjacenf  SH     *°  '"  ""*-'«"  by  ^fi  ^Z)  • 

rect.  AB  An       u    "OJacent  sides  are  ^fi  ^  n ;    . 

^1^,  AD,  or  by  AB,  AD  ^^"'AD  is  denoted  by 

,,;-"■*».  on  .he*«,.,,„^^^_^^_^^^^ 

EXERCISES 

"raw  a  figure  to  shew  wky 

Wl«qyard=3.sq.,eet. 

Uii;  I  sq.  cm.    =  ini  .„ 
2-     Draw  a  fl  ^'  ™™- 

'-  «-  .he  ,,r  ::  t; -at  .he  ,„«„  „„  ^  ,,^,.^,^  ,_.^^  ^^ 

the  squaToTo^r.'^'''^'  '"  ^"^  '"at  the  .,„„«  „„  ,„  _  ,„.  ^. 

represent/    "'"^'^'"^  «  miles,  what  does  an  a«a  of  6 

"n  area  of  6  square  inches 

The         ,     ^^"^^NSION   OP   THEOREM  23 
The  proof  of  Ti,  "^"'^  ^^ 

Th's  may  be  illustrated  thus  •      ^       ""  ''™'^"'  ^re  fractional! 
^^f^-t;h:--^--3™.a„d...cm_ 

io5     'q-  em. 
=  <3-2x  2-4)  sq.cn. 
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EXERCISES 
(On  the  Area  of  a  Rectangle) 

Draw  on  squared  paper  the  rectangles  of  which  the  length  (a) 
and  breadth  (6)  are  6;.ven  belovr.  Calculate  the  areas,  and  verify  bv 
the  actual  counting  of  squares.  ' 

1.   a  -  2",  6  «  3".  2.   a  -  1.5",  b  =  4". 

3.   a  -  0-8",  I  -.  3-6".  4.   a  =  2-5",  b  =  1.4" 

5.   a  =  2-2",  6  =  1..5".  g.    a  =  1-6",  6  =  2-1". 

Calculate  the  areas  of  the  rectangles  in  which 

7.    a  =  18  metres,  6  =  11  metres.       8.    a  =  7  ft.,  6  =  72  in. 

9.    a  =  2-5  km.,  6  =  4  metres.'         10.    a  =  J  mile,  6  =  1  inch. 

V  V'.i.'^u^  "!\°'  *  '™"»''8'«  '«  30  sq.  cm.,  and  its  length  is  6  em. 
Fmd  the  breadth.  Draw  the  rectangle  on  squared  paper-  and 
vcn.y  your  work  by  counting  the  squares. 

'^'  1,  ^r"*  ""*  '^"^"^  "'  *  rectangle  whose  area  is  3-9  sq.  in.,  and 
breadth  lo  .  Draw  the  rectangle  on  squared  paper;  and  verify 
your  work  bv  counting  the  squares. 

•  '?;  J"  Y^^^  ^"^  *"'•'*'  "'•'  '"""S;*  of  "  rectangle  without  alter- 
mg  Its  breadth,  how  many  times  do  you  multiply  the  area' 

(II)  When  you  treble  both  length  and  breadth,  how  manv  times 
do  you  multiply  the  area? 

Draw  a  figure  to  illustrate  your  answers ;  and  state  a  general  rule. 

*Qfi//"  ^  ^JVl,°'  "  rectangular  garden  the  length  and  breadth 
T.C  .  '  ""*  '™''  standing  fur  10  yards.     Find  the  area 

of  the  garden. 

If  tb3  area  is  increased  by  300  sq.  yds.,  the  breadth  remaining  the 
same,  what  will  the  new  length  be  ?  And  how  many  inches  will  rep- 
resent It  on  your  plan? 

15.  Find  tb.-  area  of  a  rectangular  enclosure  of  which  a  plan 
(scale  1  cm.  to  20  metres)  measures  6-5  cm.  by  4-5  cm. 

16.  The  area  of  a  rectangle  is  1440  sq.  yds.  If  in  a  plan  the 
sides  of  the  rectangle  are  3-2  cm.  and  4-5  cm.,  on  what  scale  is  the 
plan  drawn? 

17.  The  area  of  a  rectangular  field  is  52,000  sq.  ft.  On  a  plan 
of  this,  drawn  to  the  scale  of  1"  to  100  ft,.,  the  hngth  is  3-25".  What 
IS  the  breadth? 


18,     u 


;^«^^tsiT-a-:'s7»--'.-- 


I  ; 
I  i 
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Theorem  24.    (Euclid  I.  35] 

Parallelogramson  Ihesame  base  and  f  tlween  thesame  parallels 
are  equal  m  area. 


Proof. 


because 


Let  the  par-  ABCD,  EBC'f  be  on  the  same  base  BC,  and 
between  the  same  par"  BC,  4f. 
It  is  required  to  prove  that 

the  par"  ABCD  =  (he  par"  EBCF  in  area. 
In  the  A  FDC,  EAB, 

DC  =  the  opp.  side  AB  ;        Thew.  21. 
theext.  ^FDC  =  the  int.  opp.  ^EAB;  Theor.  14 
the  int.  ZDFC  =  the  ext.  ZAEB  ■ 
.1  ••;  the  A  FDC  =  the  A  EAB.       '        Theor.  17. 
Now,  If  from  the  whole  fig.  ABCF  the  A  FDC  is  taken, 
the  remamder  is  the  par"  ABCD. 

And  if  from  the  whole  fig.  ABCF  the  A  EAB  is  taken,  the 
remamder  is  the  par"  EBCF. 

.:  these  remainders  are  equal  ; 
that  is,  the  par"  ABCD  =  the  par=  EBCF.    q.e.d. 

EXERCISE 
In  the  above  diagram  the  sides  AD,  EF  overlao     n™™,  ,i;. 
TZ:^^"""  "^  '^^^  '"'-  ""  -'  --"P  ""'  t'e  -dTl  -d 


A^LAS 


''"HAM 


Thb  Abea  of  a  Pabait^, 
and   ABEF   th^        P^allelogram, 

'^       ^WZ)  =  areaofrect.^fli?y.    * 
=  -4^  X  fiiF 

COROLLABY.      SincP   th„ 

EXERCISES 

2.     Draw  a  parallelogram  ABrn  .  ~ 

Again  calculate  thn  ..     .  ''•>' 

dieular  on  it  from  1     OM     ""i  '"^  '""^'h  <"  -^/>  and  the 
„  f     Two  adiaceni- Je  t;?"^  T"^  "'  "-^  tZ^r^^^ r'^- 

-e^eaS::^-^;^...^^:^--^^ 

4;     Theareaofaparalleln^      ""^'' *•>«  average  result. 
A  B  is  2-  8"      p,„  J  " '™'*"®'<'e™m  A  BCD  is  4  9 .     • 

«■     Find  the  height.     If  ^jjta' %       V"-°"d  thebase 

culate  at"?."'^^°'''''«"»busis2"  and  •!  '""'"""' P^^Uelogram 
puiate  an  altitude     Ho„      j  '^"''"sareais.^.Sfio^  •        ^ 

'ts  acute  ang J^-    "-«  ^aw  the  rh„n,,u.  a^'  m'eSui^one:!,- 
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Theorem  25 
The  Are.  of  a  Tri.ngle.     The  area  of  a  triangle  is  haU  the 
area  of  the  rectangle  on  the  same  base  and  haring  the  same 
altitude. 


Pir.i 


UtJlBC  be  a  triangle,  and  BDEC  a  rectangle  on  the  same 
base  BC  and  with  the  same  altitude  jlf. 

BDEC  ''''"'"'  '"  ^™'"  ''""  '*'  ^^^^  '*  ''"'^  '**  ^""""^'^ 

Proof.    Since  AF  is  perp.  to  BC,  each  of  the  figures  DF, 
ar  la  a  rectangle. 

Because  the  diagonal  AB  bisects  the  rectangle  DF, 

.:  the  A  ABF  is  half  the  rectangle  DF. 

Similarly,  the  A  AFC  is  half  the  rectangle  FE 

.:  addmg  these  results  in  Fig.  1,  and  taking  the  difference  in 

Fig-  2, 

the  A  ABC  is  half  the  rectangle  BDEC 

Q.B.D. 

Corollary.    A  triangle  is  half  any  parallelogram  on  the 
same  base  and  between  the  same  parallels. 

For  the    A  ABC  is  half  thn  reel.   0 H  D  AE 

BCED.  .— ^ at 

And  the  reel.  BCED  =  any  par" 
BCHG  on  the  same  base  and  between 
the  same  parK 

.".  the  A-  4  BC  is  half  the  par"  BCHG. 


B  0 


AREAS 
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^^   •••  the  area  of  the  AABCi    "  """•"  "'  ">'«"• 
This  result  may  Ix.  stated  thus  °  ^  ""  ""''"  °^  "'*''• 


1. 


2. 


'   — "^  -^  'Hiuuae. 
EXKRCISES   ON   THP    abip. 

J  THE  AREA   OF  A   TRIANGLE 

f^alculate  tho  areas  of  tl,„  .  •       . 
(i)  the  base  =  24  ff  ?"*'"'  '"  "hich 

(ii)  the  base  =  d.s''  ?"  '"'«'"  =  >5  ft. 

Oii)  the  base  =  jfln  '  '^J"  '"■'■eht  =  3-5". 

;■     Draw  tria„„es  fZ  17,',        •"""""  =  '^■'  ■»«'«-"■ 
«nd  measure  the  altitude  wUh  r  f      '"*  '''""•     '"  '""-h  ease  dmw 
ho-e  ea,c,.,ate  .he  .pZJZ.^:^''  '"  "  ^-"  «■''''  ^,^1 
1)  a  =  8-4  em.,   b  =  C.r  „„ 

('">«  =  8.5em.;i:^2-   ';J  =  '^''- 

i  «C  .r.    ■■'  ^  --'«  "-.-«...  at'c.  L  Z.  Us  a.a  , 
Oiven  o=6cm6  =  s 

Draw  the  triangie  and  m™"  ""'""'^o  the  area, 
mea      e    he  perpen^.,,:,:^  f™r7o^\\T""""«  ^    "^  -d 

-ntage^of  the  true  S.'""'"'"'"'"''  -"".  and  express  it  as  a  per. 

W  Area  =  80  sn   in     i, 

(«>  Area  =  .0.4''sr.m':"Jti:uJ/"/"6  '  -'-f'--.titude. 
,  _o«^°'"'""''»'"'aneleXBr  h»  •  .'"^■'  ""Iculate  the  base. 
I  =  2.6".  Draw  and  mel^ur;  .1  ^^ ^^™  «  =  ^.O".  6  =  ..c,, 
"-ce  oale^,,,  ,,^  app™:Sl"^ea"''''™'''™'-  f"™  ^  """^C; 
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Thboriw  26.    [Euclid  I.  37) 
Triangles  on  the  same  base  and  beliveen  the  same  parallels 
(hence,  of  the  same  altitude)  are  equal  in  area. 

Let    the   ▲  ABC,  (IBC  be  on  the    0 
same  baye  BC  and  between  the  same 
pai*BC,  ^6'. 
//  is  required  to  prove  that 

the  i^  ABC  =  the  A  (IBC  in  area,    g  ^ 

Proof.     If  BCED  is  the  recfannle  on  the  base.flC,  and 
between  the  same  parallels  as  the  given  triangles, 

the  A  ^BC  is  half  the  rect.  BCED  ■   '  Theor.  25. 
also  the  A  OBC  is  half  the  rect.  BCED  ; 

.:  the  A  i4fiC  =  the  A  fIBC.        '    q.e.d. 

Similarly,  triangUs  on  equal  bases  and  of  equal  aUitudes  are 
equal  in  area. 

Theorem  27.    [Euclid  I.  39] 
//  two  triangks  are  equal  in  area,  and  stand  on  the  same  base 

and  on  the  same  side  of  it,  they  are  between  the  same  parallels. 
Let  the  ▲  ABC,  GBC,  standing  on  ^ g 

the  same  base  BC,  be  equal  in  area  ; 

and  let  AF  and  GH  be  their  altitudes. 
It  is  required  to  prove  that  AG  and 

BC  are  par*.  '  B 

Proof.  The  A  ^  BC  is  half  the  rectangle  contained  by  BC 
and  .4^-;  and  the  A  GBC  is  half  the  rectangle  contained 
by  BC  and  GH  ; 

.:  the  rect.  BC,AF  =  the  rect.  BC,  GH  ; 

.:  AF  =  GH.  Theor.  23,  Cor.  2. 

Also  AF  and  GH  are  par"  ; 
hence  AG  and  FH,  that  is  BC,  are  par".      q  e  d 
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EXERCISES  ON  THP    An.,. 

"^  ^«^*  O*-  A   TRIANGLE 

(Theorelical) 

(iv)  the  A  n/cv      .u 

dioulars  from  flo^J^"""''*™™.  and  flp    nn 

•"' "t- produced, 
(')  the  A  ADX  _  Ik 

'T';r '"'""''"-  -- -"  r Th^r  -^r  -- »/  - 

'•     The  straieht  lino  „!,•  •.  ■  .  ' "^""^ms  26  and  27  ^ 
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EXERCI8KH  ON   THE   AREA   OK  A    TRIANGLE 

(Numerical  and  (Iraphieal) 

The  lidei  of  a  triangulu  Md  an.  .JTO  yd..,  200  vd».,  and  100 

Im,  ^  ,'  ?''"  'f'"  '"  *"  ""  >■»'■''"'•     Draw  and  mea-un,  an 

altitudo ;  oaloulau.  th« approximati. ar.-a .if  th.> flild  in  <quarv  yard,. 

2.  Two  nidi,,  of  a  triangular  onelonun-  are  124  metres  and  144 
metn.|  re.pectively,  and  tho  inplud^l  englo  it,  observed  to  \x,  45' 
Draw  a  plan  («al..  I  em.  to  20  motr..»).  Make  any  «eoe«»ary  mea»^ 
uremcnt,  and  CBloulaU>  tho  approximate  area. 

3.  If  in  a  triangl.,  AHC.  the  are.  -  6.0«,.  cm.,  and  the  ha« 
I."  f'''  "r""'  *  ''"""*<'■     Hen™  determine  the  locus  of  A 
If  atao,  a  A  -  26  cm.,  draw  the  triangle;  and  measure  CA. 

vt  J  .J"  '■  '"'r*'"  '**^'  ^''''"  ■"■"•  ■  ^OS  «!•  '■>■•  »•"!  0  -  30" 
Find  the  altitude,  and  the  locus  of  A.  Given  C  -  68°,  construct 
the  triangle ;  and  measure  6. 

5.  In  a  triangle  A  BC.  BC.  BA  have  constant  lenr,  h.'=  ..  -m.  and 
5  cm. ;  BC  is  fixed,  and  BA  revolves  about  B.    Trace  the  changes 
in  the  area  of  the  triangle  as  the  dngle  B  increases  from  0°  to  ISO- 
Answer  by  drawing  a  series  of  triangles,  increasing  B  by  increl 

ments  of  JO  .     Find  their  areas  and  tabuUte  the  results. 

(Theorelical) 

6.  If  two  triangles  have  two  sides  of  one  respectively  equal  to 
two  sides  of  the  other,  and  the  angles  c  itaim^l  by  those  sides  .up- 
plementary,  shew  that  the  triangles  are  equal  in  area.  Can  such 
triangles  ever  be  identically  equal? 

7.  Shew  how  to  draw  on  the  base  of  a  given  triangle  an  isosceles 
tnangle  of  equal  area. 

8  If  the  middle  points  of  the  sidos  of  a  quadrilateral  are  join.d 
m  order,  prove  that  the  parallelogram  so  formed  (see  Ex.  7,  p.  641  is 
half  the  quadnlateral. 

A  «'  Ar^V"  ".u"TL*''  '"''  "•  ^  ""'  '"''''''''  P°'"«»  of  the  sides 
A  B.AC;  shew  that  if  BQ  and  CR  intersect  in  X,  the  triangle  BAT 
IS  equal  to  the  quadrilateral  AQXR. 

10.  Two  triangles  of  equal  area  stand  on  the  same  base  but  on 
opposite  sides  of  it :  shew  that  the  straight  line  joining  their  ver- 
tioes  IS  bisected  by  the  base,  or  by  the  base  produced 


THB  AKKA  OK  a  THIAN(,LK 


Th.  Ar..  of  .  TriM.,.     ,..  •""  '"*"  "•*'•' 

to  calculate  the  area      '         '"*"  ""'  ""'''  "''«  "/«  Wa„,fe, 

■  21  --  X  metre.. 
*rom  the  right-angled  A  ^nn   .     u 

Andfro»tl«,,,ght-»„g,.,UAW/>.""'- 

whence  '**-'*- 289  -  441+ 42x  -  x.. 

P'  -  10>  -6«  -64; 

_  ^    ^  EXERCISES 

^2tn."^n  ?;r "^'-  -"-  '"•-  -  .  ,„„„„, . 

3-    21m..  20  m..  13  m.  f    if  y-^^- "  yds.,  13  yds. 

S-    37  ft..  30  ft..  13  ft  *•    30  cm..  25  em..  Hem. 

7-     "the  given  side,  are  a  6  and        ■'""•  ^^  >«■.  20  m. 

(i)  X  > 2L+£Lz^  ""      '"  '""*"'■  P"^" 

2a         ■  •  (ii)  p'  =  c'  -  I  "L+.CI-J1 1  . 
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THE   AREA   OF  QUADRILATERALS 
Theorem  28 
To  find  the  area  of         (i)  a  trapezium. 

(ii)  any  quadrilateral. 
(i)  Let  ABCD  be  a  trapezium,  hav- 


ing the  sides  AB,  CD  parallel.    Join 
BD,  and  from  C  and  D  draw  perpen 
diculars  CF,  DE  to  AB. 


f 


B 


Let  the  parallel  AAesAB,  CD  meas-  ^ 
ure  a  and  h  units  of  length,  and  let  the  height  CF  contain  h 
units.  , 

Then  the  area  of  ABCD  =  A  ABD  +  A  DBC 

=  iABDE  +  iDCCF 


That  is, 

the  area  of  a  trapezium 


i  height  X  (the  sum  of  the  parallel 


(ii)  Let  ABCD  be  any  quadrilateral. 
Draw  a  diagonal  AC  ;  and  from  B 
and  D  draw  perpendiculars  BX,  DY  to 
AC.  These  perpendiculars  are  called 
offsets. 

If  ^C  contains  d  units  of  length,  and 
BX,  DY  p  and  7  units  respectively, 
the  area  of  the  quad'  ABCD  =  A  ABC  +  A  ADC 

=  iACBX  +  iACDY 
That  is  to  say,  =  i  "P  +  i  dg  =  i  J(p  +  g). 

the  area  of  a  quadiilateral  =  i  diagonal  X  (sum  of  onsets). 
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EXEHCUiZ^ 


'■raphiml) 


(A  'I'liriral  nrii 
!•     Find  the  area  or  tl      ■         ,; 
side,  are  4-7"  and  3.3",  and  th^'holgh"?  T^^'     "^  ""'  '^"  P"™""' 

and  2-6  em.  respectively.     If  ,^m    n  Th      ,       ^  ^"'^  '^  ■"••-  ^^  om. 

find  the  area  of  the  enc-losure.  "'""  ''''?'*'«■■>»•''  S  metres, 

4      Draw  a  quadrilateral  .4  HCD  from  the 

^t^n^r'' '■'■''■• ''•'''''—-" 

Draw  and  measure  Ihe  offsets  to  A  and  C 

rart ofr^'  ^i'.;  ''"''  h™-  -■""■ate 
me  area  of  the  quadrilateral. 

5.  Draw  a  quadrilateral  A  HCD  from  the 
detads  g.ven  in  the  adjoining  plan  Th, 
dimenszons  are  to  be  in  centimetres. 

~^re:Tndr=ir-;r^«^  "^ 

=  the  ^  B  =  60°.  -■'«  -  4    ,    AD  =  BC  =  2";   the  ^  4 

Make  any  necessary  measurements,  and  calculate  the 

^^^^.::77t:^Tc^d  t^  -  -  -i  the 

cm.  "■"••  f^  i*  =  3  cm.,  and  4/)  =  BC  =  S 

f "  FroTtr?'"^  measurement,  and  calculate  the  area 

^-t^i;tsr:,:-t;-^--— «^:^^.) 

an.lebetrtLS?o7e\tt'tr"^'^"^r"''''^^^^^^^ 
intersect.  ^         ""*'  "'•'  area  is  the  same  wherever  they 
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THE  AREA  OF  ANY   RECTILINEAL  FIGURE 

IsT  Method.  A  rectilineal  figure 
may  be  divided  into  triangles  whose 
areas  can  be  separately  calculated 
from  suitable  measurements.  The 
sum  of  these  areas  will  be  the  area 
of  the  given  figure. 

Example.  The  measurempnts  re- 
quired to  find  the  area  of  the  figure 
^BCDE  are  AC,  AD,  and  the  offsets 
BX,  DY,  EZ. 

2d  Metbod.     The  area  of  a  rectilineal  figure  i.s  also  foun.l 

fror?r^Th  r".^^f  '"  ^^^  '^'"^^"^  ^«'"^)  «"rf  off-'et^ 
andnl*,  These  dmde  the  figure  into  righl^rmUd  triangles 
and  n9A/-anffi«d  trapezmms,  whose  areas  may  be  found  after 
measunng  the  offsets  and  the  various  sections  of  the  ba.,e-line 
^lamp/e.  Find  the  area  of  the  enclosure  ABC  DBF  from  the 
plan  and  measurements  tabulated  below.  ' 

Yards. 


VC  =  12 
YB  =  20 


AD  =  56 
AV  =  50 
AZ  =  40 
^K  =  18 
AX  =  10 


ZE  =  18 
XF  =  15 


The  measurements  are  made  from 
A  along  the  base-line  to  the  points 
from  which  the  offsets  spring. 

Here    AAXF^iAXxXF  =Jx  10x15  = 

f  n^f""*'*^^^^^  =iX18x20  = 

^^if,'^^^^^^  =}X  16X18  = 

ADVC=  iDV  XVC  =5x    6X12  = 

,    "Z  J^f  f.  =  i  -^^  X  (^/^  +  ZJ?)  =  J  X  30  X  33  = 

trap-KBCK  =  J  KF  X  (KB  +  VC)  =  }X32X32- 

•■.,  by  addition,  theflg.  ABC  DBF  ■= 


A 

75  sq.  5  (^s 
180 
144 

36 
495 
512 
1442  sq.  yds. 


EXERCISES 
!•     Calculate  thir  arpua  r.t  .1.    << 


AC=6oni.,  AD=5oni 

length,  of  offsets  figil^ 

in  diagrani. 


nJ-^2  =  lom. 


-en .",;-  ':;:d:ir  rr  Te^rr -^  ^--^-  - 


''^L?*- '"•^""lateral 
eaoh  side  to  be  2}™ 


'''=iil?,x=2f. 


♦ 

^*     Find  the  area  nf  ♦»,     a 

■neaaure^ents  and  draw  a'XnHhfef^T  '"""  '"^  ""'-"« 

""  1  em.  represents  20  metres 
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EXERCISES   ON   QUADRILATERALS 

( Theoretical) 

1.  ;4  BCD  is  a  rectangle,  and  PQfi.S  the  figure  formed  by  joining 
in  order  the  middle  points  of  the  sides. 

Prove  (i)  that  PQRS  is  a  rhombus; 

(ii)  that  the  area  of  PQRS  is  half  that  of  ABCD. 

Hence  shew  that  the  area  of  a  rhombus  ia  half  the  product  of  its 
diagonata. 

Is  this  true  of  any  quadrilateral  whose  diagonals  cut  at  right 
angles?     Illustrate  your  answer  by  a  diagram. 

2.  Prove  that  a  parallelogram  is  bisected  by  any  straight  lino 
T.'Mch  passes  through  the  middle  point  of  one  of  its  diagonals. 

Hence  shew  how  a  parallelogram  ABCD  may  be  bisected  by  a 
straight  line  drawn 

(i)  th-^ugh  a  giv^n  point  P; 
(ii)  peipendicular  to  the  side  AB; 
(iii)  parallel  to  a  given  line  QR. 

3.  In  the  trapezium  ABCD,  AB  is  parallel  to  DC ;  (ind  X  is  the 
middle  point  of  BC.  Through  X  draw  PQ  parallel  to  4  D  to  meet 
A  B  and  DC  produced  at  P  and  Q.     Then  prove 

(i)  trapezium  ABCD  =  paT<^APQD. 

(ii)  trapezium  ABCD  =  twice  the  A  AXD, 

{Graphical) 

4.  The  diagonals  of  a  quadrilateral  ABCD  cut  at  right  angles, 
and  measure  30"  and  2-2"  respectively.     Find  the  area. 

Shew  by  a  ligure  that  the  area  is  the  same  wherever  the  diagonals 
cut,  so  long  as  they  are  at  right  angles. 

5.  In  the  parallelogram  A  BCD,  AB  =80  cm.,  AD  =3-2  cm., 
and  the  perpendicular  distance  between  AB  and  DC  =  30  cm. 
Draw  the  parallelogram.  Calculate  the  distance  between  A  D  and 
BC ;   and  check  your  result  by  meas'.iroment. 

6.  One  side  of  a  parallelogram  is  2-  .5",  and  its  diagonals  are  3-4" 
and  2-4".  Construct  the  parallelogram ;  and,  after  making  any 
necessary  measurement,  calculate  the  area. 

7.  ABCD  is  a,  parallelogram  on  a  fixed  base  AB  and  of  con- 
stant area.     Find  the  locus  of  the  intersection  of  its  diagonals. 
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EXPERIMENTAL  EXERCISES 
EXERCISES    LEADINO    TO    THEOREM   29 
three  side,     Ve/  ^  ^'»""'"'  '^'^  d=«w„  on  the 

-rT-  the  .™u  ^r^::^::^:i-:r-"  -• 

Now  draw  In  tqua^H  ^aDl;',"?'""*!""""''^"^  "«" -^^  =«'+i> 
4      T.t.  ■*''"■  ""d  measure  Me  on»fe^CB 

angled  at  C.   and  draw  squares  on  ^r 

CB,  and  on  the  hypotenuse  ^/J  ' 

■^n  <^^^    !?'  ™''*-P'""'  °'  'h«  square 
■-n  CB  (t.e.  the  intersection  of  the  dia 
gonals)  draw  lines  parallel  and  perpen 
d.cular  to  the  hypotenuse,  thus  divIdWg 

laterals.     These,     together     with     the 

~rs^c^r;rirtr'° 

-dieated  by  e^rreUXg  nu^ts™^  ._^ 

/?rnvT/;'"'"/7™"*  *°  ''■^  -"<='"-on  »hat  • 

Aro„na,p.ofo,thrzrt2r;::£- 


next 


page. 


t    f 
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Theorem  29.    [Euclid  I.  47] 

In  a  right-angled  triangle  the  square  tlesenbed  on  the  hypote- 
nuse is  equal  to  the  sum  of  the  squares  described  on  the  other 
tiDo  sides.  g 


Let  ABC  he  a,  right-angled  A,  having  the  angle  ACB  a 
rt.  Z. 

/( is  required  to  prove  that  the  square  on  the  hypotenuse  AS  = 
the  sum  of  the  squares  on  AC,  CB. 

On  AB  describe  the  sq.  ADEB  ;  and  on  AC,  CB  describe 
the  sqq.  ACGF,  CBKH. 

Through  C  draw  CL  par"  to  AD  or  BE. 
Join  CD,  FB. 
Proof.    Because  each  of  the  A  ACB,  ACG  is  a  rt.  Z, 
.■.  BC  and  CG  are  in  the  same  st.  line. 
Now  the  rt.  Z  BAD  =  the  rt.  Z  FAC  ; 
add  to  each  the  /.  CAB  : 
then  the  whole  Z  CAD  =  the  whole  Z  FAB. 
Then  in  the  ^  CAD,  FAB, 
[  CA  =  FA, 

because  AD  =  AB, 

and  the  included  Z.CAD  =  the  included  Z.FAB  ; 
.:  the  A  CAD  =  the  A  FAB.  Theor.  4. 
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Now  the  rect.  A  Lis  double  of  the  ACA/ih.- 
same  base  AD,  and  betwppn  th  ^T    '  '^'"^  =">  the 

^  And  these  OA  i^^ollZZlllB^''-  ''■ 
ba«>  ^^,  and  between  the  ^Ime  pt/lll '^^ °" '"« -»« 
•••  the  root.  ^Z,  =  the  sq.C4 

""""'^'^^T-^f-f^.  it  can  be  shewn  that 
the  rect.  BL  =  the  sq.  HB 

.•.thewho,esq.^^  =  ,hesun>ofthesqq.r;^,;,^, 

q.E.D. 

c'  =  a"  +  62. 
Hence  nJ  —  /.si,? 

a   -  c»  -  62  ;    and    fta  =  (J  -  a*. 

the  proof  that                               '      "*'  '«'^°  'liewn  in  the  course  of 
^-^^n-GA^thermt.  AL- 
that  IS,  ^c.  =  the  rect.  contained  by  AB  AO 
Also  the  sq.  HB  =  the  rect.  BL-  "^  ^*'  ^^ (i) 

""*' "•^^'  =  »he  rect.  contained  by  B^,  BO. 
Note  2      ft-  u  *' 

Also  we  can  prove  conversely 
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EXPERIMENTAL  PROOFS   OP   PYTIIAOORAS'S 
THEOREM 

I.  Here  A  BC  is  the  given 
rt.-angled  A;  and  ABED  is 
the  square  on  the  hypotenuse 
AB. 

By  drawing  lines  par'  to  th(! 
sides  BC,  CA,  it  is  easily  seen 
that  the  sq.  BD  '.i  divided 
into  4  rt.-angled  A,  each 
identically  equal  to  A  BC,  to- 
gether with  a  central  square. 

Hence 
sq.  on  hypotenuse  c  =4  rt.  /:  "A 
+  the  central  square 

-  4-}a6  -(-  (o  -  6)> 

-  2ab  +a'  -  2ab  +  b' 

-  a'  +  b'. 


II.  Here  A  BC  is  the  given 
rt.-angled  A,  and  the  figs. 
CF,  HK  are  the  sqq.  on  CB, 
CA  placed  side  by  side. 

FE  is  made  equal  to  DH 
or  CA  ;  and  the  two  sqq.  CF, 
HK  are  cut  along  the  lines 
BE,  ED. 

Then  it  will  be  found  that 
the  A  DHB  may  be  placed  so 
as  to  flu  up  the  space  ACB; 
and  the  A  BFE  may  be  made 
to  fill  the  space  AKD. 

Hence    the  two    sqq.   CF, 
H  K  may  be   fitted    together 
so  as  to  form  the  single  fig. 
ABED,  which  will  be  found  to  be  a  perfect  square,  namely   the 
square  on  the  hypotenuse  AB. 


-  5    IT 
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EXERcrSES 

{SumeHcal  and  Oraphical) 

")  '  -  3-4",       „  ^  ■!.()"«  "'/^'  '"'^'"S  Sivon : 

length  of  the  ladder?  '**'  *'~^«  ">«  K'ound.     What  is  the 

»«  they  apart?  '"^•*^-  '1  km.  distant.     How  far 

-Ltirr^ri^r^iri/t^'-t/''^--'-- 

^    7-     B  is  due  East  of  ^    but  »/.'''■'"""■<' house? 
South  of  S,  and  distant  ^  me'trs.""!?",'"  i:?."^"'"'^^-     ^  '^  «- 

»■     A  man  travels  27  m.i     j      „  '••  ""etres,  find  ^  fl 

finally  20  miles  du^Nor'trVorfSe  f"""  I*  ""^  "^  ^^'^ 

9-     Prom  ^  go  West  25  metre!  then  V     T  '"'  '""""«  P°'°'? 
80  metres,  finally  South  12  ZeZ'     2^7'^  ""  ""'"''• '"«"  East 


fi 
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Theorem  30.    (Euclid  I.  48] 
//  the  square  (lencribed  im  one  mde  «/  a  triangle  is  equal  to  the 
sum  of  the  squares  described  on  the  other  two  sides,  then  the  angle 
contained  by  these  two  sides  is  a  right  angle. 

A  D 


Let  ABC  \x  a  triangle  in  which 

the  sq.  on  AB  =  the  sum  of  the  sqq.  on  BC,  CA. 
It  is  required  to  prove  that  ACB  is  a  right  angle. 

M  ike  EF  equal  to  BC. 
Draw  FD  perp.  to  EF,  ami  make  FD  equal  to  CA. 

Join  ED. 
Proof.  Because  EF  =  BC, 

.:  the  sq.  on  EF  =  the  sq.  on  BC. 
And  because  FD  =  CA, 
.:  the  sq.  on  FD  =  the  sq.  on  CA. 
Hence  the  sum  of  the  sqq.  on  EF,  FD  =  the  sum  of  the 
sqq.  on  BC,  CA. 

But  since  EFD  is  a  rt.  /. 
.-.  the  sum  of  the  sqq.  on  EF,  FD  =  the  sq.  on  DE:  Theor.  29. 
And,  by  hypothesis,  the  sqq.  on  BC,  CA  =  the  sq.  on  AB. 
.:  the  sq.  on  DE  =  the  sq.  on  AB. 
.-.  DE  =  AB. 
Then  in  the  ▲  ACB,  DFE, 
because  AC  =  DF,  CB  =  FE,  and  AB  =  DE  ; 

:.  the  ^  ACB  =  the  Z  DFE.  Theor.  7. 

But,  by  construction,  DFE  is  a  right  angle  ; 

.•.  the  Z  ACB  is  a  right  angle.  q.e.d. 
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«.XEfiCKSEs  ON   THEOREMS  2«.   ;« 
J      „,  ( 1'>>eorvliinl) 

double- rX'^'U'i;^"'  ""  "■"  •"--'  •"  «  «iv..„  «,„.„  ,. 
"  ^"^  -^e  .  .  ^,,„-/>  ■"  t- ™di.u,„  ,_  ^^ 

•luares.  '^'""  to  the  d.ffcreneo  between  two  ^iven 

">«'-  -.ua.s  »h\:iZtu':rr:;t::  .^r^"  "■^' "-'  -'  -^ 

'"•     JJetermino  whioh  of  (ho  f  ii      ■ 

(u)  a  =  40  cm    h  ~  ^n  '  -    ^0  cm. ; 

(«'•)«- 20  cm' il^'""-'^:    41cm.; 

and  verify  you,  ,,,,„^;,^"„d^^  to  th^^^^^^^^^ 

J2.     Draw  a  square  on  a  dfl      ,''°°"'"'<'f«n  and  measurement 
"-re,  the  ,en.l  of^^VdenTud'  ^aZ.    ^^^-ate.  and  als^ 


lae 
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Problem  10 

To  Hrau,  nquare,  whn„  arew<  ,hall  be  respectively  twice,  three 
hmes,  four  tme»,  ...,  that  „f  a  given  >„pLre. 
^^"X!'  fi'Kl  graphically  approximate  values  of  V2,  n/J,  Vi, 

V 

TakeOA",  OKat  riKht  anRloH 
to  one  another,  ami  from  them 
mark  off  OA,  OP,  each  one  unit 
of  lenRth.    Join  I'A. 

Then 


From  OX  mark 
then 

From  OX  mark 


The  lengthH  of  PA,  PB,  PC  may  now  be  foun.l  by  measure- 
ment ;  and  by  conf  inuinR  the  proc  ^  measure. 


V7 


•ess  we  may  find  Vs,  Vo, 


EXERCISES   OM    THEOREMS  29,   .30    (Continued) 
13.     Prove  the  rollowing  formula : 

Diagonal  of  square  -  tide  X  v'2 
a  sideT»  irr  '""^''  -"""'""""  '"e  diagonal  of  a  «,uare  on 

Draw  a  plan  (scale  1  cm.  to  10  metreg)  and         .i„  .1,  ■• 

nearly  as  you  can  by  measurement.  '     ""  *''*  "'""  "^ 


THEORKM  or  PYTHAOOBA8 


'■»■     If  in  a  trjanirli.  „         ,  ■««  -  H  cm. 

'8-     In  a  triangl,,  A  He    i  />  ■•    ,  """^""'''l  'nan^lo,. 
"  ''""'°'«  'he  length  otAD  ''"'*"  P«'P«'"licular  to  BC     Let 

And  prove  that  y/Si^TJ,  ^  ^  ,         .'  ""<*  /•  ""d  o. 
P^'/e  tiV^  '"•-'«  --.  ^-  '•■"Clrpend.e.ar  to  SC 

"  «  -  51  om.   6  .  OQ  "  • 

,;?™-nd.t.  ;;„-•- --:^nd^.. 

18      PI    .  ,  ""  '"angle 

--'e.  w.2^,^t:  r  X"l  -  -  -P'e  t.e  ..a,  o,  t.„ 
0)  a  -  17",       i  _  ,„„ 

(iii)a-41om    6,2R      ■    '^  "  '2  ft. 
(iv)«>40yd.    6r^7-'-'5<"n- 

s;Hv^" "-™  *".  ™*=  •\:  ■»«• "-  «. 

sy  calculation.  ""'  «<«*  the  accuracy  of  your  drawing 

PC  =  ab. 


Hence  deduce 


P'      o"      6^ 
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1.  A  rectangle  A  BCD  is  said  to  be 
contained  by  two  adjacent  sides  AB, 
AD  ;  for  these  sides  fix  its  size  and 
shape. 

A  rectangle  whose  adjacent  sides  are  AB,  AD  is  denoted  by 
the  reel.  AB,  AD;  or  by  AB,  AD. 

Similarly  a  square  drawn  on  the  side  AB  is  denoted  by 
the  sq.  on  AB,  or  AB'. 

Geometbical  illustration  of  algebraic  identities. 

A.    Geometrical  illustration  of  {a  +  b)  k  =  ak  +  Ik. 
Let  ST  =  a  units  of  lengtlj,  P R 


and 


TV  =  b  units  of  length, 
PS  =  k  units  of  length. 


S 


Then  Area  of  SP,  PQ  =  k{a  +  6) 
Area  of  SP,  PR  =  ka 
Area  of  TR,  RQ  =  kb 

.:  k(a-\-b)  ^  ak  +  bk. 


T  -^>-V 

Th.  23. 
Th.  23. 
Th.  23. 


M 


N 


B.     Geometrical  iUustration  of  (o  +  6)  (c  +  d)  =  ac  +  n'/ 
+  bc  +  bd. 

Let  ST  =  a  units  of  length. 
Let  TV  =  b  units  of  length. 
Let  PL  =  c  units  of  length. 
And  LS  =  d  units  of  length. 

Then  Area  of  SP,  PQ 
Area  of  LP,  PR 
Area  of  MR,  RQ 
Area  of  SL,  LM 
Area  of  TM,  MN 


=  (c  +  d)(a  +  b). 
=  ac 
=  cb 
=  da 
=  db 


(o  +  !>)(c  +  d)  =  9C  +  bc  +  ad  +  bd. 


Th.  23. 
Th.  23. 
Th.  23. 
Th.  23. 
Th.  23. 
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C.    Geometrical  illustration 


of  (a  +  by.^a^  +  t,^^2cb. 


The  area  SP    Pn  ~  tu 
PP  j-tu         '  '  ^  V  =  the  area   LP, 
t^K  +  the  area  TM ,  MN  4-  tKo 
SL    /  If  j_  *u  '  ^  '"6  area 

w         ,"^  the  area  MR,  Rn 


I^t  ^0  =  a  units  of  lonKth,  *>   =  °^  +  6»  -  2a6. 

fl(?  =  6  units  of  length' 

then    ^fl=  (a -6)  units  of 'lengths 
Hence  : 

the  area  Si,  ij^  =  t^e  area  .SP  Po 

+  the  area  Xrrr- the  area 'iP^ 
^V  -  the  area  XM,  MN 

or  (a  -  6)^  =  a»  +  6.  _  3^ 

E.    GeomeinW  aiustration  oj  a' -  b' =  (a  +  hu        J 
Area  SP.  PO-s:r    r,r  .  "  +  ^^^^  "  b). 


Area  SP,  pq  _  ,s^^  ^^ 
—  Gnomon  P,  i\r,  r 
=  the  area  LP,  PQ^ 
the  area  TtI/,  MN 
=  the  area  AP,  PQ  ^ 

the  area  JVQ,  Qx 
=  the  area  LP,  PX. 


Hencea^-b'=(a-bXa  +  b). 


,      „,  EXERCISES 

1.  Illustrate  *(»  +  6  +  c  +  j  .  «, 

2.  Illustrate  (a  +t  +c/Jj'l\:i'  +  "^  +  ^' +  ""  +  '*• 

3-     lUustrate  A.  B  aJc  raL     ^  k     ^  '^'  +  '"'  +  ^"^  +  2*- 
X  '      *'"'  '^  ^'''^™>  by  paper-folding  exercises 
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GEOMETRY 


Theorem  31.    [Euclid  11.  12] 

In  an  obtuse-angled  triangle,  the  square  on  the  side  subtending 
the  obtuse  angU  is  equal  to  the  sum  of  the  squares  on  the  sides 
containing  the  obtuse  angle  together  with  twice  the  rectangle 
contained  by  one  of  those  sides  and  the  projection  of  the  other 
side  upon  it. 


Let  ABC  be  a  triangle  obtuse-angled  at  C;  and  let  AD  be 
drawn  perp.  to  BC  produced,  .so  that  CD  m  the  projection  of 
the  side  CA  on  SC.    [See  Def.  p.  63.] 
It  is  required  to  prove  that 

AB*  =  BC  +  CA'  +  2BC-  CD. 
Proof.    Because  BD  is  the  sum  of  the  lines  BC  CD 

•■•  BO'  =  BO  +  CD'  +  2BC-  CD.     Page  129,  C. 
To  each  of  these  equals  add  DA'. 
Then  BD'  +  DA'  =  BC  +  (CD'  +  DA')  +2BC  CD 
But  BD' +  DA' =  AB']    ,     ,^         „  . 
and  Clf  +  DA'  =  CA'f'  ^  i>  is  a  rt.  /.. 

Hence         ABt  =  BC  +  CA' +  2  BC  ■  CD. 

Q.E.D. 


8QUAHBS  AND  KEClANOLfiS 
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Theorem  32.    (Euclid  H.  13J 
tt«<  angle  diminishedTytit  T   7"  f'  "'**  '"'»'^'«'>7 


Fir.  2- 


^  ^l^f  ^  '"'  "  *"''"«''' '"  «'h''<^h  the  ^  C  i.s  acut,.  •  «n^  i  . 
^O  be  drawn  pcrp.  to  BC  or  «r  r>.„j      j  '  *"''  '"* 

the  projection  onheSecA  on  BC.'"'  '  '"  ""'  ^^  ''' 
/'  is  required  to  prow  that 

AB'  =  BC  +  CA'-2BCCD 
linX,  cr  '■"  ""''  '^"^  ^^  '«  ^he  difference  of  tl,e 

Then  fiZ)»  +  DA'  =  flc  +  (CD«  +  DA')  .  2  BC   CD      r, 

^ut  BD' +  DA"  =  A B']  iHC   CD (j) 

and  CD'  +  DA'  =  C.42/  '  '^°''  *he  /:  Z>  is  a  rt.  Z . 
Hence  4B»  =  S(7»  +  (7^2  _  2  g^  .  CO. 

Q.E.D. 
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Summary  of  Theorems  29,  31,  and 


32. 


* 

^ 


Theor.  31. 


Theor.  29. 


Theor.  32. 


(i)  If  the  Z  ACB  is  obtuse, 

AB'  =  BC^  +  CA'  +  2BC   CD. 
(ii)  If  the  Z  ACB  is  a  right  angle, 

ABi  =  BC  +  CA'. 
(iii)  If  the  Z  ACBh  acute, 

AB^  =  BC-\-  CA^  -2BC   CD. 

Observe  that  in  (i)  or  (ii),  if  the  ZACB  becomes'  90°,  A£> 

coincides  with  AC,  and  CD  (the  projection  of  CA)  vanishes  ■ 

hence,  in  this  case,  2  BC  ■  CD  =  0. 

Thus  the  three  results  may  be  collected  in  one  enunciation : 

The  square  on  a  side  of  a  triangle  is  greater  than,  equal  lo  or 

Uss  thari  the  mm  of  the  squares  on  the  other  sides,  according  as 

the  angle  contained  by  those  sides  is  obtuse,  a  right  angle   or 

acute;    the  difference  in  cases  of  inequality  being  'wice  the 

r^ngle  cmtained  by  one  of  the  two  sides  and  the  projection  on 

tt  of  the  other. 

EXERCISES 

1.  In  a  triangle  ABC,a^  21  om.,  6  -  17  cm.,  c  -  10  cm.  By 
how  many  square  centimetres  does  c'  fall  short  of  a' +  b'^  Hence 
or  otherwise  calculate  the  projection  of  AC  on  BC. 

2.  ABC  is  an  isosceles  triangle  in  which  AB  =  AC-  and  BE 
18  drawn  perpendicular  to  AC.     Shew  that  i,,.^'  =  2ACCE. 

3.  In  the  A  XBC,  shew  that 

(i)  if  the  Z  C  -  60°,    then  c'  ~  a'  +b-  -ah- 
(Ii)  if  the  .^  C  -  120°,  then  c"  =  a'  +  6>  +  o6 ' 
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Theorem  33. 


thilLf  ic*"  "*  ''^"«'^'  «"'^  ^^  *"e  median  .^eh  bfeects 
/<  »s  reyuired  to  prove  that 

AB  and  AC  Z  nr^^^X  'SIdm^^' ■  ^  "^^  '"  -"ieh 
Then  of  th.  4  AXB  A7r  "'  """"'"  t*"^  Wangle. 

aeute.  I.t  the  ^  Ax'b  be  obtu"  "  "'  '"'  *'''  "^''^^ 
Then  from  the  A  AXB, 

And  from  tife^^  JJ  +  ^X' +  2  BX  ■  XD.     Theor.  31. 

Adding  thei^s'uiJ^ani  iL~  l^^  '  ^°-     ^*^<'--  32. 
we  have  '  *"'*  remembering  that   XC  =  fix, 

AB'  +  AC'^2BX'  +  2AX' 
Note.     Tho  «».„»  "  Q.E.u. 

the  perpend.eu.a.^7;S  ^fde'^t.^XK   ^"^  "^  '°  -'^<"' 
EXERCISE 

™d<««  potnt  of  the  ba,e  and  Me  footTfZ'      '"'"'"'"  *''«-««  '*« 
the  vertical  angle  to  (Ae  6<«,«.        ''  "'  "-^  '*'  P«-?«n<i«:«far  drau^n  from. 
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QEOMBTRY 


EXERCISES   ON   THEOREMS  31-33 

1.  /IB  is  a  straight  line  8  om.  in  lengtli,  and  from  its  middle 
point  0  as  centre  with  radius  5  cm.  a  circle  is  drawn ;  if  P  is  any 
point  on  the  circumference,  shew  that 

AP'  Jr  BP'  -  S2sq.  cm. 

2.  In  a  triangle  A  BC,  the  base  BC  is  bisected  at  X.  If  a  =  17 
cm.,  6  =  15  cm.,  and  c  =  8  cm.,  calculate  the  length  of  the  median 
AX,  and  deduce  the  /.  A. 

3.  The  base  of  a  triangle  =  10  cm.,  and  the  sum  of  the  squares 
on  the  other  sides  =  122  sq.  em. ;  find  the  locus  of  the  vertex. 

4.  Prove  that  the  sum  of  the  squares  on  the  sides  of  a  parallelo- 
gram is  equal  to  the  sum  of  th^  squares  on  its  diagonals. 

The  sides  of  a  rhombus  and  its  shorter  diagonal  each  measure 
3";  find  the  longer  diagonal  to  within  01". 

5.  In  any  quadrilateral  the  squares  on  the  diagonals  are  to- 
gether equal  to  twice  the  sum  of  the  squares  on  the  straight  lines 
joining  the  middle  pointii  of  opposite  sides.     [See  Ex.  7,  p.  64.] 

6.  jIBCD  is  a  rectangle,  and  O  any  point  within  it:  shew  that 

OA'  +  OC  -  OB'  +  OD'. 
If  AB  -  60",  BC  =  2-5",  and  OA'  +  OC  =  21^  sq.  in.,  find 
the  distance  of  O  from  the  intersection  of  the  diagonals. 

7.  The  sum  of  the  squa;x5  on  the  sides  of  a  quadrilateral  is 
greater  than  the  sum  of  the  squares  on  its  diagonals  by  four  times 
the  square  on  the  straight  line  which  joins  the  middle  points  of  the 
diagonals. 

8.  In  a  triangle  ABC.  the  angles  at  B  and  C  are  acute ;  if  BE, 
CF  are  drawn  perpendicular  to  AC,  A B  respectively,  prove  that 

BC  =  AB-  BF  +  AC-CE. 

9.  Three  times  the  sum  of  the  squares  on  the  sides  of  a  triangle 
is  equal  to  four  times  the  sum  of  the  squares  on  the  medians. 

10.  ABC  is  &  triangle,  and  O  the  point  of  intersection  of  its 
medians :  shew  that 

AB'  +  BC  +  CA'  =.  3(0A'  +  OB'  +  OC). 
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PROBLEMS  ON  AREAS 
Problem  17 


1 1 


Let  ABC  be  the  given  triande  and  O  ft,      • 

Construction.        Bisect  fiC  at  £ 

through  ^  draw  AFG  paH  to  fiC         ' 
and  through  C  draw  CO  JaH  to  I?' 
Then  f^COis  the  required  pa/' 
Proof-  I  •     .  E, 

JVoH  the  A  ABE  Apr  „. 
the  same  altitude?  ''  °"  '""'*'  *«*«««  ^S^-  EC,  and  of 

_      •••  the  A  ABE  =  the  A  AEC 
•„  *''''  A  ^BC  is  double  of  the  A  AEC 
But  ^^CO  is  a  pa,«  by  construction 

•-ingonthesTi^'Is^"^"''''^*''?^^^^-     ' 

EO  and  XC.  ^  '^'^'  ""'^  ^^t^o^n  the  same  par- 

■■.  the  par-  FECG  =  theAARr- 
and  one  of  its  angles,  namely  CE^,  t  Ifgi'.en  Z  Z). 
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EXERCISES 
(Grnphieal) 

1.  Draw  a  square  on  a  side  of  5  cm.,  and  make  a  parallelogram 
or  equal  area  on  the  same  base,  and  having  an  angle  of  45°. 

Find  (i)  by  cnlculation,  (ii)  by  measurement  the  length  of  an 
obhque  side  of  the-  parAllelogram. 

2.  Draw  any  paraUelogram  ABCD  in  which  AB  -  2J"  and 
AD  ~2";  and  on  the  base  AB  draw  a  rhombus  of  equal  area. 

Definition.  In  a  parallelogram 
ABCD,  if  through  any  point  K  in  the 
diagonal  AC  parallels  EF,  HG  are 
drawn  to  the  sides,  then  the  figures 
EH,  GF  are  called  parallelograms 
about  AC,  and  the  figures  EG,  HF 
are  said  to  be  their  complements. 

3.  In  the  diagram  of  the  preceding  definition  .hem  by  Theorem  21 
that  the  complements  EG,  HF  are  equal  in  area. 

Hence,  given  a  parallelogram  EG,  and  a  straight  Une  HK  de- 
duce a  construction  for  drawing  on  HK  as  one  side  a  parallelogram 
equal  and  equiangular  to  the  parallelogram  EG. 

rn.,^^°Tr"'^-  *  "«'**°«1«  «<l''»l  in  area  to  a  given  rectangle 
tDhF,  and  havmg  one  side  equal  to  a  given  line  AB. 

If  AB  =  6  cm.,  CD  -  8  cm.,  CF  -  3  cm.,  find  by  measurement 
the  remainmg  side  of  the  constructed  rectangle. 

5.  Given  a  paraUelogram  ABCD,  in  which  AB  =2i"  AD  - 
1-8  ,  and  the  Z  A  =  55°.  Construct  a  parallelogram  of  equal 
area  and  equiangular  with  ABCD,  the  greater  side  measuring  2:?" 
Measure  the  shorter  side. 

Repeat  the  ^ess,  giving  to  A  any  other  value,  and  compare 
your  results.     What  conclusion  do  you  draw? 

6.  Draw  a  rectangle  on  a  side  of  5  cm.  equal  in  area  to  an 
equilateral  triangle  on  a  side  of  6  em. 

Measure  the  remaining  side  of  the  rectangle,  and  calculate  its 
approximate  area. 
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Problem  18 
To  draw  a  triangle  e^al  in  area  to  a  given  guadrilateral. 


I^t^BCfi  be  the  given  quadrilateral. 

.^  Though  C  draw  CX  par-  to  DB,  ^neeting  AS  produced 

Join  DX. 
Then  DAX  is  the  required  triangle. 
Proof.     Now  the  ^  XDH  m»  »-»       ^i. 
and  between  the  samt  pa^DBCX     °"        """"  '"*  ^^ 

•••theAJffl5  =  th'eACMinarea. 
To  each  of  theae  equals  add  the  A  ADB- 

thenthe  ADAX  =  the  6g.ABCD.    ' 

Hra^wTr^rnea/figut^rrtoT"  '^  ^'^^  '^-'"'^  *° 
having  fewer  sideSy  one  ttn  the'^f  ""«''"'"' ''^"'' ''"^ 
«tep  by  step,  any  rectmnearfil     ^  f* "^  '  ""''  *••"« 

triangle  of  equaTarea  ^  '  ""^^  ^  '^'^"•'^'l  *°  •» 

For  example,  in  the  adjoining  dia- 
gram the  five-sided  fig.  EDCBA  is  equal  TT^/  \\\c 
"1  area  to  the  four-sided  fig  EDXA 
Thefig.^Z,X4^^y„„„j^^^^ 

to  an  equal  ADXY. 


OEOMETBY 


Problem  19 

To  draw  a  paralUlogram  equal  in  area  to  a  given  rectilineal 
figure,  and  having  an  angle  equal  In  a  given  angle. 


\l_ 


Let  ABCD  be  the  given  reotil.  fig.,  and  E  the  given  angle. 
It  is  required  to  draw  a  par-  equal  to  ABCD  and  having  an 
angle  equal  to  E. 

Comtruction.  Join  DB. 

Through  C  draw  CF  paH  to  DB,  and  meeting  AB  produced 
in  F. 

Join  DF. 

Then  the  A  Z)^F  =  the  fig.  ABCD.  Pro6.  18. 

Draw  the  par"  AGHK  equal  to  the  A  ADF,  and  having 
the  /.KAG  equal  to  the  AE.  p^ob.  17. 

Then  the  par"  KC,  =  the  A  ADF 

=  the  fig.  ABCD; 
and  it'    s  the //f A  (7  equal  to  the /£. 

Note.  If  the  given  rectilineal  figure  has  more  than  four  sides, 
It  must  first  be  reduced,  step  by  step,  until  it  is  replaced  by  an 
equivalent  triangle. 


PROBLEMS  ON  AREAS 
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Problem  20 
To  draw  a  square  equal 


tn  area  to  a  given  rectangle. 


I^t^flCZ)  be  the  given  „,ctangle. 
Conitruction.    PtoHupp  ar  t„  v 

thecircumfereneelt  f  ''  ""''  P'""''"^'''  ^B  to  meet 

'^''«"  ^''--ide  of  the  ^qui,.d  square, 
the  semi.i2     j':;;''!?''-'^'"*  "^  ^^'  ^-'^  r  the  n,diu«  of 
then  the  rect.  AC  =  ABBE 

=  (r  +  XBXr   -  a:5) 

=    I-'    -    XBt  (p      j2g     gj 

=  FB',  from  the  rt.  angled  A  F.iX. 
rec^S^lre.  ^''  '''*'"'^*  "  '^"  '^' '"  "^^o  to  any  given 

Reducethegivenfiguretoatriangleofequalarea  Pro6  18 
Draw  a  .etangle  equivalent  to  this  tZg.e  P^'  Ir 
Apply  to  the  ..ctangle  the  con.tn.ction  gL  aboC 
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EXKIiCIHES 


(Rtduelion  of  a  RrclUineal  figure  lo  nn  EquinUnt  TriaHfU) 
Draw  a  quadrilaU>ral  A  BCD  from  the  following  data: 


1. 


AB  ~  ttC  -  5-5  om. ;  CI)  .  DA  -  4-5  cm. :  the  Z  A 
Reduce  the  qua<Wl»t,.ral  to  a  triangle  of  equal  area.     Mca.uro 

the  (MM  and  altitude  of  the  triangle,  and  henoe  oaloulate  the  ap- 

proximaUi  area  of  the  given  figure. 

2.  Draw  a  quadrilateral  A  BCD  hoving  given  ■ 

Construct  an  equivalent  triangle;  and  henoe  find  the  approxi- 
mate area  of  the  quadrilateral. 

3.  On  a  ba«e  AB.  4  cm.  in  length,  deuribe  an  equiUteral  pen- 
tagon (j  .ide«),  having  each  of  the  angle*  at  A  and  B  108° 

Keduce  the  figur..  to  a  triangle  of  equal  area;  and  by  meatur- 
ing  its  baae  and  altitude,  calculate  the  approximate  area  of  the 
pentagon. 

4.  A  quadriUteral  field  ^  Br  O  ha.  the  foUowing  meaaurementi  • 
AB  -  450  metre.,  BC  -  aSO  m.,  CD  -330  m.,  AD- iw  m.,  and 
the  diagonal  4C  -  660  m. 

Draw  a  plan  (scale  1  cm.  to  50  metres).  Reduce  your  plan  to  an 
equivalent  tnangle,  and  measure  its  base  and  altitude.  Henoe 
estimate  the  area  of  the  field. 

(Problemt.     Stale  your  comlruction.  and  give  a  theoretical  proof.) 

5.  On  the  base  of  a  given  triangle  construct  a  second  triangle 
oqual  in  area  to  the  first  and  having  its  vortex  in  a  given  line. 

6.  Reduce  a  triangle  ^BC  to  a  triangle  of  equal  area  having 
its  base  BD  of  given  length.     (D  lies  in  Br,  or  Br  produced.) 

7.  Construct  a  triangle  equal  in  area  to  a  given  triangle,  and 
having  a  given  altitude. 

8.  4  Br  is  a  given  triangle,  and  .Y  a  given  point.  Draw  a 
tnangle  equal  in  area  to  ABC,  having  its  vertex  at  X,  and  its  base 
u  the  same  straight  line  aa  BC. 


PR0BLRM8  ON  ARRAS 


^Bhn^'CZVj;Lri':.T'  '",—  ««  the  ,„.aH,.t„.! 

the  ««e  .trdght  uT^  ^';,  ""'"' '»''"  'V  in  Oc,  ^  ZZ,;;^ 

Bi««ot  ABttZ:^„d  join  rz  rp  y    ^^ 

Through  iTd^w^Opi^l.^^'^^^  '- 

Join  /^. 
Then  /^  bisect,  the  A.)  -        w 

Triwct  ac  at  the  point.  P  Q       p    .   , 

-c;rp;Lrefti^"r''-<'-'-^- 

Join  XH,  XK. 
There  straight  lines  trison*  «i,„    . 
n»ybe,hewnbyjoini4"TA%f""  - 

p^t,n^:,t'rs^-rcj::t?r:r^-- «'''■•  "'-^.  <"-, 

"■  ""'«••  *"  '"""  »  Pvcn  point  in  one  of 

.™1  S  •  •-*•■'«■'•'  * .  .™w  „■., .,...  ,.„.,. ., 
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MISCELLANEOUS  EXERCISES 

1.  AB  and  XC  are  unequal  sides  of  a  triangle  ABC;  AX'm  the 
median  through  A,  AP  bisects  the  angle  BAC,  and  AD  is  the  per- 
pendicular from  A  to  BC.  Prove  that  AP  is  intermediate  in  posi- 
tion and  magnitude  U>  AX  and  AD. 

2.  In  a  triangle  if  a  perpendicuUr  is  drawn  from  one  extremity 
of  the  base  to  the  bisector  of  the  vertical  angle,  (i)  it  will  make  with 
either  of  the  sides  containing  the  vertical  angle  an  angle  equal  to 
half  the  sum  of  the  angles  at  the  base ;  (ii)  it  will  make  with  the 
base  an  angle  equal  to  half  the  difference  of  the  angles  at  the  base. 

3.  In  any  triangle  the  angle  contained  by  the  bisector  of  the 
vertical  angle  and  the  perpendicular  from  the  vertex  to  the  base  is 
equal  to  half  the  difference  of  the<angles  at  the  base. 

4.  Construct  a  right-angled  triangle,  having  given  the  hypote- 
nuse and  the  difference  of  the  other  sides. 

5.  Construct  a  triangle,  having  given  the  base,  the  difference  of 
the  angles  at  the  base,  and  (i)  the  difference,  (ii)  the  sum,  of  the  re- 
maining sides. 

6.  Construct  an  isosceles  triangle,  having  given  the  base  and 
the  sum  of  one  of  the  equal  sides  and  the  perpendicular  from  the 
vertex  to  the  base. 

7.  Shew  how  to  divide  a  given  straight  line  so  that  the  square 
on  one  part  may  be  double  the  square  on  the  other. 

8.  A  BCD  is  a  parallelogram,  and  O  is  any  point  without  the 
angle  BAD  or  its  opposite  vertical  angle;  shew  that  the  triangle 
OAC  is  equal  to  the  sum  of  the  triangles  OAD,  OAB. 

If  O  is  within  the  angle  BAD  ot  its  opposite  vertical  angle,  shew 
that  the  triangle  OAC  is  equal  to  the  difference  of  the  triangles 
OAD,  OAB. 

9.  Find  the  locus  of  the  intersection  of  the  medians  of  triangles 
described  on  a  givep  base  and  of  given  ar^a. 

10.  On  the  base  of  a  given  triangle  construct  a  second  triangle 
equal  in  area  to  the  first,  and  having  its  vertex  in  a  given  straight 
line. 

11.  A  BCD  ISA  parallelogram  made  of  rods  connected  by  hinges. 
If  AB  is  fixed,  find  the  loous  of  the  middle  point  of  CD. 


PART  III 

THE   CIRCLE 

Defimtions  and  First  Principles 
1.    A  circle  is  a  plane  figure  contained  by  a  line  tracpH  n„t 
by  a  pom    which  moves  so  that  its  distance  f  om  Hertai. 
fixed  pomt  IS  always  the  same 

the -Pn^f- "°!*r  °^"  "''"'^  •'  "  '*™'«'>t ''»«  drawn  through 
the  centre  and  termmated  both  ways  by  the  circumferenct 

4.    A  semi-circle  is  the  figure  bounded  by  a  diameter  of 

diam"  *'^  '"''  "'  *»•«  -u-ference'cut  oC  the 
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From  these  definitions  we  draw  the  following  inferences  : 
(i)  A  circle  is  a  closed  curve;  so  that  if  the  circumference 

is  crossed  by  a  straight  line,  this  line  if  produced  will  cross 

the  circumference  at  a  second  point. 

(ii)  The  distance  of  a  point  from  the  centre  of  a  circle 

is  greater  or  less  than  the  radius  according  as  the  point  is 

without  or  within  the  circumference. 

(iii)  A  point  is  outside  or  inside  a  circle  according  as  its 
distance  from  the  centre  is  greater  or  less  than  the  radius. 

(iv)  Circles  of  equal  radii  are  identically  equal.  For  by 
superposition  of  one  centre  oil  the  other  the  circumferences 
must  coincide  at  every  point. 

(v)  Concentric  circles  of  unequal  radii  cannot  intersect,  for 
the  distance  from  the  centre  of  every  point  on  the  smaller 
circle  is  less  than  the  radius  of  the  larger. 

(vi)  If  the  circumferences  of  two  circles  have  a  common 
point  they  cannot  have  the  same  centre,  unless  they  coincide 
altogether. 

6.  An  arc  of  a  circle  is  any  part  of  the  circumference. 

7.  A  chord  of  a  circle  is  a  straight  line  joining  any  two 
points  on  the  circumference. 

Note.  From  these  definitions  it  may  be  seen 
that  a  chord  of  a  circle,  which  does  not  pass 
through  the  centre,  divides  the  circumference 
into  two  unequal  arcs;  of  these,  the  greater  is 
called  the  major  arc,  and  the  less  the  minor  arc. 
Thus  the  major  arc  is  greater,  and  the  minor  arc 
leas  than  the  semi-circumference. 

The  major  and  minor  arcs,  into  which  a  cir-  "        ' 

cumference  is  divided  by  a  chord,  are  said  to  be  conjugate  to  one 
another. 
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Symmetry 
on^T  ^i^'^^fy  Properties  of  circles  are  easily  proved  by 

Ten    "         .     '^r'*"^-    ^"^  ^''"^•'"'«°-  the'definition 
given   previonaly    is  here  repeated. 

Definition  L  A  figure  is  said  to  be  symmetrical  about . 
bne  when,  on  being  folded  about  that  Hne,  the  parts  of  the 
figure  on  each  side  of  it  can  be  brought  int^  coinddence 

The  straight  hne  is  called  an  axis  of  symmetry 

ouS™"  '■    ""*  ^^  '^  ^  ^^-^^^  '-  -d  P  a  point 


i 


ing'S  fil  m"^-  *°  ''' ''"''  "-^^  '*  ^  ^'  -'^- 

Then  if  the  figure  is  folded  about  AB,  the  point  P  may  be 
an^y;  T7t  *"'  '"  *''  '  ^""^  =  '""^  '  ^^« 

The  points  P  and  Q  are  said  to  he  symmetrically  opposite 
image  of  the  other  in  the  axis. 

on^Li,.^  ^"iCb'  ^rp".:^%r  «^"*''*»»'-  '-■"  -^^  po'-t 
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A  circle  is  symmetrical  about  any  diameter. 


Let  APBQ  be  a  circle  of  which  0  is  the  centre,  and  AB 
any  diameter. 

It  is  required  to  prove  that  the  circle  is  symmetrical  about 
AB.  ' 

Proof.  Let  OP  and  OQ  be  two  radii  making  any  equal 
A  AOP,  AOQ  on  opposite  sides  of  OA. 

Then  if  the  figure  is  folded  about  AB,  OP  may  be  made  to 
fall  along  OQ,  since  the  Z  AOP  =  the  /.  AOQ. 

And  thus  P  will  coincide  with  Q,  since  OP  =  OQ. 

Thus  everj-  point  in  the  arc  APB  must  coincide  with  some 
point  in  the  arc  AQB;  that  is,  the  two  parts  of  the  circum- 
ference on  each  side  of  AB  can  be  made  to  coincide. 
.•.  the  circle  is  symmetrical  about  the  diameter  AB. 

Corollary.  If  PQ  is  drawn  cutting  AB  at  M,  then  on 
folding  the  figure  about  AB,  since  P  falls  on  Q,  MP  will 
coincide  with  MQ, 

.:  MP  =  MQ; 
and  the  Z  OMP  will  coincide  with  the  Z  OMQ ; 
.'.  these  angles,  being  adjacent,  are  rt.  A  ; 
/.   the  points  P  and  Q  are  symmetrically  opposite  with 
regard  to  AB. 

Hence,  conversely,  if  a  circle  passes  thro^^gh  a  given  point  P, 
it  also  p<isses  through  the  symmetrieaUy  opposite  point  with  re- 
gard to  any  diameter. 
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SOME  PROPERTIES  OP  EQUAL  CIRCLES 

The  student  should  prove  for  himself  the  foUowinK  DroDcr- 

t.es  of  equal  circles.    A,  B,  D,  and  E  may  readily  be  proven 

by  superposition,  while  C  is  a  simple  exercise  on  Theorem  7. 

A.     In  equal  circles  angles  at  the  centre  which  stami  on  equal 
arcs  are  equal. 

A  D 


B.  In  equal  circles  arcs  which  subtend  equal  angles  at  the 
centre  are  eqtuil. 

C.  /n  equal  circles  arcs  which  are  cut  off  by  eaual  chords 
arc  equal,  the  major  arc  to  the  mrjor  and  the  minor  arc  to  the 
minor. 

(o)  Prove  ^  BOC  = 

/  EGF,  Th.  7. 
(6)  Hence  arc  BC  = 

arc  EF,  Th.  2. 


D.    In  equ,a  circles  chords  whi-h  cut  off  equM  arcs  are  equal. 

E     In  equal  circles  sectors  (see  Def.  p.  161)  which  have  equal 
nglcs  are  equal. 

Note.    State  and  prove  these  properties  for  the  same  circle. 
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ON  CHORDS 
Theorem  34.    [Euclid  III.  3] 

//  a  straight  line  drawn  from  the  centre  of  a  circle  bisects  a 
chord  which  does  not  pass  through  the  centre,  it  cuts  the  chord  at 
right  angles. 

Conversely,  if  it  cuts  the  chord  at  right  angles,  it  bisects  it. 


Proof. 


because 


Let  ABC  be  a  circle  whose  centre  is  0;  and  let  OD  bisect 
a  chord  AB  which  does  not  pass  through  the  centre. 
It  is  required  to  prove  that  OD  is  perp.  to  AB. 
Join  OA,  OB. 
Then  in  the  ▲  ADO,  BDO, 
AD  =  BD,  by  hypothesis, 
OD  is  common, 
and  OA  =  OB,  being  radii  of  the  circle; 
.-.  the  Z  ADO  =  the  Z  BDO,  Them.  7. 

and  these  are  adjacent  angles; 
.•.  OD  is  perp.  to  AB. 
Conversely.    Let  OD  be  perp.  to  the  chord  AB. 
It  is  required  to  prove  that  OD  bisects  AB. 
Pioof.  In  the  A  ODA,  ODB, 

the  A  ODA ,  ODB  are  right  angles, 

the  hypotenuse  OA  =  the  hypotenuse  OB, 

and  OD  is  common ; 

.-.  DA  ^  DB,  Thmr.  IS. 

that  is,  OD  bisects  AB  at  D.  q.b.d. 


Q.E.D. 


because 
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Corollary  1.     The  straight  line  which  bisects  a  chord  at 
right  angles  passes  through  the  centre. 

Corollary  2.    A  straight  line  cannot  meet  a  circle  at  more 
than  two  points. 

For   suppose   a   st.    line    meets    a  q 

firele  whose  centre  is  0  at  the  points 
A  and  B. 

Draw  OCperp.  toAB. 
Then  AC  =  CB.  A        t         b  — 6 

Now  if  the  circle  wen?  to  cut  AB  in  a  third  point  I).  AC 
would  also  !»  equal  to  CD,  which  is  impossible. 

Corollary  3.    A  chord  of  a  circle  lies  wholly  within  it. 

EXERCISES 

(Numerical  and  Graphical) 
1.     In  the  figure  of  Theorem  M.  it  AB  =  S  em.,  and  OD  =  ;! 
cm.,  find  OB.     Draw  the  Hgure,  and  verify  your  result  by  measure- 
ment. 

r„  ^'     *^"[<"''»*«  "■«  'ei^th  of  a  chord  which  stands  at  a  distance 
o    from  the  centre  of  a  circle  whose  radius  is  13". 

3.  In  a  circle  of  1"  radius  draw  two  chords  1.6"  and  1-2"  in 
length.     Calculate  and  measure  the  distance  of  each  from  the  centre. 

4.  Draw  a  circle  whose  diameter  is  80  em.  and  place  in  it  a 
chord  60  cm.  in  length.  Calculate  to  the  nearest  millimetre  the 
distance  of  the  chord  from  the  centre:  and  verify  vour  result  bv 
measurement. 

a.  Find  the  distance  from  the  centre  to  a  chord  .'5  ft.  10  in  in 
length  m  a  circle  whose  diameter  is  2  yds.  2  in.  Verify  the  result 
graphically  by  drawing  a  figure  in  which  1  cm.  represents  10". 

6.  ^B  is  a  chord  2-4"  long  in  a  circle  whose  centre  i.'i  O  and 
whose  radius  i»  13";   find  the  area  of  the  triangle  OAB  in  square 

7.  Two  points  f  and  Q  are  3"  apart.  Draw  a  Hrcle  with  radius 
1-7  to  pass  through  P  and  Q.  Calculate  the  distance  of  its  centre 
from  the  chord  PQ,  and  verify  by  measurement. 
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Theorem  35 


One  circle,  and  only  one,  can  pass  through  any  three  pmntn 
not  in  the  same  atraiyht  line. 


Let  A,  B,  C  be  three  points  not  in  the  same  struinht  Hue, 
It  is  required  to  prove  that  one  circle,  and  only  one,  can  pasn 
through  A,  B,  and  C. 

Join  AB,  BC. 

Let  AB  and  BC  be  bisected  at  right  angles  by  the  linci 
DF,  EG. 

Then  since  AB  and  BC  are  not  in  the  same  st.  line,  DF  and 
EG  are  not  par". 

Let  DF  and  EG  meet  in  0. 
Proof.    Because  DF  bisects  AB  at  right  angles, 
.-.  every  point  on  DF  is  equidistant  from  A  and  B. 

Proh.  14. 

Similarly  every  point  on  EG  is  equidistant  from  B  and  C. 

.".  0,  the  only  point  common  to  DF  and  EG,  is  equidistant 

from  A,  B,  and  C: 

and  there  is  no  other  point  equidistant  from  A,  B, and  C. 

.-.  a  circle  having  its  centre  at  O  and  radius  OA  will  past. 

through  B  and  C;  and  this  is  the  only  circle  which  will  pass 

through  the  three  given  points.  «.e.d. 
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<V.lJoLi,Al(V  I.  Thv  ..Uc  ami  ,«mili,m  nf  a  nrclv  an-  full,, 
MrM  ,f  three  of  it.  ,.,„nls  are  l.n,.,.n ;  f„r  .hon  tl.o  \J. 
tion  of  the  fontn-  uml  length  of  the  .adiuH  can  Ih^  fo,„„|. 

CoROLLARV  2.  Two  circlex  cannot  cut  one  another  in  more 
than  twopomU  loUhoul  coinciding  entirely;  for  if  thev  c.t  at 
three  pomtn  they  woul.l  have  the  .ame  centre  and  radius 

Hypothetical  Constriction.     From  Theorem  35  //  „„. 
pear,  thai  we  may  suppose  a  circle  to  be  drawn  thnmgh  any  three 
points  not  in  the  same  straight  line. 
Thus,  one  circle  passes  through  the  vertices  of  any  triangle 
Definition.     The  oirrlo  parsing  through  the  vertices  of 
atnangle  .«  said  to  he  circumscribed  ahout  the  triangle 
The  circle,  its  centre,  and  its  radius  are  ,.alle,l  the  drcum- 
circle.the  c.rcum-centre,  and  the  circum-radiusof  the  triangle. 

EXERCISES   ON   THEOREMS  ^  AND  35 

( Theoretical) 

1.  Th*)  parts  of  a  straight  line  intercepted  between  the  cimnm 
ferences  of  two  concentric  circles  are  equal. 

2.  Two  circles,  whose  centres  are  at  A  and  B,  intersect  at  C 

?W  and  RU  ""'■'"'1.'"*'  •"'"'  "'  ""'  "•"""«'"  ohord.     Cw  ,hli 
A  .W  and  BM  are  in  the  same  straight  line 

Jenee  pro^  ,„a,  ,ke  line  „f  centre.  Used,  the  co.nn,„„  chorU  a,  n„ht 

4.£^^^i:::„x^n^^-:-;;-^-- 

when  IS  this  impossible? 
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•Theorem  :»«.     |Kii<li(l  111.  <)| 

If  /ram  a  point  within  a  circle  mure  than  two  e^ual  utraight 
linen  can  be  draum  to  the  circumference,  that  point  in  the  centre 
if  the  circle. 


Ix!t  ABC  he  a  circle,  and  O  a  point  within  it  from  which 
niore  than  two  equal  «t.  linep  are  drawn  to  the  O",  naniclv 
OA ,  OB,  OC. 

It  is  required  to  prove  that  0  is  the  centre  of  the  circle  ABC. 

Join  AB,  BC. 
liCt  D  and  E  he  the  middle  points  of  AB  and  BC  n- 
H|)ectively. 

Join  no,  OE. 

Proof.  In  the  ▲  ODA,  ODB, 

I        DA  =  DB, 
because  i         DO  is  common, 

[and  OA  =  OB,  by  hypothesis; 
.-.  the  /  ODA  =  the  Z  ODB;       Thenr.  7. 
.'.  these  angles,  bcinK  adjacent,  are  rt.  4 . 

Hence  DO  bisects  the  chord  AB  tA  riRht  angles,  and  there- 
fore passes  through  the  centre.  Thew.  34,  Cor.  1. 

Similarly  it  may  be  shewn  that  EO  passes  through  the 
centre. 

.•.  0,  which  is  the  only  point  common  to  DO  and  EO,  must 
be  the  centre.  q.e.d. 
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KXKHCISKS   (»N    CHORDS 

{Xiimrnrnl  nnil  (hniihirnl) 

,  J;     :J^  *"''  "''  T  """"  "'  "K'-t  BnKl.,.,  and  their  length,  an. 
«      71     «  Tr;'""'*-     "^''*">'"'irrl"  through  the  point- .4 
H.  un.l  (■;   find  th,.  l.mgth  of  i„  radius,  and  vmfv  your  re.ult    ,y 
meaiiun-inent.  "   ''  "  "■* 

2.  Draw  a  .in-le  in  which  a  ..hord  0  cm.  in  length  .tends  al  a 
di.tance  of  3  ,m.  from  the  centre. 

f'alculate  fto  the  „„ar..«t  millimetr,.)  the  lenRll,  of  the  radius 
and  verify  your  re.ult  hy    ii.a.urement. 

e..fal  to'T Adtf  ""  "  '"""*"""■  "'  **  '""•■  ■""•  •'""■•' '"  "  "  '•'-" 
Calculate  (to  the  nearest  millimetr..)  the  distance  of  the  ehoni 

from  the  centre,  and  verify  hy  measun.ment. 

-1.     Two  circles,  whose  radii  are  re«p..ctivcly  2«  inches  and  2", 

r^e'Crnirce-nZr  '^'"'•'"■""  '  "'•'  -"'■  '""  ""' 
mea^^rLtt."'""'  '"""  '  '""•  '"  ''"^^  """  '""''  '""^  "«""  ">■ 
:..  Two  parallel  chords  of  o  circle  whow  diameter  i.  13"  are  n- 
s[H,.t.veIy  5"  and  12"  in  length;  shew  that  the  di.tanoe  between 
them  IS  either  8-5"  or  3.,'j".  "•'iwoen 

0^  Two  parallel  chords  of  a  circle  on  the  wme  side  of  the  centre 
are  6  ..m^and  8  cm.  in  length  respectively,  and  the  perpendicular 
distance  between  them  is  1  em.     OalcuUte  and  measuVe  the  radius 

( Theoretical) 

7  The  line  joining  tl.e  middle  point,  of  two  parallel  chords  of  a 
circile  passes  through  the  centre. 

8.  Find  the  locu,  of  the  middle  points  of  paraUel  chord,  in  a  Hrcle. 

9.  Two  interwwting  chords  of  a  circle  cannot  bisect  each  other 
unl(.8s  each  is  a  diameter. 

10.  If  a  parallelogram  can  he  inscribed  in  a  circle,  the  point  of 
inter«»tion  of  its  diagonals  must  be  at  the  centre  of  the  circle. 

11.  Shew  that  rectangles  are  the  only  parallelogram.,  ihat  can 
be  inscribed  m  a  circle. 
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Thwhikm  :!7.     |Kii('lj<|  111.   14| 
k'qual  chorHn  of  a  circle  are  rquitlinlnnl  fritm  Ihe  centre. 
Convertrly,  chords  vhich  are  equUUHtanl  from  Ihe  centre  are 
riiuai. 


Proof. 


I^t  AB,CDhe  chortlH  of  u  lirclp  whone  centre  w  O,  niid  let 
OF,  00  be  perpendiculam  on  them  fmm  0. 
First.  LptAB'  CD. 

It  in  required  to  prove  that  ABandCI)  are  eqiMiMant  from  O. 
JoinOi4,OC. 
Because  OF  w  perp.  to  the  cliord  AB, 

:.  Of  bisects  .4  B;  Theor.  34. 

.-.  .4f  ishalf  of  ^B. 
Similarly  CO  is  half  of  CD. 
But,  by  hypothesis,  AB  =  CO, 
.:  AF  =  CO. 
Now  in  the  A  Of /I,  OdC, 
the  A  OF  A,  OCC  are  right  anglen, 
the  hypotenuse  OA  =  the  hyiiotenuse  OC, 
and  .4f  =  CO; 
:.  the  triangles  are  equal  in  all  respects;  Theor.  18. 
so  that  OF  =  00; 
that  is,  AB  and  CD  are  equidistant  from  O. 

q.E.D. 


because 


Pa 
all 
an 

is : 

COI 

an( 
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Ix-cnuw 


7''"'/-.  18. 


Cm,,TM,ly.  1^,,  f,f.  ^  ,^^, 

It  II  leqiiimi  l„  ,,r„ir  il,„l    ,1 «  =  c/) 

an.?"- haJ;'ft;r  "  """  '"^ ''"  """  ^ '' '"  ""'f  "f  ^«. 

'I'lion  id  tfi(.  AOAM,  or.'C 
th<>  4  '>rA,()(;Cnron,il,ln,,„lf, 
•lu.  hyiM.tonus,.  0.1  .  ilH!,v,M.f'„Ms,.f>C, 
'  and  O^'  =  o, ,  ; 

.-.  Af      (■(;': 
•■■  flio.loiil.lrsof  1 1,,,, .,„,.,., |„„|. 

t lint  is,  ,1 'J       CI).  ,^,„ 

KXEIC-ISKS 
(  Tkmrrliciil) 

2      ufJn'iT'^  "V*"  "'"''"'■  """'"  "f''"'  ^l""'l'  "f  n  rirrh 
i-     ir  two  (-hordu  of  a  c  pch.  cut  nn..  ...  ,i,  i 

:ni::r.',z;:t':^;  ■'»  i'-  ■=  «■-  =™r 
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Theorem  :«8.    [Euclid  III.  15] 


0/  any  two  chords  of  a  circle,  thai  which  w  nearer  to  the  centre 
is  greater  than  one  mare  re-mole. 

Conversely,  the  greater  of  two  chorda  is  nearer  to  the  centre 
than  the  less. 


Let  AB,  CD  be  chords  of  a'circle  whose  centre  is  0,  and  let 
OF,  OG  be  perpendiculars  on  them  from  0. 
It  is  required  to  prove  that 

(i)  if  OF  is  less  than  00,  then  AB  is  greater  than  CD  ; 
(ii)  ifAB  is  greater  than  CD,  then  (:!■   s  less  than  OG. 
Join  OA,  OC. 

Proof.    Because  OF  is  perp.  to  the  chord  AB, 
.:  OF  bisects  A  B  ; 
.:  Af  is  half  of  A  B. 
Similarly  CO  is  half  of  CD. 

Now  OA  =  OC; 
:.  the  sq.  on  OA  =  the  sq.  on  OC. 

But  since  the  Z  OFA  is  a  rt.  angle, 
.-.  the  sq.  on  OA  =  the  sqq.  on  OF,  FA. 

Similarly  the  sq.  on  OC  =  the  sqq.  on  OG,  GC. 
.:  the  sqq.  on  OF,  FA  =  the  sqq.  on  OG,  GC. 
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(i)  Hence  if  OF  is  given  less  than  (Ul, 

the  »(i.  on  OF  is  leas  than  the  sq.  on  <)(!. 

:.  the  sq.  on  FA  is  greater  than  the  sq.  on  UC; 

:.  FA  is  greater  than  CC ; 

.:  AB  ia  greater  than  CI). 

(ii)  But  if  AB  is  given  greater  than  CD, 
that  is,  if  FA  is  greater  than  OC; 
then  the  sq.  on  FA  is  greater  than  the  sq.  on  (IC. 
.:  the  sq.  on  OF  is  less  than  the  sq.  on  00; 

.:  OF  is  less  than  00.  q.e.d. 

Corollary.     The  greatest  chord  in  a  circle  is  a  diameter. 


EXERCISES 
{Miscdlaneous) 

1.  Through  a  given  point  within  a  circle  draw  the  least  possible 
chord. 

2.  Draw  a  triangle  XBCinwhicho  =  3-.5",6  =  h2",c  =  3-7". 
Through  the  ends  of  the  side  a  draw  a  circle  with  its  centre  on  the 
side  c.     Calculate  and  measure  the  radius. 

3.  Draw  the  cireum-eircle  of  a  triangle  whose  sides  are  2(i", 
2-8",  and  30".     Measun'  its  radius. 

4.  /IB  is  a  fixed  chord  of  a  circle,  and  XV  any  Jther  chord 
having  its  middle  point  Z  on  AB;  what  is  the  greatest,  and  what 
the  least  length  that  .XY  may  have? 

Shew  that  XY  increases,  as  Z  approaches  the  middle  point  of 
AB. 

3.  Describe  the  change  of  direction  of  the  chord  XY  (in  Ex.  4) 
as  Z  moves  from  one  end  of  AB  to  its  middle  point. 

(i.  What  direction  does  XY  take  when  Z  reaches  the  middle 
point  of  .4B  ? 

7.   Consider  the  position  of  .YK  when  Z  gets  very  near  to  A. 
Note.     For  exercises  on  Theorems  IM-.IS.  see  pag.>  KK). 
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UN   AN(;i.ES   IN   SIXI.MKNTS,   AND  ANdLES  AT 

THK  CENTRES  AND  CIRCUMFEKENCES 

OF  CIRCLES 

Theorem  39.     [Fkclid  III.  20] 

The  angle  nl  the  centre  n{  a  circle  in  iloiible  of  an  angle  at  the 
circumference  xtan/iing  on  the  name  arc. 


Fig.  I. 


Fif-a. 


;i? 


Lot  ABC  bo  a  circle,  of  which  O  is  the  centre  ;   and  let 
BOC  he  the  angle  at  the  centre,  and  BAC  an  angle  at  tlie 
O"  standing  on  the  same  arc  BC. 
It  i.t  required  to  prove  that  the  I.  BOC  is  tmee  the  Z  BAC. 

.Join  .40,  and  produce  it  to  D. 

Proof.         In  the  A  0,1  B,  because  Oft  =  0.1, 

.-.  the  Z  OAB  =  the  Z  OB  A. 

.:  ihe  sum  of  the  A  OAB.  OBA  =  twic>  the  Z  OAB. 

But  the  ext.  Z  BOD  =  the  sum  of  the  A  OAB.  OBA; 

.:  the  Z  BOD  =  twice  the  Z  OAB. 
Similarly  the  Z  DOC  =  twice  the  Z  OAC. 
.". ,  .adding  these  results  in  Fig.  1,  and  taking  the  difference 
in  Fig.  2,  It  follows  in  each  case  that 

the  Z  BOC  =  twice  the  Z  BAC.  q.e.d. 


ANOLK   I'UOl'EK'nis 
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CMMiference,  as  ,n  FIr.  3,  the  Z  fiOC  at  the  centre  isL 

ciiemnference.asin  Fib.  4  the  Z  Hrtruf  fi,         .     ■ 
Rut  ti,„  „„     f  <•     r.-  "^  "''  *"'  eentre  is  reflex. 

But  the^proof  for  F.g.  1  appUes  without  ehanRo  to  In.th  thes, 
cases  shewn,  that  whether  the  Riven  are  is  greate  than 
equal  to,  or  less  than  a  senn-eircumferonee,  ' 

the  Z  BOC  =  twice  the  Z  BAC,  on  the  same  arc  HEC. 

DEFINITIONS 
A  segment  of  a  drele  is  the  fiRu,..  l,oun,le,l 
by  a  chord  an,l  one  of  the  two  arcs  into  which 
the  chord  divides  the  circumference. 

calL°  its  bL":  "'""''  "'  "  ^''^'"™'  '^  -""■'-- 

An  angle  in  a  segment  is  one  formed  hv  two 
"traiKht  Imes  drawn  from  any  point  in  the  arc 
of  the  segment  to  the  extremities  of  its  chord        ^-^ v 

VVe  have  seen  in  Theoren,  35  that  a  circle  mav  he  dr.wn 
through  any  three  points  not  in  a  straight  line."  But  it  is 
only  umler  certain  conditions  that  a  circle  can  he  ,lrawn 
through  more  than  three  points. 

Defimtion-.  If  fonr  „r  more  points  an-  so  place.l  that  a 
eir.lc  may  bo  drawn  through  them,  they  are  said  to  be 
concyclic. 
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EXERCISES 

{Miscellaneous) 

1.  All  circles  which  /mas  through  a  fixed  poiiU.  and  have  their 
centres  on  a  given  straiqhl  line,  pass  also  through  a  second  fixed  jwinl. 

2.  If  two  cirri-  which  intersect  am  cut  by  a  straight  line 
parallel  to  the  common  chord,  shew  that  the  parts  of  it  intercepteU 
between  the  circumferences  are  equal. 

3.  If  two  circles  cut  one  another,  any  two  parallel  straight  lines 
drawn  through  the  points  of  interaeotion  to  cut  the  circles  are  equal. 

4.  If  two  circles  cut  one  another,  any  two  straight  lines  drawn 
through  a  point  of  section,  making  equal  angles  with  the  common 
chord,  and  terminated  by  the  circumferences,  are  equal. 

.').  Two  circles  of  diameters  74  and  40  inches  have  a  common 
chord  2  feet  in  lenitth ;  And  the  distance  between  their  centres. 

(i.  Draw  two  circles  of  radii  10"  and  1-7",  and  with  their  centres 
2- 1"  apart.  Find  by  calculation,  and  by  measurement,  the  length 
of  the  common  chord,  and  its  distance  from  the  two  centres. 

7.  Find  the  greatest  and  least  straight  Unes  which  have  one  ex- 
tremity on  each  of  two  given  non-intersecting  circles. 

X.  If  from  any  point  on  the  circumference  of  a  circle  straight 
lines  ai«  dr»wn  to  the  circumference,  the  greatest  is  that  which 
passes  through  the  centre ;  and  of  any  two  such  lines  the  greater 
is  that  which  subtends  the  greater  angle  at  the  centre. 

9.  Of  all  straight  lines  drawn  through  a  point  of  intersection  of 
t  wo  circles  and  terminated  by  the  circumferences,  the  greatest  is  that 
which  is  parallel  to  the  line  of  centres. 

10.  //  from  any  internal  point,  not  the  centre,  straight  Unes  arc 
drawn  to  Ike  circumference  of  a  circle,  then  the  greatest  is  that  which 
passes  through  the  centre,  and  the  least  is  the  remaining  part  of  that 
diameter;  and  of  nni/  other  two  such  lines  ihe  greater  is  that  which 
subtends  the  ynnter  angle  at  the  centre. 

11.  If  from  any  external  point  straight  lines  arc  drawn  to  the 
circumfe'encc  of  a  circle,  the  greatest  is  that  which  passes  through  the 
centre,  and  the  least  is  that  which  when  produced  passes  through  the 
centre;  and  of  any  other  two  such  lines,  the  greater  is  that  which  sub- 
tends the  greater  angle  at  the  centre. 


1. 


ANCiLK  I'KOPKKTlKs 
EXERCISK8   ON    THEOREM   39 
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/',  li.  Q  ar«  eollincar.  '"''" '  "'"■*  "™'  'he  points 

"f  the  base.  '  P"""™  "'roueh  the  middle  point 

"■     Circles  descril>ed  on  anv  two  siiies  of  „  f^.„  i 
.nte^eet  on  the  third  side,  or  ihe  third  li-^iLdn^?^"  "^        "<"«- 

rulers  p^a::^^'^^  a"' t'To'T'"  "'^  "-'--"  '^  ^^^^t 
middle  point.  ^       "'  """  ""'"'«.'  ■    «""  'he  locus  of  its 


DEFmmoN.  Asector„fa,.ir,.l,.isafigu«. 
.ounded  hy  two  n.dii  and  the  ar.  intereept«d 
iM-tween  them.  ' 


'<y 
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Theohem  40.     [Euclul  III.  21] 
Angle.1  in  the  same  aegment  oj  a  circle  are  equal. 


Pig.  I. 


Fie- 3. 


Ix't  BAC,  BIX'  lie  unglcH  in  the  same  sognient  liADC  of  a 
circle,  whose  centre  Is  O. 

/(  is  required  to  prove  thai  the  i.  BAC  =  the  L  BDC. 

Join  BO,  OC. 

Proof.     Because  the    Z  BOC  is  at  the  centre,  and  the 
Z  BAC  at  the  O",  standing  on  the  same  arc  BC, 

.:  the  /  BOC  =  twice  tlie  Z  BAC.  Them.  39. 

Similarly  the  Z  BOC  =  twice  the  Z  BDC. 

':.  the  I  BAC  =  the  Z  BOC.  q.e.d. 


Note.  The  given  soginent  may  be  Krcater  than  a  Bemi-circic  as 
in  Kig.  1.  or  less  than  a  s«»mi-circlt)  as  in  Kic.  2 ;  in  the  latter  case  the 
an^le  BOC  will  be  reflex.  But  !>>■  virtue  of  the  extension  of  Theorem 
',^  given  on  pa^  159,  the  above  proof  applies  equally  to  boll) 
figures. 


AK'OLK  i'ltOI'KKTIKS 
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C0NVEK8E  OK  THEOREM  40 
Jjuoi  anglt,  mn,li„g  on  Ihv  mme  ha<,e.  nn,l  on  Ihr  ,„,ne  Me  of  il 

c^7J         ' "" "" "" "' "  '"■'''•  "-^  "'*''*  ""■ »"""  *««  '■"*« 

Ixit  HAC,  line  1m.  two  oqual  angles  standiiiu 
on  tho  samo  baw  «f '.  and  on  the  same  side  of  it. 

II  is  required  to  prove  thai  A  and  I)  lie  on  an  arc 
of  a  circle  having  BC  aa  ila  chord. 

Let  ABC  he  the  eirele  which  passes  through 

nn        o^""'"'"  ''•«•'":    and  ""PPose  it  euts 
aw  or  BD  produced  at  the  point  E. 

Join  EC. 

Proof.     Then  the  Z  HAC  =  ,h<.  ^  BBC  in  the  same  segment 

But,  by  hypothesis,  th.^  ^  BAC  =  the  Z  «at'; 

.-.  the  Z  B£("  >  the  Z  ««f,'; 

whicli  is  impossible  unless  E  coincides  with  D ; 

.-.  the  circle  tlTorgh  B.  A.  C  must  pass  through  O. 

...me  «*  0/  a  g^.en  haae.  and  uHlh  equal  vertical  anllea.  ia  ar^arcj/a 


EXERCISES  ON   THEOREM   40 

in  L  h'"f  If  '•  V*"'  *"^'"  ""^  '"  ^■*°-  ""•>  "■'■  number  of  degrees 
m  each  of  the  angles  BAC,  BOC.  OBC.  "Agrees 

-  !n»  '"  Ifu  ^'  '",  *^  ""*"  '■'■^  '"'*■'•''«•'  at  -V-  If  the  angle  DXC 
Tn.?  •  ""^ 'he  angle  .vro  =  25°,  find  the  number  of  de^s  in  fhe 
angle  BAC  and  m  the  reflex  angle  BOC.  "egrees  m  tne 

li2'\nl",V^'  '■  K  •''- "nifl-x  ^BD.  BCD  are  respectively  43°  and 
W  .  find  the  number  of  degree,  in  the  angles  BAC,  OBD  OCD 

angle  ^Xt^^hf  L^l^  ''^'  ''"'  '"  "'--  '^  *"-  '"« 
IFor  further  E.wrcises  on  Theorem  40  .s,,.  page  IWi.l 
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Theorkm  41.    (Euclid  III.  22] 

Tls  oppotite  angles  of  any  quadrilateral  inscribed  in  a  circle 
are  together  equal  to  two  right  angles. 


Let  ABCD  be  a  quadrilatcrul  inxcribed  in  the  O  ABC. 
It  is  required  to  prove  that 

(i)  the  A  ADC,  ABC  together  =  two  rl.  angles. 
(ii)  the  A  BAD,  BCb  together  =  two  rt.  angles. 
Suppose  0  is  the  centre  of  the  circle. 

JoinO^,  OC. 
Proof.    Since  the  /  ADC  at  the  0°*  =  half  the  Z  AtX" 
at  the  centre,  standing  on  the  same  arc  ABC  ; 
and  the  Z  ABC  at  the  O"  =  half  the  reflex  Z  AOC  at  the 
centre,  standing  on  the  same  arc  ADC  ; 
.:  the  A  ADC,  ABC  together  =  half  the  sum  of  the  Z  AOC 
and  the  reflex  Z  AOC. 
But  the  latter  angles  make  up  four  rt.  angles. 

.•.  the  A  ADC,  ABC  together  =  two  rt.  angles. 
Similarly  the  A  BAD,  BCD  together  =  two  rt.  angles. 

q.E.D. 
Note.     The  results  of  Theorems  40  and  41  should  be  carefully 
compared.    From  Theorem  40  we  learn  that  angles  in  the  .samp  .n-g- 
ment  are  equal.     Prom  Theorem  41  we  learn  that  angles  in  conju- 
gate segments  are  supplementary. 

Definition.     A  quadrilateral  is  called  cyclic  when  a  circle 
can  1k^  drawn  through  its  four  vertices. 


AXOLK    I'ROPKItTIKH 
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CONVERSE  OP  THEOREM  41 

Let  ABva  fx-  n  quadrilBtfral  in  whieh  Ih.. 
oppo»,te  angle,  at  H  and  «  are  supplementary 

'I  "  required  ta  prove  (Hal  Ihenoinh  i    B  C   l] 
art  concyclic.  ..>,#/ 

U-t  ^«r  be  the  eircle  which  pa».,es  thn.uKh 
t he  .hr<.e  po.nt,   4.  H.  C :   and  supp„.„.  it  Z. 
A  Dor  A  b  produced  in  the  point  E. 
Join  EC. 

""""'  ■   ihJ^ZEr""  ;!.'"'*'  '■:  "  '■"''■  ""'"'"'•'teral, 
■  ■  ttie  ^  AE<  i^  the  supplement  of  the  z    !«(• 

But.  by  hypothesis  the^Z  AOC  is  the  supplement  of  the'  /  .1 OC ; 
•  the  Z  A  EC  =  the  Z  .IWr- 
which  18  impo«.ible  unless  E  coincides  with  W 
•■•  ""'  "'""*'  "h'^hPa^"  throuifh  ^,  «,  r  must  pass  through  D- 
that  IS,  4,  B,  r,  />  are  co„,.yclic.  ,  "."' 


EXERCISES   ON   THEOREM   41 

I.  In  a  circle  of  Id"  radius  inscribe  a  quadrilateral  4  «/••/. 
making  the  angle  ABC  equal  to  I2fi°  „"""■"""''' ™  AB(  I). 
angles,  and  hence  verify  i^tht  case  fha,  1  T  ""l  """"""''"-' 
plementary.  ^"^  opposite  angles  are  sup- 

2  Prove  Theorem  41  l.y  the  aid  of  Theorems  40  and  l.i  .r... 
first  jommg  the  opposite  vertices  of  „,.,  quudrilaterai  ' 

pa^.ei:u:'mu:tX  ,::.:t;^-"  ■"»'"  ^  ''''"""•'~  "•<■ 
Has^  Br^iiTti:^:  ;r':^'trr'  ^L^t^trr""  •"""■ 

fl.  C.  X.  y  he  on  a  circle.  '  '^"^  '""""  P"""" 

^ngle  .  e„ual  ,0  ,h.  o,„>o>Ue  inUri.r  „n,jlc  0/  ihe  ..^^LZl 
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EXEKCIME8  UN   ANULGH   IN'   A   CIHCLE 

1.  /•  in  any  ptiint  mi  the  an'  irf  a  Mitnivnt  of  which  AH  in  llui 
c'huni ;  iihow  that  thu  Hum  of  thi>  anglex  I' A  H,  I' HA  i»  constant. 

2.  /"V  and  HS  an'  two  chonlH  of  a  circli'  int«nHW'tiiiK  at  .Y ; 
prove  that  the  trianglvii  I'XS,  HXQ  arv  cquianitular  to  ono  auothiT. 

.'1.  Two  xircltiH  intcriHM-t  at  .1  and  H;  and  through  A  any 
Htraight  lini'  HAQ  in  drawn  tcrminatiKl  l>.v  the  ciroumrcnmci'ii ; 
■hew  that  l\J  sulitcnds  a  conittant  angle  at  U. 

4.  Two  cireUw  inturiwct  at  A  and  H ;  and  through  A  any  two 
straight  lini'B  I'AQ,  XAY  arc  drawn  ti'rminuti'd  l).v  the  circunifci^ 
i'ni-c»;   »hcw  that  the  ari'S  I'X,  QY  nubtcnd  equal  angles  at  H. 

a.  I'  in  any  point  on  the  arc  of  a  segment  whose  ehoril  is  All; 
and  the  angles  I' AH,  PHA  are  bise<!te<l  by  straight  lines  which 
intersect  at  O.     Find  the  locus  of  the  point  O, 

6.  //  A  H  in  a  fixed  chord  »/  a  cirdf  niut  /*  any  jmint  on  one  of  the 
area  rut  off  by  it,  then  the  biaeelor  of  the  nnglr  A  I'H  riita  the  canjuualc 
arc  in  the  same  itoint  for  all  fjonUions  of  /'. 

7.  AH,  AC  an>  any  two  lUiords  of  a  circle;  and  /',  Q  ttn>  the 
middle  points  of  the  minor  an-s  cut  off  by  them ;  if  IIJ  is  joined, 
cutting  AH  in  X  and  AC  in  Y,  shew  that  AX  -  AY. 

8.  A  triangle  A  HC  is  inscrilH>d  in  a  cinde,  and  the  bisectors  of 
the  angles  meet  the  circumference  at  A',  >',  Z.  Shew  that  the  angles 
of  the  triangle  X  YZ  are  re«p«ctively 


!)0°- 


.1 


00°-^. 


dO" 


B.  Two  circles  intersect  at  .1  and  H;  and  through  these  |ioinls 
lines  are  drawn  from  any  point  /'  on  the  circumference  of  one  of  the 
circles;  shew  that  v/hen  produced  they  intercept  on  the  other  cir- 
cumference an  arc  wnich  is  constant  for  all  positions  of  P, 

10.  The  straight  lines  which  join  the  extremities  of  parallel 
chords  in  a  circle  (i)  towards  the  same  parts,  (ii)  towards  opposite 
parts,  are  equal. 


KXEUrrsKH  ()\  ANfii.Ks  r\  A  riKri.K 


10 


!)< 


II      Tl.rcMiKh  .l.„,Hm,i„fi„i.r«Hi„iic,i  l»„,..|iiul.inl,.   .». 


Is 


12      Thn.UKl,  Ih-  |M>i„t«  .,f  i r».,Mi.,n  „f  iw.,  ,.iH..»  tw,  „unill..| 

"tr..*  ht  l,n..«  an.  dmwn  ...rmin.t,.,!  by  ,h..  ..ir.-uml>JulJ    ThJ^^ 

Xtrrr  ""•■^'^ "  ' '"•^'"■"'" ''^-^'  ^ 

la.     Twi.  (Kiiial  .•ir.-l..»  inli.rwK't  at  A  and  « •  an.l  flii....,„h  j 

1  ■  ''*;  ''"'"J*  '"  '""»'<'l""  triaiiKl..  in«-rilM.,|  i„  a  circle  „,w|  ,h,. 
l.H«.t.,r,  of  ih..  .»»..  anKl..«  „,.,.,  th..  .•ir..umr.„.„?.„  „,  A"  and  K 
Shew  that  th.,  figure  HXA  Vr  must  have  f..ur  of  its  „L,^Zt.  ' 
W  hat  re  ation  mu-t  »ul.Hi«t  amonR  the  angles  of  the  trianeh- 
AH(.,„  onler  that  the  figun.  HXAYC  may  he  equilaterll'    ^ 

'^   hcfoo,  o/  he  ,H.r,H;Me,.l„r  U, /alt  fro,,,  „„,■  rerle.  on  at  „JJ^, 
..*;   .Ap„.  ,/,„/  the  four  ^nt.  I',  Q.  ft.  A"  are  coHcjctu-       " 
ISee  page  «i4,  Ex.  2;   also  Proh.  10,  p.  83.1 

..■  ill'  ,  "'!'""  /"■"""'"■"''  ""■"■«'■ '»  «*<■"•  '*"'  Ike  middle  ,,„,„„  „/,/„, 

*.  „/  „  ,r,,,agle  „„rf  Me  feet  of  the  ,.r,.ndic,.l„r.  let  fait  /  „, T 
rrrttces  o«  Me  op,MMe  Me,,  are  roHeyelir. 

18^     If  a  »..rie8  of  triangles  are  di^wn  standing  on  a  fixed  1ms.. 

^.Ttical  angl,.s  all  pass  through  a  fixed  point. 

19.     AHC  h  a  triangle  inscribed  in  a  circle   and  *■  th„  mi,i,ii 
.Hnnt  of  the  a«,  subtended  by  BC  on  the  ^de  remote  f^t  J      if 
.rough  Es.  diameter  «0  is  d™wn.  shew  that  the  In^te  O^.-l    I 
iMir  the  diff..renoe  of  the  angles  at  B  and  C. 
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'I'ANOENCY 
DKFi.srnoNs  and  Kihst  I'hincipi.es 

1.  A  secant  of  a  ciii'lc  is  a  stiaiRht  line  of  indefinite 
length  which  cuts  the  ciicumfoience  at  two  points. 

2.  If  a  secant  moves  In  such  a  way  that  the  two  points 
in  which  it  cuts  the  circle  continually  approach  one  another, 
then  in  the  ultimate  position  when  these  two  points  Income 
one,  the  secant  becomes  a  tangent  to  the  circle,  and  is  said  to 
touch  it  at  the  point  at  which  the  two  intersections  coincide. 
This  point  is  called  the  point  of  contact. 

For  instance : 

(i)  Ijpt  a  secant  cut  the  circle  at  the  points  /' 
and  Q,  and  suppose  it  to  recede  from  the  centre, 
moving  so  as  to  be  always  parallf  1  to  its  original 
position;  then  the  two  points  P  xnd  Q  will 
clearly  approach  one  another  and  hnally  coin- 
cide. In  the  ultimate  position  when  P  and 
Q  become  one  point,  the  straight  line  be- 
comes a  tangent  to  the  circle  at  that  point. 

(ii)  Let  a  secant  cut  the  circle  at  the  points 
P  and  Q,  and  suppose  it  to  be  turned  about 
the  point  P  so  that  while  P  remains  fixed,  Q 
moves  on  the  circumference  nearer  and  nearer 
to  P.  Then  the  line  PQ  in  its  ultimate 
position,  when  Q  coincides  with  P,  is  a  tan- 
gent at  the  point  P. 

Since  a  secant  can  cut  a  circle  at  two  points  only,  it  is  clear 
that  a  tangent  can  have  only  one  point  in  common  with  the 
circumference,  namely  the  point  of  contact,  at  which  two 
points  of  section  coincide.  Hence  we  may  define  a  tangent 
as  follows  : 

3.  A  tangent  to  a  circle  is  a  straight  line  which  meets 
the  circumference  at  one  point  only  ;  and  though  produced 
indefinitely  does  not  cut  the  circumference. 


PiE.I. 


TAKr.;-\CY 


Fig.  2. 


Fijr.3. 


4.  Let  two  circles  intersect  (as  in  Fig.  1)  in  the  point- 
P  and  Q,  and  let  one  of  the  circles  turn  "abcat  the  point  P, 
which  remains  fixed,  in  such  a  way  that  Q  continually  ap- 
proaches P.  Then  in  the  ultimate  position,  when  Q  coincides 
with  P  (as  in  Figs.  2  and  3),  the  circles  are  said  to  touch  one 
another  at  P. 

Since  two  circles  cannot  intersect  in  more  than  two  points, 
two  circles  which  touch  one  another  cannot  have  more  than 
one  point  in  common,  namely  the  point  of  contact  at  which 
the  two  points  of  section  coincide.  Hence  circles  are  said  to 
touch  one  another  when  they  meet,  but  do  not  cut  one 
another. 

Note.  When  each  of  the  circles  which  meet  is  outMe  the  other, 
as  in  Fig.  2,  they  are  said  to  touch  one  another  externally,  or  to  have 
external  contact ;  when  one  of  the  circles  is  wUhin  the  other,  as  in 
Fig.  3,  the  first  is  said  to  touch  the  other  internally,  or  to  have  in- 
ternal contact  with  it. 

Inference  from  Definitions  2  and  4 
If  in  Fig.  1,  TQP  is  a  common  chord  of  two  circles  one 
of  which  is  made  to  turn  about  P,  then  when  Q  is  brought 
into  coincidence  with  P,  the  line  TP  passes  through  two  coin- 
cident points  on  each  circle,  as  in  Figs.  2  and  3,  and  therefore 
becomes  a  tangent  to  each  circle.    Hence 

Two  circles  which  touch  one  another  have  a  cmnmon  tangent  at 
their  point  of  contact. 
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Theoukm  42 

The  tangent  at  any  pninl  of  a  tirclc  is  perpendicular  to  the 
radius  drawn  to  the  point  of  conlncl. 


Let  PT  be  a  tanRent  at  the  point  P  to  u,  circle  whose  centre 
isO 

It  is  required  to  prove  that  PT  is  perpendicular  to  the  radius 
OP. 
Proof.      Take  any  point  Q  in  PT,  and  joi.i  OQ. 
Then  since  PT  is  a  tangent,  every  point  in  it  except  P  is 
outside  the  circle. 

.'.  OQ  is  greater  than  the  radius  OP. 

And  this  is  true  for  every  point  Q  in  PT  ; 

.■.  OP  is  the  shortest  distance  from  O  to  PT. 

Hence  OP  is  perp.  to  PT.     Theor.  12,  Cor.  1. 

Q.E.D. 

CoBOLLABT  1.  Since  there  can  be  only  one  perpendicular 
to  OP  at  the  point  P,  it  follows  that  one  and  only  one  tangent 
can  be  draton  to  a  circle  at  a  given  point  on  the  circumference. 

CoROLLABT  2.  Since  there  can  be  only  one  perpendicular 
to  PT  at  the  point  P,  it  follows  that  the  perpendicular  to' a 
tangent  at  its  point  of  contact  passes  through  the  centre. 

CoEOLLABT  3.  Since  there  can  be  only  one  perpendicular 
from  O  to  the  line  PT,  it  follows  that  the  radius  drawn  perpen- 
dicular to  the  tangent  passes  thrmigh  the  point  of  contact. 
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Two  tangents  can  he  drami  li,  a  circle  from  an  external  point. 


Let  PQR  be  a  oinlo  whase  centre  is  0,  anfl  let  T  Ix-  an 
external  point. 

It  is  required  to  prove  that  there  can  be  two  tangetitx  itrawn  to 
the  circle  from  T. 

Join  OT,  and  let  TSO  be  the  circle  on  OT  as  diameter 
This  circle  will  cut  the  O  PQR  in  two  points,  since  T  is 

without,  and  O  is  within,  the  O  PQR.    Let  P  and  Q  be  these 

points. 

Join  TP,  '^    ;  OP,  OQ. 

P*oof.    Now  each  of  the  ^  TPO,  TQO,  bein(?  in  a  semi- 
circle, is  a  rt.  angle  ; 

.-.    TP,  TQ  are  perp.  to  the  radii  OP,  OQ  respectively. 
.-.  TP,  TQ  are  tangents  at  P  and  Q.      Them.  42. 

Q.E.D. 

CoBOLLARY.     The  two  tangents  to  a  circle  from  an  external 
pmni  are  equal,  and  subtend  equal  angles  at  the  centre. 
For  in  the  i^  TPO,  TQO, 
I  the  A  TPO,  TQO  are  right  angles, 
because  |  the  hypotenuse  TO  is  common, 
1  and  OP  =  OQ,  being  radii  ; 
.-.  TP  =  TQ, 
and  the  /.  TOP  =  the  Z  TOQ.         Theor.  18. 
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EXERCISES   ON    THE    TANOErT 

(\ umerical  and  (irapbical) 

1.  Draw  two  ooneentriu  cirulus  witli  radii  ~)*0  vm.  and  3-0  cm. 
Draw  a  series  of  chords  of  the  former  to  touch  tht^  latter.  Calcu- 
late and  measure  their  lengths,  and  account  for  their  bi'ing  equal. 

2.  In  a  circle  of  radius  10"  draw  a  numlM'r  of  chords  each  Mi" 
in  length.  Shew  that  they  all  touch  a  concentric  circle,  and  find 
its  radius. 

'.i.  Ii'ind  to  the  nearest  millimetre  the  length  of  any  chord  of  a 
(drcle  of  radiua  5.0  cm.,  which  touches  a  concentric  circle  of  radius 
2-5  em.,  and  check  your  work  by  measurement. 

4.  In  the  agure  of  Theorem  43,  if  OP  =  5",  TO  =  13",  find  the 
length  of  TP  and  TQ.  Draw  the  figuie  (scale  2  cm.  to  H"),  and  meas- 
ure lO  the  nearest  degree  the  angles  subtended  at  O  by  the  tangents. 

5.  The  tangents  from  T  to  aicircle  whose  radius  is  0-7"  are  each 
24"  in  length.  Find  the  distance  of  T  from  the  centre  of  the  circle. 
Draw  the  figure  and  check  your  result  graphically. 

(Theoretical) 

6.  The  cerUre  of  anji  circle  which  touches  two  interaecting  straight 
linen  must  lie  on  the  bisector  of  (ht  angle  between  them. 

7.  AB  and  AC  are  two  tangents  to  a  circle  whose  centre  is  O; 
shew  that  AO  bisects  the  chord  uf  contact  BC  at  right  angles. 

8.  If  PQ  is  joined  in  tho  figure  of  Theorem  43  shew  that  the 
angle  PTQ  is  double  the  angle  OPQ. 

9.  Two  parallel  tangents  to  a  circle  intercept  on  any  third  tan- 
gent a  segment  which  subtends  a  right  angle  at  the  centre. 

10.  The  diameter  of  a  circle  bisects  all  chords  which  are  parallel 
to  the  tangent  at  either  extremity. 

11.  Find  the  locus  of  the  centres  of  all  circles  which  touch  (t)  a 
given  straight  line  at  a  given  point,  (ii)  each  of  two  parallel  straight 
lines,  (tit)  each  of  two  intersecting  straight  lines. 

12.  In  any  quadrilateral  circumscribed  about  a  circle,  the  sum  of 
one  pair  of  opposite  sides  is  equal  to  the  sum  of  the  other  pair. 

State  and  prove  the  converse  theorem. 

13.  If  a  quadrilateral  is  described  about  a  circle,  the  angles  sub- 
tended at  the  centre  by  any  two  opposite  sides  are  supplementary. 
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Thkohkm  44 


//  /«•"  circkK  UhicI,  me  another,  the  centrex  and  the  point  of 

niil'iii  fire  in  one  strniiihl  tine. 


Ut  two  (iiclps  whoso  rontres  are  0  and  Q  touch  at  the 
|)oint  P. 

It  is  required  to  prove  that  0,  P,  and  Q  are  in  one  straight  line. 
Join  OP,  QP. 

Proof.  Since  the  Riven  circles  touch  at  P,  they  have  a 
common  tangent  at  that  point.  Page  169. 

Suppose  Pr  to  touch  both  circles  at  P. 

Then  since  OP  and  QP  are  radii  drawn  to  the  point  of 
contact, 

.•.  OP  and  QP  are  both  perp.  to  PT  ; 
•■•  OP  and  QP  are  in  one  st.  line  Theor.  2. 

That  is,  the  points  0,  P,  and  Q  nee  in  one  st.  line,     q.e.d. 

Corollaries,  (i)  If  two  circles  touch  externally  the  distance 
between  their  centres  is  eqtial  to  the  sum  of  their  radii. 

(ii)  //  two  circles  touch  internally,  the  distance  between  their 
centres  is  equal  to  the  difference  of  their  radii. 
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KXKItCISKS    ON    TIIK    CONTACT   OK   CIIJCLKS 

i^Xumirirnl  anil  (iia/tlnntl) 

1.  Frimi  cirilrcM  Jd"  apurt  ilniw  Iwci  rinlis  with  nulii  1-7" 
uikI  Oil"  ri'siicclivcly.     Why  iiiid  whiTr  di)  tins,'  circlva  touch? 

If  circli's  i)f  the  iilmvi'  radh'  urr  drawn  fnim  cinlri's  OS"  upurl, 
|.n)vr  that  Ihcy  tiuich.  Iliiw  and  why  docs  thi'  I'ontui't  iliffiT  fiiini 
that  in  the  former  case? 

2.  Draw  u  trianKh'  AHC  in  whicli  ii  -  X  cm.,  /i  =  7  cm.,  and 
f  =  (i  <'m.  From  .1,  Ii,  and  ''  as  centres  draw  circles  of  radii  2-."i 
em.,  .ii)  cm.,  anil  4-."i  em.  respectively  ;  and  shew  that  tlie.se  circle  .-i 
(ouch  in  pairs. 

.i.  In  the  triangle  A  liC,  rittht-angled  at  t',  n  =  S  cm.  and  h  =  (i 
cm. ;  and  from  centre  .1  with  radius  7  <^m.  a  circle  is  drawn.  Find 
the  railius  of  a  circle  drawn  from  centre  Ii  to  touch  the  first  circle. 

4.  .1  and  Ii  are  the  centres  of 'two  fixed  circles  which  touch  ii- 
ternally.  If  /'  is  the  centre  of  any  circle  which  touches  the  larRir 
circle  internally  and  the  smaller  externally,  prove  that  AP  +  HI' 
is  constant. 

If  the  fixed  circles  have  radii  50  cm.  and  ,30  cm.  respectively, 
verify  the  general  result  by  taking  different  positions  for  P. 

.').  yl  B  is  a  line  4"  in  length,  and  C  is  its  middle  point.  On  A  Ii. 
AC,  CB  semi-circles  are  described.  Shew  that  if  a  circle  is  inscribed 
in  the  space  enclosed  by  the  thr<«  semi-i'ircUw  its  radius  must  be  \". 

( Theoretical) 

G.  A  straight  line  is  drawn  through  the  jhi  it  of  contact  of  lico 
circles  whose  centres  are  A  unit  B,  catting  the  circumferences  at  PamlQ 
respectively;   shew  that  the  radii  AP  ami  BQ  are  parallel, 

7.  Two  circles  touch  externally,  and  through  the  point  of  con- 
tact a  straight  line  is  drawn  terminated  by  the  circumferences; 
shew  that  the  tangents  at  its  extremities  are  parallel. 

8.  Find  the  locus  of  the  centres  of  all  circles  which  touch  n 
given  circle    (i)  at  a  given  point ;  (ii)  and  are  of  a  given  radius. 

9.  From  a  given  point  as  centre  describe  a  circle  to  touch  a 
given  circle.     How  many  solutions  will  t  ere  be? 

10.  Describe  a  circle  of  radius  a  to  touch  a  given  circle  of  radius 
h  at  a  given  point.     How  many  solutions  will  there  ba? 
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TiiKoHKM  4.i.     IKucliil  111.  ;i2| 
Thf  nmjirs  mmh-  hi,  „  tunijcnl  In  a  Hrck  will,  a  vl,„r,l  ,l,;n,;t 
f,n,nU„  ,„„„l  of  ,„„i,u^t  „r,  r,si„rtl,',bj  ,;ju„l  l„  ,/.,c  «„„/,,,  ,„ 
the  nUiriialv  isctjmenix  „f  Ihv  circle. 


1-1 II  III 


Let  EF  touch  Iho  O  A  lie  at  11,  anil  l.i  HI)  |„. 
ilrawn  from  H,  the  point  „f  contact. 
It  is  required  to  prove  that 

(i)  the  Z  FBD  =  the  angle  in  the  alternate  wijmcl  HA  1)  ; 
(a)  the  Z.  EBD  =  the  angle  in  the  alternate  .tegmcil  liCI)  ' 
Let  BA  be  the  diameter  through  B,  anil  C  any  point  in  the 
arc  of  the  segment  which  does  not  contain  j4. 
Join  AD,  DC,  CB. 
Proof.     Because  the  ^  ^flfl  in  a  .semi-.^ircle  is  a  rt.  anKle 
.-.  the  A  DBA,  BAD  together  =  a  rt.  angle. 
But  since  EBF  is  a  tangent,  and  BA  a  diameter, 
•••  the  Z  FBA  is  a  rt.  angle. 
.-.  the  Z  FBA  =  the  A  DBA,  BAD  together. 
Take  away  the  common  Z  DBA 
V.'.m  the  Z  FBD  =  the  Z  BAD,  in  the  alternate  .-egment. 
Agam  because  ^  Br/)  is  a  cyclic  quadrilateral, 
.-.  the  Z  BCD  =  the  supplement  of  the  Z  BAD 


=  the 
=  the  Z 
the  Z  EBD  =  the  Z  BCD, 


iupplement  of  the  Z  FBD 
alternate  segment. 

(J.K.I). 
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EXERCISES   OX    THEOREM    45 

1.  In  the  figure  uf  Tbeorum  46,  if  tbv  Z  FBO  -  72°,  write 
down  the  valu  J  of  the  A  BAD,  BCD.  EBl). 

2.  Une  thia  theon'm  to  shew  that  tanitentii  to  u  circle  from  uii 
external  point  are  equal. 

3.  Through  .1,  the  point  of  contact  of  two  circles,  chords  .1 1'Q, 
AXY  are  drawn;   shew  that  PX  and  QY  are  parallel. 

Prove  this  (i)  for  internal,  (ii)  for  cxiernal  contai'i. 

4.  AB  \ih  the  common  chord  of  two  circles,  one  of  which  passes 
through  O,  the  centre  of  the  other;  prove  that  OA  bisects  the  uii|;li> 
between  the  common  chord  and  the  tung.'nt  to  the  first  circle  at  .1. 

5.  Two  circles  interseet  at  A  and  /*;  and  through  P.  any  ix)ii'.l 
on  one  of  them,  straight  lines  PA(\  PHD  an'  drawn  to  cut  the  ollii  r 
at  r  and  D\  shew  that  V D  is  parallel  to  the  tangent  at  /'. 

(I.  If  from  the  point  of  contact'  of  a  tangent  to  a  circle  a  choril 
is  drawn,  the  perpendiculars  dropped  on  the  tangent  and  chord 
from  the  middle  point  of  either  are  cut  off  by  the  chord  are  equal. 

7.  Deduce  Theorem  44  from  the  property  that  the  line  of  cenlrca 
bisects  a  common  chord  at  right  angles. 

8.  Deduce  Theorem  4.5  from  Ex.  5,  page  UiH. 

9.  Deduce  Theorem  42  from  Theorem  39. 
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fiEOMETRK  Al,   AlJALYSIM 

Hitherto  the  Pro[KjNitioii.H  „f  thw  tcxt-lKK.L-   i„..,     i 
remltn  m  order  to  obtain  a  new  result. 

Bui  this  arraiiK,  m,.Mt,  though  oouvin-'inK  a«  an  urKunu-nt 
".  .no«t  ease,  affonls  little  -lue  a.  to  the  way  i"  wS  .  l 
eonntruotion  or  pr,H.f  ...  ,,i.^rorered.  We  the;efo  e  draw  Z 
student's  attention  to  the  followinR  hints. 

In  attempting  to  solve  a  problem  Ix-gin  by  w<mminj  the 
required  result  ;  then  by  working  baokwards,  raeeXeonse' 
quencea  of  the  assumption,  and  .o  aseeAain  It  de  "  nT 
^nce  on  some  condition  or  known  theorem  which  suKget^^t 

teps  of  the  arKument  may  in  general  be  re-arranged  in 

:rnrti:tr "  '"^  ™"^*™^""''  -•  --^  p-"-Hn': 

toImceTblc'k'r  "' "''  T"'*""'  °'  "  ^"'P"^'''""  '"  -der 
°ca™ed  'eoiJ    f'"?'"'''"  ^"""P'^  ""  '^hich  it  depen.ls 
^called  geometncUaalysis  :  it  is  the  natural  way  of  attack- 
ing 's::r  °'  -'''''-"  ^-^  ^*  ^^  ™i  -^t 

ZpIfTfi   f  n    ''••''"°'*'''  ''^  ''"'''•^■^'•''  '^'"  ^  illustrated  in 
■some  of  the  followmg  problems.     (See  Problems  24  %  30 
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I'Roiii.km  21 

(Hirii  n  c'rcli',  or  an  arc  nf  a  ciirlc,  lii  fiiiil  ilx  autre. 
\a'\  AliC  1h!  I'.n  UK'  of  11  citric  whose 
cfiiti-c  is  to  Im!  found. 

Construction.  Tiikc  two  chords. I /y, 
/<''',  and  hiwct  lliciii  at  linht  uiikIcs  hy 
I'lc  UiicN  l)K,  Fa,  incctiiiK  at  O. 

Pri>l,.  2. 
Tlicn  O  in  the  required  centre. 
Proof.     Kvory  point  in /^A' is  eqiiidis- 
l:ilit  from  A  and  li.  I'rot).  14.  **" 

And  cv->ry  |)oint  in  F(l  is'equidi.stant  fr li  and  ('. 

.".  O  is  equidistant  from  A,  li,  an  I  ('. 

.".  0  iH  the  centre  of  the  circle  ABC.       Theor.  36. 


Problem  22 

To  btHect  a  given  an: 

Let  ADD  be  the  given  arc  to  be  biMected. 
Construction.     Join  AB,  and  bisect  it  at 
right  angles  by  CD  meeting  the  arc  at  D. 

Pruh.  2. 
Then  the  arc  is  bisecteil  at  D. 
Proof.  Join  DA,  DB.  X 

Then  every  point  on  CD  is  equidistant  from  A  ami  B  ; 

Prob.  14. 
.-.  DA  =  Db  ; 

.:  the  Z  DBA  =  the  Z  DAB;  Theor.  6. 

.".  the  ares,  which  subtend  these  angles  at  the  O**,  are  equal  ; 
that  is,  the  arc  DA   =  the  arc  DB. 
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Proiii.km  Zi 

To  rfmi/J  rt  tanyhd  h  a  cin     Jnmi  a  ijivcii  izUrmil  imint. 


U't  PQU  Ik-  the  nivcii  ciiclc      itli  its  centre  at  O  ;  uml  let 
T  be  the  point  from  which  u  tangent  is  to  be  drawn. 

Constri  ition.    Join  TO,  and  on  it  des-cril  ■  a  scmi-circlc 
TPO  to  cut  the  circle  at  P. 

Join  TP. 
Then  TP  ia  the  required  tangent. 

Proof.  Join  OP. 

Then  since  the  Z  TPO,  lieinR  in  a  semi-circle,  is  a  rt.  angle, 
.-.  TP  is  at  right  angles  to  the  radius  OP. 

.:  TP  is  a  tangent  at  P.  Them.  42. 

Since  the  semi-circle  may  l)c  descril)ed  on  either  side  of 
TO,  a  second  tangent  TQ  can  be  drawn  from  T,  as  shewn  in 
the  figure. 
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Problem  24 

To  draw  a  common  tangent  to  two  circles. 


Let  A  be  the  centre  of  the  greater  circle,  and  o  its  radius  ; 
and  let  B  be  the  centre  of  the  smaller  circle,  and  6  its  radius. 

Analysis.  Suppose  DE  to  touch  the  circles  at  D  and  E. 
Then  the  radii  AD,  BE  being  perp.  to  DE,  are  parallel. 

Now  if  BC  were  drawn  par"  to  DE,  then  the  fig.  DB  would 
be  a  rectangle,  so  that  CD  =  BE  =  b. 

And  if  AD,  BE  axe  on  the  same  side  of  AB, 

then  AC  =  a  —  b,  and  the  Z  ACB  is  a  rt.  angle. 

These  hints  enable  us  to  draw  BC  first,  and  thus  lead  to  the 
following  construction. 

Construction.  With  centre  A,  and  radius  equal  to  the 
difference  of  the  radii  of  the  given  circles,  describe  a  circle 
and  draw  BC  to  touch  it. 

Join  AC,  and  produce  it  to  meet  the  circle  (A)  at  D. 

Through  B  draw  the  radius  BE  par"  to  AD  and  in  the  some 
sense.    Join  DE. 

Then  DE  is  a  common  tangent  to  the  given  circles. 

06s.  Since  two  tangents,  such  as  BC,  can  in  general  be 
drawn  from  B  to  the  circle  of  construction,  this  method  will 
furnish  two  common  tangents  to  the  given  circles.  These 
are  called  the  direct  common  tangents. 


COMMON  TANGENTS 
Problem  24.     (Continued) 
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Again,  if  the  circles  are  external  to  one  another  two  more 
common  tangents  may  be  drawn. 

Analysis.  In  this  case  we  may  suppose  DE  to  touch  the 
circles  at  D  and  E  so  that  the  radii  AD,  BE  fall  on  opposite 
sides  of  AB. 

Then  BC,  drawn  par-  to  the  supposed  common  tangent 
DE,  would  meet  AD  produced  at  C  ;  and  we  should  now 
have 

AC  =  AD  +  DC  =  a +  b;  and  the  Z  ACB  is  a  rt.  angle. 
Hence  the  following  construction. 
Construction.     With  centre  A ,  and  radius  equal  to  the  sum 
of  the  radi.  of  the  given  circes,  describe  a  circle,  and  draw 
oC  to  touch  it. 

Then  proceed  as  in  the  first  case,  but  draw  BE  in  the  sense 
opposite  to  AD. 

Obs.  As  before,  two  tangents  may  be  drawn  from  B  to 
the  circle  of  construction  ;  hence  two  common  tangents  may 
be  thus  drawn  to  the  given  circles.  These  are  called  the 
transverse  common  tangents. 
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EXERCISES  ON  COMMON  TANGENTS 

(Numerical  and  Graphical) 

1.  How  many  common  tangents  can  be  drawn  (i)  when  the  given 
oiroles  intersect ;  (ii)  when  they  have  external  contact ;  (iii)  when 
they  have  internal  contact? 

Illustrate  your  answer  by  drawing  two  circles  of  radii  14"  and 

1  ■  0"  respectively,  (i)  with  1  •  0"  between  the  centres ;    (ii)  with 

2  •  4"  between  the  centres ;  (iii)  with  0  ■  4"  between  the  centres ; 
(iv)  with  3'0"  between  the  centres. 

Draw  the  common  tangents  in  each  case,  and  note  where  the 
general  construction  fails,  or  is  modified. 

2.  Draw  two  circles  with  radii  20"  and  0-8",  placing  their 
centres  20"  apart.  Draw  the  common  tangents,  and  find  their 
lengths  between  the  points  of  contact,  both  by  calculation  and  by 
measurement. 

3.  Draw  all  the  common  tangents  to  two  circles  whose  centres 
are  1-8"  apart  and  whose  radii  are  0-6"  and  1-2"  respectively. 
Calculate  and  measure  the  length  of  the  direct  common  tangents. 

4.  Two  circles  of  radii  1-7"  and  1-0"  have  their  centres  2-1" 
apart.  Draw  their  common  tangents  and  find  their  lengths.  Also 
find  the  length  of  the  common  chord.  Produce  the  common  chord 
and  shew  by  measurement  that  it  bisects  the  common  tangents. 

5.  Draw  two  circles  with  radii  1-6"  and  0-8"  and  with  their 
centres  3-0"  apart.     Draw  all  their  common  tangents. 

6.  Draw  the  direct  common  tangents  to  two  equal  circles. 


(.Theoretical) 

7.  If  the  two  direct,  or  the  two  transverse,  common  tangents 
are  drawn  to  two  circles,  the  parts  of  the  tangents  intercepted  be- 
tween the  points  of  contact  are  equal. 

8.  If  four  common  tangents  are  drawn  to  two  circles  external 
to  one  another,  shew  that  the  two  direct,  and  also  the  two  trans- 
verse, tangents  intersect  on  the  line  of  centres. 

9.  Two  given  circles  have  external  contact  at  A,  and  a  direct 
common  tangent  is  drawn  to  touch  them  at  P  and  Q ;  shew  that  PQ 
subtends  a  right  angle  at  the  point  A. 


THE  CONSTRUCTION  OF  CIRCLES  I83 

On  the  Construction  op  Circles 

circumference.  "''^  ""^  P"'"'  "n  the 

Hence  to  draw  a  circle  three  independent  data  are  required 

point  on  the  ci.eumferere  'o  n^^^  a„"It  "oTV  7  <'">  """ 

cirdl  I^^t"^  °^-  ""  "'"""'^  "^  "■«'««  "-A^*  '^^A  a  given 
circle,  and  have  a  given  radius.  ^ 

(vi)  Thejocus  of  the  centres  of  circles  whirh  /™,-.j.  . 
straight  lines.  ''^"  '"'"  Stven 
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EXERCISES 

1.  Draw  a  circle  to  pass  through  three  given  points. 

2.  If  a  circle  touches  a  given  line  PQ  at  a  point  A,  on  what  line 
must  its  centre  lie  ? 

If  a  circle  passes  through  two  given  points  A  and  B,  on  what  line 
must  its  centre  lie? 

Hence  draw  a  circle  to  touch  a  straight  lino  PQ  at  the  point  A, 
and  to  pass  through  another  given  point  B. 

3.  If  a  circle  touches  a  given  circle  whose  centre  is  C  at  the  point 
A,  on  what  line  must  its  centre  lie? 

Draw  a  circle  to  touch  the  given  circle  (C)  at  the  point  A,  and 
to  pass  through  a  given  point  B. 

4.  A  point  P  is  4-5  cm.  distant  from  a  straight  line  AB.  Draw 
two  circles  of  radius  3-2  cm.  to  pass  through  /'  and  to  touch  AB. 

5.  Given  two  circles  of  radius  30  cm.  and  20  cm.  respectively, 
their  centres  being  60  cm.  apart;  draw  a  circle  of  radius  3-5  cm. 
to  touch  each  of  the  given  circles  externally. 

How  many  solutions  wid  there  be?  What  is  the  radius  of  the 
smallest  circle  that  touches  each  of  the  given  circles  externally? 

6.  If  a  circle  touches  two  straight  lines  AO,  OB,  on  what  line 
must  its  centre  lie  ? 

Draw  OA,  OB,  making  an  angle  of  76°,  and  describe  a  cu-cle  of 
radius  1-2"  to  touch  both  lines. 

7.  Given  a  circle  of  radius  3-5  cm.,  with  its  centre  50  cm.  from 
a  given  straight  line  AB;  draw  two  circles  of  radius  :  .->  cm.  to 
touch  the  given  circle  and  the  line  AB. 

8.  Devise  a  couLtruotion  for  drawing  a  circle  to  touch  each  of 
two  parallel  straight  lines  and  a  transversal. 

Shew  that  two  such  circles  can  be  drawn,  and  that  they  are  equal. 

9.  Describe  a  circle  to  touch  a  piven  cittHe,  and  also  to  touch  a 
given  straight  line  at  a  given  point. 

10.  Describe  a  circle  to  touch  a  given  straight  line,  and  to  touch 
a  given  circle  at  a  given  point. 

11.  Shew  how  to  draw  a  circle  to  touch  each  of  three  given 
straight  lines  of  which  no  two  are  parallel. 

How  many  such  circles    an  bo  drawn? 


I 
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Problem  25 

On  a  given  straight  line  to  describe  a  segment  of  a  circle  which 
oMl  contain  an  angle  equal  to  a  given  angle.  '^"^""""' 


Y 


Ut  AB  be  th-  siven  st.  line,  and  C  the  given  angle 

% ;:  'S^ZfiT  "^ "" "  ~'  "^  -  '^^  --'•"- 

^  Cpnstructton.    At  ^  in  fi^,  make  the  ^  BAD  equal  to  the 
From  A  draw  4(7  perp.  to  4Z> 
Bisect  AB  at  rt.  angles  by  FO,  meeting  AG  in  G.    Prob.  2. 
^o"'-  Join  GB. 

Now  every  point  in  FG  k  equidistant  from  4  and  B  ; 

••■  GA  =  GB.  ^"*-  ^^■ 

With  centre  G,  and  radius  G4,  draw  a  circle  which  m„«f 
pass  through  B,  and  touch  AD  s^  A. 

Then  the  segment  4//B,  alternate  to  the  Z  B4/)  contains 
an  angle  equal  to  C.  ^i',  contams 

Theor.  45. 

[Theorem  39.]  "'^  semwu^cle  on  ^B  as  diameter. 
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Corollary.  To  cut  off  frmn  a  given  circle  a  segment  con- 
taming  a  given  angle,  it  is  enough  to  draw  a  tangent  to  the  circle 
ami  frmn  the  point  of  contact  to  draw  a  chord  making  with  the 
tangent  an  angle  equal  to  the  given  angle. 

It  was  proved  on  page  163  that 
The  Ukus  of  the  vertices  of  triangles  wh-ch  stand  on  the  same  base 
and  have  a  given  vertical  angle,  is  the  arc  of  the  segme-t  standing 
on  this  base,  and  containing  an  angle  equal  to  the  given  angle. 
1./.U  ;^°''T"^  Problems  are  derived  from  this  result  by  the 
Method  of  Intersection  of  Loci  [page  93]. 

EXERCISES 

« J*„  "'"?*'  "  '""""''  ""  "  '^''*"  '■'"''  '""^"B  «  ino':"  o^rtical  angle 
and  hanng  its  vertex  on  a  given  straight  line. 

2.     Construct  a  triangle  having  given  the  base,  the  vertical  angle  end 
(1)  one  other  side. 
(ii)  the  altitude. 

(iii)  Me  length  of  the  median  which  bisects  the  base 
(IV)  the  foot  of  the  perpendicular  from  the  i,crlex  to  the  base 
Ih/:.  ■  ^""'"""^  '"'V'l''^  *««■''»  f^"™  the  base,  the  vertical  angle,  and 

.n„i.  i  ^V^^  ^"^^  ^  ""'  ^^«"  P™"'  i"  '*■  and  K  the  given 
^nlT ,     I         ^T"^  *  "'^'"<"'*  °'  *  "'■•<''«  containing  an  angle 

tLTa in^li  '■  '"'^  '^^'  ""^  P"'^'""'  't '«  ™«'*'t  tho  O"  at  C. 
inen  A  at  is  the  required  triangle.] 

a.*'  ^T.i^'^'  "  '""""'''  *"""»  i^™"  ""^ '»'''''  ""■  O'^'i'^al  ongle,  and 
the  sum  of  the  remaining  sides. 

to  Ih^lfnf  ''/',?*'  ^'i™  ^"^^  '^  ""'  «^™"  ^nB'"'  and  «  a  «»«  equal 
to  the  sum  of  the  sides.     On  AB  describe  a  segment  containing  an 

h^f  ti!'"^  ^  ^;S!™  *'"'*'•*'■  '''^''"'  containing  an  angle  equal  to 
half  the  Z  X  With  centre  A,  and  radius  H,  describe  a  circle  cut- 
ting the  arc  of  the  latter  segment  at  X  and  Y.    Join  AX  (or  A  Y) 

triangfe'l     *"  °'  **"*  "''*  "*""""  **  ^'    '^'"^  ^^'^ ''  ""*  '^"'"^ 

,h.^',f ""'"'"'/  ?  '"""*'*  *""""  """^  '*«  '""'•  ""'  "<"-'»™'  -ngle,  and 
the  difference  of  the  remaining  sides. 


CmCLKS  AND  POLYGONS 
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Definitions 

foi  .il'°"*°°  '^  "^  '•'"■♦'""™'  fi«-  bounded  by  mor..  than 

A  Polygon  of  y?.e  sides  is  called  a    Pe„ta«,„ 

A  Polygon  of  «.x  sides  i.  called  a    H.,. 

A  Polygon  of  ...n  sides  is  cS  a    Sp'^ 

A  Polygon  of  ,.,gkl  si<ios  is  called  an  OcLo„  ' 

AX&^„£:i-;-E-.c:s: 
APo..«onof,^.„,,..,:::;:2:  j2ri 

a.MtsatSre'uf!''^"'"  '^'"'"  ■*"  '*«  ^'^  -  <'^-.  and 
«rl  j^.  ■^'^'"in'^al  figure  is  said   to   be  in- 

rectilintlt^J^  iVtV^'""?-''  '"  ^ 

the  circle  is  trHedt"e:^H^r;te"'«r^ 
and  a  rectilmeal  figure  is  said  to  be  cl"^^' 
scnbed  about  a  circle,  when  each  side  of  t^e" 
figure  IS  a  tangent  to  the  circle 
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Problem  20 
To  circumscribe  a  circle  about  a  given  triangh. 


Let  ABC  be  the  triangle,  about  which  a  circle  is  to  be 

drawn. 

i 

Constructioii.  Bisect  AB  and  4C  at  rt.  angles  by  DS  and 
ES,  meeting  at  S.  Prob.  2. 

Then  S  is  the  centre  of  the  required  circle. 

Proof.  Now  every  point  in  DS  is  equidistant  from  A 
and  B ;  Prob.  14. 

and  every  point  in  ES  is  equidistant  from  A  and  C ; 
.•.  S  is  equidistant  from  A,  B,  and  C. 
With  centre  S,  and  radius  SA  describe  a  circle;  this  will 
pass  through  B  and  C,  and  is,.therefore,  the  required  circum- 
circle. 

Obs.  It  will  be  found  that  if  the  given  triangle  is  acute- 
angled,  the  centre  of  the  circum-circle  falls  within  it :  if  it 
is  a  right-angled  triangle,  the  centre  falls  on  the  hypotenuse  : 
if  it  is  an  obtuse-angled  triangle,  the  centre  falls  without  the 
triangle. 

Note.  From  page  91  it  is  seen  that  if  S  is  joined  to  the  middle 
point  of  BC,  then  the  joining  line  is  perpendicular  to  BC. 

Hence  the  perpendiculars  drawn  to  the  aides  of  a  triangle  from  their 
middle  points  are  concurrent,  the  point  of  intersection  being  the  cerUre 
of  the  circle  circumscribed  about  the  triangle. 
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Problem  27 
To  inscribe  a  circle  in  a  given  triangle. 


B  0   1    ■ c 

Let  ABC  bo  the  triangle,  in  wiiich  a  circle  is  to  be  in- 
scribed. 

Construction.     Bisect  the  A  ABC,  ACB  by  the  st.  lines 
BI,  CI,  which  intersect  at  /.  Profc.  1. 

Then  /  is  the  centre  of  the  required  circle. 
Proof.    From  /  draw  ID,  IE,  IF  perp.  to  BC,  CA,  AB. 
Then  every  point  in  BI  is  equidistant  from  BC,  BA  :  Prob.  15. 
.-.  ID  =  IF. 
And  every  point  in  CI  is  equidistant  from  CB,  CA  • 
.:  ID  =  IE. 
.:  ID,  IE,  IF  are  all  equal. 
With  centre  /  and  radius  ID  draw  a  circle ; 
this  will  pass  through  the  points  E  and  F. 
Also  the  circle  will  touch  the  sides  BC,  CA,  AB, 
because  the  angles  at  D,  E,  F  are  right  angles. ' 
.-.  the  O  DEF  is  inscribed  in  the  A  ABC. 
Note.     From  II.,  p.  97  and  Problem  27  it  follows  that 
The  bisectors  of  the  angles  of  a  triangle  are  concurrent,  the  point  of 
intersection  being  the  centre  of  the  inscribed  circle. 

Definition.  A  circle  which  touches  one  side  of  a  triangle 
and  the  other  two  sides  produced  is  called  an  escribed  circle 
of  the  triangle. 
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Problem  28 
To  draw  an  escribed  circle  of  a  given  triangh. 


Let  ABC  be  the  given  triangle  of  which  the  sideH  AB,  AC 
are  produced  to  D  and  E. 
It  is  required  to  describe  a  circle  touching  BC,  and  BD,  CE. 
Conitruction.    Bisect  the  A  CBD,  BCE  by  the  st.  lines 
Bli,  CIi  which  intersect  at  /i. 

Then  I,  is  the  centre  of  the  required  circle. 
Proof.    From  /,  draw  I,F,  IiG,  I,H  perp.  to  AD,  BC,  AE. 
Then  every  point  in  BIi  is  equidistant  from  BD,  BC;  Prd).  15. 
.-.  /,f  =  hG. 
Similarly  I,G  =  hH. 
:.  IiF,  IiG,  liH  are  all  equal. 
With  centre  /i  and  radius  IiF  describe  a  circle  ; 
this  will  pass  through  the  points  G  and  H. 
Also  the  circle  will  touch  AD,  BC,  and  AE, 
because  the  angles  at  F,  G,  H  are  rt.  angles. 
.•.  the  O  FGH  is  an  escribed  circle  of  the  A  ABC. 

Note  1.  It  is  clear  that  every  triangle  has  three  escribed  circles. 

Their  centres  are  known  as  the  Ex-centres. 

Note  2.     From  II  a,  pagcg?  and  Problem  28  it  follows  that 
The  bisectors  of  two  exterior  angles  of  a  triangle  and  of  the  third 

angle  are  cotKurrent,  the  point  of  interteclion  being  an  ez-centre. 
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Problem  29 

In  a  given  eirch  to  inscribe  a  triangle  equiangular  to  a  given 
tnanglt.  " 


Let  ABC  be  the  given  circle,  and  DEF  the  Riven  trianKlc. 
An^yiii.  A  triangle  ABC,  equiangular  to  the  A  DEF  in 
iMcnbed  in  the  circle,  if  from  any  point  A  on  the  0~  two 
chorda  AB,  AC  can  be  so  placed  that,  on  joining  BC,  the 
^  E,  and  the  ^  C  -  the  Z  F;  for  then  the  Z  ^  -  the 
^  B  -  the  /  i5.  ,ri        M, 

Now  the  /i  B,  m  the  segment  ABC,  suggests  the  equil 
angle  between  the  chord  AC  and  the  tangent  at  its  extrtimity 
(Theor.  49)  ;  so  that,  if  at  A  we  draw  the  tangent  GAH, 
then  the  /.  HAC  =  the  ^  E  ; 
and  similarly,  the  ^  GAB  =  the  Z  F.' 
Reversing  these  steps,  we  have  the  following  construction. 
Constructloii.    At  any  point  A  on  the  0~  of  the  O  ABC 
draw  the  tangent  GAH.  p^.^  23 

At  A  make  the  /.GAB  equal  to  the  /.  F, 
and  make  the  /  HAC  equal  to  the  Z  &' 

Join  BC. 
Then  ABC  is  the  required  triangle. 

Note.  In  drawing  the  figure  on  a  larger  scale  the  student  should 
shew  the  oonstruotion  lines  for  the  tangent  GAH  and  for  the  angles 
OAli,  flac.    A  sumlar  remark  applies  to  the  next  Problem 
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Problem  30 

About  a  given 

circU  to  circunucribe  a 

triangle 

equiangular 

to 

a  given  triangle. 

^. 

M         B 


K 


Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle. 

Analyiii.  Suppose  LMN  'to  be  a  circumscribed  trianfr*"  in 
which  the  Z  Jlf  =  the  /  B,  the  ^  ^  =  the  Z  F,  and  conse- 
quently, the  Z.  L  ~  A  D. 

Let  us  consider  the  radii  KA,  KB,  KC,  drawn  to  the 
points  of  contact  of  the  sides;  for  the  tangents  LM,  MN, 
NL  could  be  drawn  if  we  knew  the  relative  positions  of  KA, 
KB,  KC,  that  is,  if  we  knew  the  A.BKA,  BKC. 

Now  from  the  quad'  BKAM,  since  the  A  B  and'A  are 
rt.  A, 

the  Z  BKA  =  180°  -  M  =  180°   -  E  ; 
similarly     the  i  BKC  =  180°  -  N  ^  180°  -  F. 

Hence  we  have  the  following  construction. 

Conitruction.     Produce  EF  lx)th  ways  to  0  and  H. 
Find  K  the  centre  of  the  O  ABC, 
and  draw  any  radius  KB. 
At  K  make  the  Z  BKA  equal  to  the  Z  DEC,  ; 
and  make  the  A  BKC  equal  to  the  Z  DFH. 
Through  A,B,C  draw  LM,  MN,  NL  perp.  to  KA,  KB,  KC. 
Then  LMN  is  the  required  triangle. 

[The  student  should  now  furange  the  proof  «ynthetic»lly.l 
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EXERCIKKH 

On  Circlkh  and  THUMiLca 

(Irucripliont  nnd  Circunucriplioru) 

.J'  iJ°.!i.'''"''*  "'  "^'''"  '^  "■"•  '■"*"'•♦'  »"  «juilati.ral  triangle- 
and  about  th»  nme  cirele  <.in.un.«.rilR.  a  ,,«,„d  «quilat«ral  triangl,,' 
In  oaob  caw  .tat«  and  ju.tify  your  con.truction 
eJu\J!T  ^°  equilateral  triangle  on  a  »ide  of  8  cm.,  and  find  hy 
oalculation  and  measurement  (to  the  neanst  millimetre)  the  radH 
of  the  inwrihed,  circum»eribed,  and  esmh,,,!  nrolei.. 
Why  are  the  latter  radii  double  an.,  tr.hle  of  the  flnit? 

3.  Draw  triangles  from  the  following  data: 

(i)  a  -  2-5".     B  -  8fl°,     r  -  50°- 
(ii)  a  -  2' 5",     B  -  72°,     C  -  44»' 
(iii)  a  -  2o",     B  -  41°,     r  -  2;j°.' 
arcumwribe  a  circle  about  ea.-h  triangle,  and  mea.ure  the  radii 
o  the  neare.t  hundredth  of  an  inch.     Account  for  the  re»ult.  b^g 
tne  ume,  by  comparing  the  vertical  angles. 

4.  In  a  circle  of  radius  4  cm.  inscril*  an  equilateral  triangle 
Calculate  am.  measure  its  side  to  the  nearest  milli-netre. 

Find  the  area  of  the  inscribed  equilateral  tra.  sle,  and  shew  that 
It  IS  one  quarter  of  the  circumscribec:  equilateral  triangle. 

5.  In  the  triangle  A  BC,  if  /  is  the  centre,  and  r  the  length  of  the 
radius  of  the  in-«ireie,  shew  that 

A  7BC  -  iar;     A  ICA  -  Jfcr;     A  lAB  -  Jrr. 
Hence  prove  that  A  ABC  -  i(a  +  b  +  c)t. 

6.  If  r,  is  the  radius  of  the  ex^jircle  opposite  to  A,  prove  that 
,,  ,  ,  AABC  ^i(b+o-a)r,. 

lU:,  Vx-^'and-^f  lis'rjrrir- '"'"'  "^  '"^'"""'"^"'  "">  -' 
in  iM:::'y,'^7rri'^:~a:'^7f,T '"""'"'  ^"^ 

site^snl'^HT'T  ""tP^n^ndiculars  from  A.  B.  C  to  the  oppo- 
br 


oircum-radius  -  ~  =  S2.  ^  ^ 
2pi      2rt      2p," 
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EXERCISES 

On  CmcLEs  and  Squakes 

(/n«mp(ion«  and  CircumHcripHona) 

1.  Draw  a  circle  of  radius  1-5",  and  find  a  construction  for  in- 
scribing a  square  in  it.  ,  u      j    j.i,    »  „„ 

Calculate  the  length  of  the  side  to  the  nearest  hundredth  of  an 
inch,  and  verify  by  measurement. 

Find  the  area  of  the  inscribed  square. 

2.  Circumscribe  a  square  about  a  circle  of  radius  1-5",  shewing 

all  lines  of  construction.  .,    ,    .      ,       •    i    ;„ 

Prove  that  the  area  of  the  square  circumscribed  about  a  circle  is 
double  that  of  the  inscribed  square. 

3.  Draw  a  square  on  a  side  of  7-5  cm.,  and  state  a  construction 
for  inscribing  a  circle  in  it. 

Justify  your  construction  by  considerations  of  symmetry. 

4  Circumscribe  a  circle  about  a  square  whose  side  is  6  cm. 
Measure  the  diameter  to  the  nearest  millimetre,  and  test  your 

drawing  by  calculation. 

5  In  a  circle  of  radius  1-8"  inscribe  a  rectangle  of  which  one 
side  measures  .30".     Find  the  approximate  length  of  the  other  side. 

Of  aU  rectangles  inscribed  in  the  circle  shew  that  the  square  has 
the  greatest  area. 

6  A  square  and  an  equilateral  triangle  are  inscribed  in  a  circle. 
If  a  and  6  denote  the  lengths  of  their  sides,  shew  that  3a'  -  2i>  . 

7  A  BCD  is  a  square  inscribed  in  a  circle,  and  P  is  any  point  on 
the  arc  AD:  shew  that  the  side  AD  subtends  at  P  an  angle  three 
times  as  great  as  that  subtended  at  P  by  any  one  of  the  other  sides. 

(Problems.     Slate  your  conslruction,  and  give  a  Iheorelical  proof.) 

8.  Circumscribe  a  rhombus  about  a  given  circle. 

9.  Inscribe  a  square  in  a  given  square  A  BCD,  so  that  one  of  its 
angular  points  shall  be  at  a  given  point  X  in  AB. 

10.  In  a  given  square  inscribe  the  square  of  minimum  area. 

11.  Describe  (i)  a  circle,  (ii)  a  square  about  a  given  rectangle. 

12.  Inscribe  (i)  a  circle,  (ii)  a  square  in  a  given  quadrant. 
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ON    CIRCLES   AND    REGULAR   POLYGONS 
Problem  31 

To  draw  a  regular  polygon  (i)  in  (ii)  about  a  given  circle. 

Let  AB,  BC,  CD,  •be  consecutive 
sides  of  a  regular  polygon  inscribed  in 
a  circle  whose  centre  is  O. 

Then  AOB,  BOC,  COD,  ••■  arc  con- 
gruent isosceles  triangles.  And  if  the 
polygon  has  n  sides,  each  of  the 

^i  AOB,  BOC,  COD,  -  =  §52!. 
n 

(i)  Thus  to  Inscribe  a  polygon  of  n  sides  in  a  given  circle 
draw  at  the  centre  an  angle  AOB  of  this  size.  This  gives 
the  length  of  a  side  AB;  and  chords  equal  to  AB  may  now 
be  set  off  round  the  circumference.  The  resulting  figure 
will  clearly  be  equilateral  and  equiangular. 

(ii)  To  circumscribe  a  polygon  of  n  sides  about  the  circle 
the  pomts  A,  B,  C,  D,  •■•  must  be  determined  as  before,  and 
tangents  drawn  to  the  circle  at  these  points.  The  resulting 
figure  may  readily  be  proved  equilateral  and  equiangular. 

Note.  This  method  gives  a  slricl  geomelrical  construction  only 
when  the  angle  AOB  can  be  drawn  with  ruler  and  compasses. 

EXERCISES 

1.  By  strict  constructions  inscribe  in  a  circle  (radius  4  cm  )  a 
regular  (1)  hexagon;    (ii)  octagon;    (iii)  dodecagon. 

2.  About  a  circle  of  radius  1-5"  circumscribe  a  regular  (i) 
Hexagon  ;  (n)  octagon.  Test  the  constructions  by  measurement 
and  justify  them  by  proof. 

3.  Compare  the  sides  and  also  the  areas  of  an  equilateral  tri- 
angle and  a  regular  hexagon  inscribed  in  any  circle. 

4.  Using  a  protractor  inscribe  a  regular  heptagon  in  a  circle  of 
radius  2  .     Calculate  and  measure  one  angle;  measure  a  side. 
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Problem  32 
'  To  draw  a  circle  (i)  in  (ii)  «bout  a  regular  polygon. 

Let  AB,  BC,  CD,  DE,-  be  con- 
secutive sides  of  a  regular  ixjlygon  of 
n  sides. 

Bisect  the  A  ABC,  BCD  by  BO, 
CO  meeting  at  U. 

Then  0  is  the  centre  both  of  the 
inscribed  and  circumscribed  circle. 

OutUne  of  Proof.     Join,  OD  ;    and  from  the  congruent 
A  OCB,  OCD,  shew  that  OD  bisects  the  Z  CDE  and  that : 
All  the  bisectors  of  the  angles  of  the  polygon  meet  at  0. 
(i)  Prove  that  OB  =  DC  =  OD  =  -  ;  from  Theorem  6. 

Hence  0  is  the  circum-centre. 
(ii)  Draw  OP,  OQ,  OR,  ■■■  perp.  to  AB,  BC,  CD,  ■■■  . 
Prove  that  OP  =  OQ  =  OR  =  ■■■  ;   from  the  congruent 

▲  OBP,  OBQ,  -  . 

Hence  O  is  the  in-centre. 

EXERCISES 

1  Draw  a  regular  hexagon  on  a  side  of  2-0".  Draw  the  in- 
scribed and  circumscribed  circles.  Calculate  and  measure  their 
diameters  to  the  nearest  hundredth  of  an  inch. 

2  Shew  that  the  area  of  a  regular  hexagon  inscribed  in  a  circle 
is  three-fourths  of  that  of  the  circumscribed  hexagon. 

Find  these  to  the  nearest  tenth  of  a  sq.  cm.  (radms  10  cm.). 

3  U  ABC  is  an  isosceles  triangle  inscribed  in  a  circle,  having 
each  of  the  angles  B  and  C  double  of  the  angle  A  ;  shew  that  BC  is 
a  side  of  a  regular  pentagon  inscribed  in  the  circle. 

4  On  a  side  of  4  cm.  construct  (without  protractor)  a  regular 
(i)  hexagon;  (ii)  octagon;  and  in  each  case  find  the  approximate 
area  of  the  figure. 
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THE    CIKCUMEEHENCK   OP  A   CIUCLE 
By  expcrimont  and  tnea«uroment  it  is  found  that  tho  IcnKth 
o   the  c.r,.umforcnce  of  a  circle  i«  roughly  3+  tin.cs  the  length 
of  its  diameter:  that  is  to  say 

circumference      „, 
diameter      ^  ^  "•""''y'' 

and  it  can  be  proved  that  this  is  the  same  for  all  circles 
A  more  correct  value  of  this  ratio  is  f„un,l  by  theory  to  be 

d  1416  ;  while  correct  to  7  places  of  decimals  it  is  3  1415926 

Thus  the  value  3+  (or  S-M^S)  is  correct  to  2  places  only.     ' 
The  ratio  which  the  circumference  of  any  circle  bears  to  its 

thameter  is  denoted  by  the  Greek  letter  t;  so  that 
circumference  =  tliameter  Xx=2rXir  =  25rr- 
where  r  denotes  the  radius  of  the  circle  and  where  to  ,  we 
are  to  Rive  one  of  the  values  31,  31416,  or  3.14ir,926   ac- 
cording to  the  degree  of  accuracy  required  in  the  final  result 

tJJZ'a^"  '■,™™"'""  """hods  by  which  -  is  evaluated  to  any 
required  degree  of  acouraey  oannot  be  explained  at  this  ,taee  but 
.ts  value  may  bo  easily  verified  by  experiment  to  two  dedmlMae."s 

ends  ^ZaT"  At™""  '  "  'i^""!''- ™P  "  «'"P  "f  paper  so  thaUl^ 
ends  overlap.  At  any  pomt  in  the  overlapping  area  nrick  a  nin 
through  both  folds.     Unwarp  and  straighten  the  strip,  then  me^ 

Measure  the  d.ameter.  and  dmde  the  first  result  by  the  second, 
fcx.   1.       From  these 


Orcumfbbence. 


16- 0cm. 
8-8" 
13.5' 


OlAUETER. 

5-  1  cm. 


2.8" 
4  •  .3" 


Vai. 


data  find  and  record  the 
value  of  ir. 

Find  the  mean  of  the 
throe  results. 

foufd'tL  fhf  r  ";r''  '^«"'"•"^  -vemy  round  a  cylinder,  and  it  L 
lound  that  the  length  required  for  20  complete  turns  is  75-4"  The 
diameter  of  the  cylinder  is  1.2" :  find  roughly  the  value  of%: 

Ex.  3      A  bicycle  wheel,  28"  in  diameter,  makes  400  revolutions 
m  travelhng  over  977  yards.     Hence  estimite  the  vTue  of  1- 
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THE   AREA   OF   A   CIRCLE 

Let  AB  be  a  side  of  a  polygon  of 
n  sides  circumscribed  about  a  circle 
whose  centre  is  O  and  radius  r.     Then 
Area  of  polygon  =  n- A  AOB 

-  i-i  AB  XOD  =  i-nAB  X  r 
-  i  (perimeter  of  polygon)  X  r  ; 
and  this  is  true  however  many  sides 
the  polygon  may  have. 

Now  if  the  number  of  sides  is  increased  without  liriit,  the 
perimeter  and  area  of  the  pblygon  may  be  made  to  differ  from 
the  circumference  and  area  of  the  circle  by  quantities  smaller 
than  any  that  can  be  named;   hence  ultimately 

Area  of  circle  =  ^  circumference  X  r=  |-2irr  X  »•=  irr'. 

ALTERNATIVE   METHOD 


Suppose  the  circle  divided  into  any  even  number  of  sectors  hav- 
ing equal  central  angles :  denote  the  number  of  sectors  by  n. 

Let  the  sectors  be  placed  side  by  side  as  in  the  diagram ;  then 
the  area  of  the  circle  =  the  area  of  the  fig.  A  BCD. 

Now  if  the  number  of  sectors  be  increased,  each  arc  is  decreased ; 
BO  that      (i)  the  outlines  AB,  CD  tend  to  become  straight,  and 
(ii)  the  angles  at  D  and  B  tend  to  become  rt.  angles. 

Thus  when  n  is  increased  without  limit,  the  fig.  A  BCD  ulti- 
mately becomes  a  rectangle,  whose  length  is  the  semi-circumference  of 
the  circle,  and  whose  bri'adth  is  its  radius. 

:.  Areaof  circle  =  i- circumference  X  radiua=  J-2irr  X  r  -  irr». 


CIRCUMFERENCE  AND  AREA  OP  A  CIRCLE 
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THE  AREA   Ot    A  SECTOR 


If  two  radii  of  a  circle  make  an  angle  of  V,  they  cut  off 
W  an  arc  whose  length  =  ^  of  the  circumference  : 
and   (u)  a  sector  whose  area  =  ^  of  the  circle  ; 
.-.  if  the  angle  AOB  contains  D  degrees,  then 


(i)  the  arc  AB 


"360 


of  the  circumference; 


(ii)  the  sector  AOB  =  ^  0/  the  area  of  the  circle 

=  3g5  0/  (j  circumference  X  radius) 
=  i-arcAB  X  radius. 

THE   AREA   OP  A   SEGMENT 

The  area  (  .  a  minor  segment  is  found  by  subtracting  from 
the  corresponding  seqtor  the  area  of  the  triangle  formed  by 
the  chord  and  the  radii.    Thus 

Area  of  segment  ABC  =  sector  OACB  -  triangle  AOB. 
The  area  of  a  major  segment  is  mo.st  simply  found  by 
subtractmg  the  area  of  the  corresponding  minor  segment  from 
the  area  of  the  circle. 
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EXERCISES 

[In  each  case  choote  the  value  of  r  to  at  to  give  a  reiult  of  the  attigned 
degree  of  accuracy.] 

1.  PMnd  to  the  nearest  millimetre  the  circumferences  of  the 
circles  whoso  radii  are  (i)  4'5  cm.     (ii)  100  cm. 

2.  Find  to  the  nearest  hundredth  of  a  square  inch  the  areas  of 
the  circles  whose  radii  are  (i)  2-3".     (ii)  10-6". 

3.  Find  to  two  places  of  decimals  the  circumference  and  area 
of  a  circle  inscribed  in  a  square  whose  side  is  3-6  cm. 

4.  In  a  circle  of  radius  7-0  cm.  a  square  is  described  :  find  to  the 
nearest  square  centimetre  the  difference  between  the  areas  of  the 
circle  and  the  square. 

5.  Find  to  the  nearest  hundredth  of  a  square  inch  the  area  of 
the  circular  ring  formed  by  two  concentric  circles  whose  radii  are 
5-7"  and  4-3". 

6.  Shew  that  the  area  of  a  ring  lying  between  the  circumferences 
of  two  concentric  circles  is  equal  to  the  area  of  a  circle  whose  radius 
is  the  length  of  a  tangent  to  the  inner  circle  from  any  point  on  the 
outer. 

7.  A  rectangle  whose  sides  are  80  cm  and  60  cm.  is  inscribed 
in  a  circle.  Calculate  to  the  nearest  tenth  of  a  square  centimetre 
the  total  area  of  the  four  segments  outside  the  rectangle. 

8.  Find  to  the  nearest  tenth  of  an  inch  the  side  of  a  square 
whose  area  is  equal  to  that  of  a  circle  of  radius  5". 

9.  A  circular  ring  is  formed  by  the  circumference  of  two  con- 
centric circles.  The  area  of  the  ring  is  22  square  inches,  and  its 
width  is  10";  taking  »•  as  V.  find  approximately  the  radii  of  the 
two  circles. 

10.  Find  to  the  nearest  hundredth  of  a  square  inch  the  difference 
between  the  areas  of  the  circumscribed  and  inscribed  circles  of  an 
equilateral  triangle  each  of  whose  sides  is  4". 
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EXERCISES 

(Theoretical) 

,h:h  ?*"f  "^  "  "'"''•'  ^  '"""h  t*o  parallel  straight  lines  and  a 
thirdstra,ght  l.ne  which  meets  them.  Shew  that  two  uch  e'rl" 
can  be  drawn,  and  that  they  are  equal 

e,^  elZLtMnltT  ^'""'  '^"  """  "■""  ""«"'  -"-  *- 

3.  If  in  a  triangle,  ABC,  I,  S,  the  centres  of  the  inscribed  and 
creumscnbed  circles,  and  A  are  coUinear,  then  AbITc 

4.  The  sum  of  the  diameters  of  the  inscribed  and  circumscribed 

tively  the  complements  of  the  halves  of  the  an^es  A.  B,  ™ 

ft.  ^'     "u^J'^'^''  *""""  "'  *'"'  'osoribed  circle  and  /.  the  centre  of 

the escnbed  crcle  of  the  triangle  XBC.  then  /.  B,  /..  C^ZoX 

7.     In  any  triangle  the  difference  of  two  sides  is  eaual  tn  .h. 

M^uloi^  Z"',  ""'  '"'^'•"  "t  *'"«  '"'»  of  the  triangle 

Also  If  ^  D  ,s  perpendicular  to  BC,  A I  bisects  the  ^  DAS 

th^,',J*'^  diagonals  of  a  quadrilateral  ABCD  intersect  at  O-  shew 
i^Sy^OC  COD  '^«  f '-,f -"-"bed  about  the  four  tria^gL^ 
,n'     .  "'^  ""'  ''^'♦''=*'  of  a  paraUelogram. 

circle' and"  irj/"""^.!  ''f^'  "  '  "  *"  ''«"'™  <"  «"«  '"'"ribed 
oTs  tkrlL  nVth''  "*''  *"  ?"*'  *'■«  «i^«»>n™ribed  circle  at  O, 
w  IS  tne  centre  of  the  ciroum-oircle  of  the  triangle  BIC 

circie-;   coruc';''thnnS''' """"  ''"  "^'"  "'  ''"'  ""^'^'^^^ 

12.     Three  circles  whose  centres  are  A,  B.  C  touch  one  another 

he  ar^^^cfth^'  ''•  '•  "■  »bew  that  the  inscri3cTr:il*'o1 
tne  tnangle  ABC  is  the  circumscribed  circle  of  the  triangle  DEF. 
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EXERCISES 

(Loci) 

1.  Given  the  base  BC  and  the  vertical  angle  A  ot  a  triangle; 
find  the  locus  of  the  ex-centre  opposite  A. 

2.  Find  the  locus  of  the  intersection  of  the  bisectors  of  the  angles 
PAB,  QBA  if  /I,  B  are  fixed  and  PA,  BQaxe  constantly  parallel. 

3.  Find  the  locus  of  the  middle  points  of  chords  of  a  circle 
which  pass  through  a  fixed  point  (i)  within,  (ii)  on,  (iii)  without  the 
oircumferenoe. 

4.  Find  the  locus  of  the  points  of  contact  of  tangents  drawn 
from  a  fixed  point  to  a  system  of  concentric  circles. 

5.  Find  the  locus  of  the  intersection  of  straight  lines  which  pass 
through  two  fixed  points  on  a  circle  and  '  .tercept  on  its  circum- 
ference an  arc  of  constant  length. 

6.  A  and  B  are  two  fixed  points  on  the  circumference  of  a  circle, 
and  PQ  is  any  diameter;   if  PA,  QB  cut  in  X,  find  the  locus  of  X. 

7.  B  AC  is  any  triangle  described  on  the  fixed  base  BC  and  hav- 
ing a  constant  vertical  angle ;  and  BAia  produced  to  P,  so  that  A  P 
is  equal  to  AC ;  find  the  locus  of  P. 

8.  AB  is  &  fixed  chord  of  a  circle,  and  AC  is  a  movable  chord 
passing  through  A  ;  if  the  parallelogram  CB  is  completed,  find  the 
locus  of  the  intersection  of  its  diagonals. 

9.  A  straight  rod  PQ  slides  between  two  rulers  placed  at  right 
angles  to  one  another,  and  from  its  extremities  PX,  QX  are  drawn 
perpendicular  to  the  rulers ;   find  the  locus  of  X. 

10.  Two  circles  intersect  at  A  and  B,  and  P  is  any  point  on  the 
circumference  of  one  of  them.  If  the  lines  PA,  PB  cut  the  other 
circle  at  X  and  Y,  find  the  locus  of  the  intersection  ot  AY  and  BX. 

11.  Two  circles  ntersect  at  A  and  B;  HAK  is  a  fixed  straight 
line  drawn  through  A  and  terminated  by  the  circumferences,  and 
PAQ  is  any  other  straight  line  similarly  drawn;  find  the  locus  of 
the  intersection  of  HP  and  QK. 


PART   IV 

ON  PROPORTION 

Definitionb  and  First  Principles. 

is  the  S2TJr:s'::^T,:'::^- "  r-^  ^'--^  '^-^ 

auantitv  •  ti.-    ■  '""  second  m  reRard  to 

a  square  Is  1  S  l:iZZ^^"%  ^"^  '"^""""'-  ''  '"e  side  o? 
merical  value  of  V5  ea„„T  h  '  ^  T""^'  ^"*  ^'"<"'  f""  »"- 
be  found  to  any  numC  of  ^imTfi  "  •^"^T"*"^  (""'"«''  "  ™" 
cannot  be  expressed  in  termsTfhe^""''  ""'  ''*'''  """^  '"'«<"«" 
•i'ies  are  said  to  be  .ncoZen L^.b.rB^rbv  l^"  '""''  -'"'"- 

rH:^Td"irr".^a:\T--?-~^^^ 
-;«^,,  Thur;er^X"rrvi'=T4n',r  iti:r " 

tha    V2  .nches  and  1  inch  may  be  represented  by  '    '  ""'""^ 

lim  a'nd  12S^""''"-''  ""^'*  "^"  -  "-t; 

iti*<  and  10000,  more  nearly  talrin<r  _i    -/ 

;^„      ^^  ""'"    as  unit;  and  so  on 
^03 
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2.  If  a  point  X  is  taken  in  a 

straight  line  AB,  or  in  AB  protiuecd,      A  V     f 

then  X  is  said  to  divide  AB  into  the  Pic-i- 

twofegmentiilX,  XB;  thescKmcnts 
being  in  cither  case  the  distances  of     *  a    K 

the  dividing  point  X  from  the  extreini-  rlga, 

ties  of  the  given  line  AB. 

3.  X  is  said  to  divide  AB  internally  in  Fig.  1,  and  ex- 
ternally in  Fig.  2.  In  the  first  case  AB  is  the  sum,  and  in 
the  second  the  difference,  of  the  segments  AX,  XB.  In 
either  case  the  ratio  in  which  X  divides  AB  is  the  ratio 
of  the  segments  AX,  XB. 

4.  Four  magnitudes  a,  b,  x,  y  are  proportionali  or  in  pro- 
portion, nhen  the  ratio  of  the^r8<  to  the  second  is  equal  to 
the  ratio  of  the  third  to  the  fourth. 

This  is  expressed  by  saying  "  aia  toh  ca  xia  to  y"  ;  and 
the  proportion  is  written 


or  a:h  =  X  \y. 

Here  a  and  y  are  called  the  extremes,  and  h  and  x  the 
means ;  and  y  is  said  to  be  a  fourth  proportional  to  a,  b,  and  x. 

In  a  proportion,  terms  which  are  both  antecedents  or  both 
consequents  of  the  ratios  are  said  to  be  corresponding  terms. 

Note.  In  a  proportion  such  as  a:b  "  x:y,  the  magnitudes 
compared  in  each  ratio  must  be  of  the  same  kind,  though  the  mag- 
nitudes of  the  second  ratio  need  nat  be  of  the  same  kind  as  thost  of 
the  first.  For  instance,  a  and  b  may  denote  areas,  aud  x  and  y  lines  ; 
in  which  c*8e  the  proportion  asserts  that  the  ratio  of  the  areas  is 
the  same  as  the  ratio  of  the  lines. 
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that  of  the  second  to  the  mrT  "^ '"  "''""' '° 

Thu«  o,  i,  c  aro  pcoportional.  if 

ea"e<l  a  third  proportion.1  to  a  and  6. 
Introductorv  Theorems 

For,  by  hypothesis 
or 


f  =  ^;  hence  U|; 


a:x  =  b  -.y. 
For,  by  hypothesis,  2  =  ? . 

multiplying  both  sides  by  ^' 

X 

we  have  ?  .  ^  _  x    6 , 

6    X     ^    x' 
that  is,  a     b 

a-Lty 
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III.    If  Jmtr  number*  are  propor'.ional,  the  product  of  tho 
•stromot  ia  equal  to  the  product  of  tho  mtau. 

That  is,  if  a:b  -  e:d, 

then  ad  -  fee. 


For,  by  hypothesis. 


c, 
d' 


multiplying  each  aide  of  this  equation  by  bd,  we  have 
ad  ^he. 

Corollary.  If  a,  b,  c,  d  denote  the  lengths  of  four  straight 
lines  in  proportion.  Me  rectaofle  contained  by  the  extremea  it 
equal  to  the  rectangle  contained  by  the  means. 

Tbia  ia  illuatrated  by  the  following  diagram : 


f-IJ 


H 


Similarly  if  three  lines  a,  6,  c  are  proportionals, 
that  is,  if  o  :  6  =  b  :  c  ; 

then  ac  =  If. 

Or,  the  rectangle  contained  by  the  extremes  is  equal  in  area  to 
the  square  on  the  mean. 

IV.  //  there  are  four  magnitudes  in  proportion,  the  sum 
(or  difference)  of  the  first  and  second  is  to  the  second  as  the 
■urn  (or  difference)  of  the  third  and  fourth  is  to  the  fourth. 

That  is,  if  a  -.b  =  x  :y  ; 

then  (i)  a  +  b  lb  =  x  +  y  -.y  ; 

(a)  a  —  b  -.b  =  X  —  y  -.y. 
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For  by  hypothosw, 
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••■=+ !-?+!,  or 


a  +  6_x 


l+Jl  . 


(i) 


Thi.  inference  i.  «,me,ime,  rt.ferr,.d  u,  ^  eompoa.ndo. 
Jimilarly  by  subtracting  ,  from  the  equal  ration  ?    i,  w„ 
I.  *    " 

6  J,      ' 


(ii) 


'hatis,  «-6:6-;r-j,:i, 

Thi,  inference  i,  «.metime,  referred  to  m  diTideado. 
CoROLiARy.     If         n:6  =  x:v, 

Thia  i«  obtained  by  dividing  the  result  of  (i)  by  that  of  (ii). 
sale  ki^)  T"  "^"^"^""^o'  ("'^  magnitude,  being  all  of  the 

I-t  each  of  the  equal  ratios  2,^,5   ...  ,^  ^^^  ^^  ^ 

Then  a  =  kz,b  =  ky,  c  =  kz,  ■■.■, 

•■• ,  by  addition, 

a  +  6  +  c+...=A.(x  +  y +  ,+  ..,). 

.■.^iA  +  £  +  j^^.      a 
x  +  y  +  z+-..     "'x' 
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VI.  A  given  straight  line  can  be  divided  internally  in  a  given 
ratio  at  me,  and  only  one,  point ;  and  externally  at  one,  and 
only  one,  point. 

^ W-<t .X..O.-UP) 

A- ^-~t( *X 

Fi(;.3. 

Let  AB  be  the  given  line,  and  m  ;  n  the  given  ratio,  m  being 
greater  than  n. 

Internal  Division,  (i)  Divide  AB  (Fig.  1)  into  m -\- n 
equ8,l  parts  [Prob.  7] ;  and' of  these  parts  make  AX  to  con- 
tain m  ;  then  XB  must  contain  n. 

Hence  AX  -.XB^m-.n; 

that  is,  AB  is  divided  internally  at  X  in  the  given  ratio. 

(ii)  Again,  AX  -.AB^mim  +  n. 

Similarly,  if  P  divides  AB  in  the  given  ratio  m  :  n, 
AP  -.AB  =  m  •.m  +  n. 

■   AX  _AP. 
■■  AB     AB' 
.:  AX  =  AP. 
Hence  P  and  X  coincide  ;   that  is,  X  is  the  only  point 
which  divides  AB  internally  in  the  ratio  m:n. 

External  Division,  (i)  Divide  AB  (Fig.  2)  into  m-  n 
equal  parts  ;  and  in  AB  produced  make  AX  to  contain  m 
such  parts  ;  then  XB  must  contain  n. 

Hence  AX  .XB  =  m:n- 

that  is,  AB  is  divided  externally  at  X  in  the  given  ratio. 

(ii)  And  it  may  be  shewn,  as  above,  that  X  is  the  only 
point  which  divides  AB  externally  in  the  ratio  m  :  n. 


EXERC  SKS  ON   RATIO  AND  PROPORTION 
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1.     Inset!  !l' 


riXERCISES 
•T'-inp  terms  in  the  following  proportions: 
(i)  3 :  7  =  15 :  (         ) ; 


(ii)  2-5:  (         )  =  10:32; 
(iii)  (         ):ac'  =  be:  be.' 
2.     Correct  the  following  statement : 

£65:  78  ft.  =£25:  30  ft. 

raffn  J  7*  ''."^fl'  """•,''••'"  '"  '""ef,  is  divided  inlernally  in  the 
ratio  5 :  7,  calculate  the  lengths  of  the  segments. 

raffn  1 1"  8  ''"«'"«''«  4.5  cm.  in  length  is  divided  exlernally  in  the 
ratio  11 :  8,  calculate  the  lengths  of  the  segments. 
X  f„H  "^f  ''  ytraistt  line,  6-4  cm.  in  length,  divided  inlernally  at 
Xand  «<.r„a(;j,  at  K  in  the  ratio  5:3;  calculate  the  lengths  of  the 
segments,  and  shew  that  they  satisfy  the  formula 

AB      AX^ AY 

the  ratio  m :  „,  shew  that  the  lengths  of  the  segments  are  respectively 


-  a  inches. 


■  o  inches. 


m  +  n  ■     m  +  n 

7      If  a  straight  line  a  units  in  length,  is  divided  exlernally  in  the 
ratio  m:  „,  shew  that  the  lengths  of  the  segments  are  respectively 


m 


•  a  units, 


•  a  units. 


">  -  n  m  -  n 

8.  Ifa:6  =x:i,,and6:c  =  y :«,  prove  that  a :  c  =x:i. 

9.  lta:b=x:y,  shew  that  o  +b:a  =  x  +  y:  x. 

10.  If  o,  6,  c  are  three  proportionals,  shew  that  a :  c  =  o« :  6". 
U.     If  two  straight  lines  AB.  CD  are  divided  intemaUy  in  the 

same  ratio  at  X  and  Y  respectively,  shew  that 
(i)  XB:  JfB  =  CD:  YD; 
(ii)   4B:  ^X  =  CD:CY. 

c„nt!;„  Jk  '  *•  '■•^'',*"'  'T  ''™'^''*  ""«'  ™<'''  that  the  rectangle 
contained  by  a  and  d  is  equal  to  that  contained  by  6  and  c.  prove  that 

a-b  =-  c:d. 
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PROPORTIONAL   DIVISION   OF   STRAIGHT    LINES 
Theorem  46.     [Euclid  VI.  2] 
A  straight  line  drawn  parallel  to  one  side  of  a  triangle  cuts  the 
other  two  sides,  or  those  sides  produced,  proportionally. 


In  the  A  ABC,  let  XY,  drawn  par"  to  the  side  BC,  cut 

AB,  AC  at  X  and  Y,  internally  in  Fig.  1,  externally  in  Fig.  2. 

It  is  required  to  prove  in  both  cases  that 

AX  -.XB  ^  AY  :  YC. 

Proof.*    Suppose  X  divides  AB  in  the  ratio  m:n;  that 

is,  suppose 

AX  -.XB^m-.n; 

so  that,  if  AX  is  divided  into  m  equal  parts,  then  XB  may  be 

divided  into  n  such  equal  parts. 

Through  the  points  of  division  in  AX,  XB  let  parallels  be 
drawn  to  BC. 

Then  these  parallels  divide  the  segments  AY,  YC  into 
parts  which  are  all  equal  ;  Theor.  22. 

and  of  these  equal  parts  A  Y  contains  m, 
and  YC  contains  n  ; 
hence  AY  -.YC  =  m:n. 

.:  AX  :  XB  =  AY  :  YC.  Q.e.d. 

•  The  proof  given  applies  only  to  the  case  in  which  AX  and  XB 
are  commensurable.    The  same  is  true  of  Theorems  48  and  49. 
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Conversely,  if  a  line  cuts  two  sides  of  a  triangle  proportion- 
ally, it  13  parallel  to  the  third  side. 


Fie.i. 


Fie.2. 


Conversely,  let  XY  cut  the  sides  AB,  AC  proportionally,  so 
that 

AX  :  XB  -^  AY  :  YC. 

It  is  required  to  prove  that  X)   js  parallel  to  BC. 

Let  XP  be  drawn  through  A'  paH  to  BC,  to  meet  AC  in  P 

Then  AP  :  PC  =  AX  -.XB  ■ 

but,  by  hypothesis,    A  Y  :  YC  =  AX  :  XB. 

Thus  AC  is  cut,  internally  in  Fig.  1,  and  externally  in  Fie 
2,  in  the  same  ratio  at  P  and  Y. 

Hence  P  coincides  with  Y,  and  consequently  XP  with  JVF. 

Tk„*  ■  ^,,  ■         .  Theor.  VI,  p.  208. 

That  IS,  xr  IS  par'  to  BC. 

Q.E.D. 

CoROLLARv.     If  X  K  is  parallel  to  BC,  then 

AX  -.AB  =  AY  -.AC. 
For,  taking  Fig.  1,  it  may  Ix;  shewn  that 

AX  -.AB  =  m  -.m  +  n  ; 
and  hence,  by  Theorem  22,  that 

AY  -.AC  =  vf.m  +  n. 
.-.  AX  -.AB  =  AY  .AC. 
Conversely,  if       AX  :  AB  =  AY  .AC, 
it  may  be  proved  as  above  that  XY  is  paH  to  BC. 
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GBOME'^BY 


I 


Thkoeem  47.     [Euclid  VI.  3  and  4] 
If  ike  vertical  angk  of  a  triangle  is  bisected  internally  or  exter- 
nally, the  bisector  divides  the  base  internally  or  externally  into 
segments  which  have  the  same  ratio  as  the  other  sides  of  the 

triangle.  „    ■  , 

Cormrsely,  if  the  base  is  divided  internally  or  externally  into 
segments  proportional  to  the  other  sides  of  the  triangle,  the  line 
joining  the  point  of  section  to  the  vertex  bisects  the  vertical  angle 
internally  or  externally. 


X       C  B  C 

Fig.!.  Fit:'- 

In  the  A  ABC,  let  AX  bisect  the  /.  BAC,  internally  in 
Fig.  1,  and  externally  in  Fig.  2  ;  that  is,  in  the  latter  case, 
let  AX  bisect  the  exterior  Z  B'AC. 
It  is  required  to  prove  in  both  cases  that 

BX  :XC  =  BA:  AC. 
Let  CE  be  drawn  through  C  par-  to  XA  to  meet  BA  (pro- 
duced, if  necessary)  at  E.    In  Fig.  1  let  B'  be  taken  in  AB. 
Proof.    Because  XA  and  CE  are  par", 
.-.,  in  both  Figs.,  tiie  Z  B'AX  =  the  int.  opp.  Z  AEC. 
Also,  Ue^B'AX=^XAC 

'  =  the  alt.  Z  ACE. 

.:  the  Z  AEC  =  the  Z  ACE. 
.:  AC  =  AE. 
Again,  because  XA  is  par'  to  CE,  a  side  of  the  A  BCE, 
.-.,  in  both  Figs.,  BX:XC  =  BAAE-, 

that  is,  BX:XC  =  BA:AC.  Q-e-D- 


INTERNAL  AND  EXTERNAL  DIVISION         213 

Conversely,  let  BC  be  divided  internally  (Fig.  1)  or  exter- 
nally (Fig.  2)  at  X,  so  that  BX  :XC  =  BA  :  AC. 
It  is  required  to  prove  that  the  Z.  B'AX  =  the  Z  XAC. 

Proof.    For,  with  the  same  construction  as  before, 
because  XA  is  oar"  to  CE,  a  side  of  the  A  BCE, 
:.  BXiXC  =  BA: AE. 
But,  by  hypothesis,    BX  iXC  =  BA  -.AC  ; 
.-.  BA  :  AC  =  BA  :  AE  ; 
.:  AC  =  AE. 
■:  the  Z  AEC  =  the  Z  ACE 

...  =  the  alt.  Z  XAC. 

And  in  both  Figs., 

the  oxt.  Z  B'AX  =  the  int.  opp.  Z  AEC  ; 
.-.  the  Z  B'AX  =  the  Z  XAC. 

Q.E.D. 


Definition 

When  a  fimte  straight  line  is  divided  internally  and  exter- 
nally mto  segments  which  h^ve  the  same  ratio,  it  is  said  to  be 
cut  harmonically. 

Hence  the  following  Corollary  to  Theorem  47. 

The  base  of  a  triangle  is  divided  harmonically  by  the  internal 
and  external  bisectors  of  the  vertical  angle; 

for  in  each  case  the  segments  of  the  base  are  in  the  ratio  of 
the  other  sides  of  the  triangle. 
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EXERCISES   ON   THEOREM   46 

(Numerical  and  Graphical) 
1      On  a  base  A  B,  3-5"  in  length,  draw  any  triangle  CAB ;  and 
from  AB  out  off  AX  2- 1"  long.     Through  X  draw  XY  paraUel  to 
BC  to  meet  AC  at  K. 

Measure  AY,  YC;  and  hence  compare  the  ratios 

AY.     ,:i\  M     AC.     (iii)  M,  A£. 
YC  •     '^    AX-    AY  ■     ^'"'    XB'    YC 


(i)  ^. 
^'   XB 


2.  ABC  is  a  triangle,  and  XY  is  drawn  parallel  to  BC,  cutting 
the  other  sides  at  X  and  y.  „,„,,,     .u 

(i)  I!  AB  =  3-6",    AC  ='2-4",  and  AX  =  21",  calculate  the 

length  of  A  K.  „ ^, 

(ii)  If  AB  =  20",    AC  =  1-5",  and  .11    =  0-9",  calculate  the 

™{iii)''lf  X  divides  AB  in  the  ratio  8 : 3,  and  if  AC  =  8-8  cm.,  find 
AY,  YC. 

3.  A  BC  is  a  triangle,  and  X  V  is  drawn  parallel  to  BC,  cutting 
the  other  sides  produced  at  X  and  V. 

(i)  If  AB  -  4-5  cm.,  AC  =  3-5  cm.,  and.  AX  =  7-2  cm.,  find 
by  calculation  and  measurement  the  length  of  A  K. 

(ii)  If  X  divides  A  B  externally  in  the  ratio  11:4,  and  if  AC  -  iM 
em.,  find  the  segments  of  AC. 

( Theoretical) 

4.  Three  paralUl  straight  lines  cut  any  two  transversals  propor- 
iionaUy. 

5.  The  straight  line  which  joins  the  middle  points  of  the  oblique 
sides  of  a  trapezium  is  parallel  to  the  parallel  sides. 

6  Two  triangles  A  BC,  DEC  stand  on  the  same  side  of  the  com- 
mon base  BC :  and  from  any  point  E  in  BC  lines  are  drawn  para  e 
to  BA,  BD,  meeting  AC,  DC  in  F  and  G.  Shew  that  FG  is  purallel 
to  AD. 

7  In  a  triangle  ABC  a  transversal  is  drawn  to  cut  the  sides 
BC  CA  AB  (produced  if  necessary)  at  D,  E,  and  F  respectively. 
and  it  makes  equal  angles  with  A B  and  AC;  prove  that 

BD-.CD  =  BF-.CE. 
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EXERCISES   ON   THEOREM   47 
[Numerical  and  Graphical) 

1.  Draw  a  triangle  AliC,  making  a  >.  1-5",  6  -  2-4",  and 
c  =  3-6".  Bisect  the  angle  A,  internally  and  externally,  by  lines 
which  m«it  HC  and  BC  produced  at  A'  and  )'. 

Measure  BX,  XC;  BY,  YC;  hence  evaluate  and  compare  the 
ratios 

BX     BY     BA 
XC    YC'   AC' 

2.  In  the  triangle  4  Br,  a  =:j.,icm.,6  =  ,'j-4  cm.,  r  =  7-2pm.; 
and  the  internal  and  external  bisectors  of  the  Z  A  meet  BC  at  -Y 
and  Y. 

Calculate  the  lengths  of  the  segments  into  which  the  base  Is 
divided  at  A- and  y  respectively ;  and  verify  your  results  graphically. 

3.  Frame  constructions,  based  upon  Theorem  47, 
(i)  to  trisect  a  straight  line  of  given  length ; 

(ii)  to  divide  a  given  lino  internally  and  externally  in  the  ratio 

(Theorelical) 

4.  ADisa  median  of  the  triangle  A  BC ;  and  the  angles  ADB. 
A  DC  are  bisected  by  lines  which  meet  AB,  ACat  E  and  F  resp»»^ 
tively.     Shew  that  EF  is  parallel  to  BC. 

5.  A  BCD  is  a  quadrilateral;  shew  that  if  the  bisectors  of  the 
angles  A  and  C  meet  on  the  diagonal  BD,  the  bisectors  of  the  angles 
B  and  D  will  meet  on  AC. 

6.  Employ  Theorem  47  to  shew  that  in  any  triangle 

(i)  the  internal  bisectors  of  the  three  angles  are  concurrent ; 
(11)  the  external  bisectors  of  two  angles  and  the  internal  bisector 
of  the  third  angle  are  concurrent. 

7.  If  /  is  the  in-centre  of  the  triangle  ABC,  and  it  A I  in  pro- 
duced to  meet  BC  at  X,  show  that 

Al-.IX  '^  AB  +  AC-.BC. 

8  Given  the  base  of  a  triangle  and  the  ratio  of  the  other  sides,  find 
the  locus  of  the  vertex. 

9.  Construct  a  triangle,  having  given  the  base,  the  ratio  of  the 
other  sides,  and  the  vertical  angle. 


GEOMETRY 
PROPORTIONAL  AREAS 
Theorem  48.    (Euclid  VI.  1) 
The  areas  of  triangles  of  equal  altitude  are  to  one  another  as 
A 
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their  bases. 


Let  ABC,  DEF  be  two  triangles  of  equal  altitude,  standing 
on  the  bases  BC,  EF. 
It  is  required  to  prove  that 

the  A  ABC  :  tfte  A  DEF  =  BC  :  EF. 
Proof.*    Let  the  triangles  be  placed  so  that  the  bases  BC, 
EF  are  in  the  same  st.  Une,  and  the  triangles  on  the  same  side 
of  the  line. 

Join  AD  ; 

then  AD  is  par"  to  BF.         Def.  2,  p.  101. 
Suppose  the  base  BC  :  the  base  EF  =  m:n; 
80  that,  if  BC  is  divided  into  m  equal  parts,  then  EF  may  be 
divided  into  n  such  equal  parts,  in  each  case  by  st.  lines 
drawn  from  the  vertex  to  the  points  of  division. 

Then  the  A  ABC,  DEF  are  divided  into  triangles  which 
stand  on  equal  bases,  and  have  the  same  altitude,  and  are 
therefore  all  equal. 

And  of  these  equal  A,  the  A  ABC  contains  m  ; 
and  the  A  DEF  contains  n. 
.-.  the  A  ABC  :  the  A  DEF  =  m:n. 
Hence  the  A  ABC  :  the  A  DEF  =  BC  :  EF. 

Q.E.D. 
»  See  footnote  on  p.  210. 
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CoROLLART.     The  areas  of  parallelograms  of  equal  altitude 
are  to  one  aitother  as  their  *^ases. 

For  let  TjD,  EG  be  par™  of  the  same 
altitude,  8i;sniling  on  the  bases  AB,  EF. 

Join  AC,  HF. 
Since  the  par"  DB  =  twice  the  A  CAB; 
and  the  par"  EG  =  twice  the  A  HEF; 
.:  the  par"  DB  :  the  par"  EG  = 

the  ACAB  :  the  A  HEF  =        AB  EF. 


Alternative  Proof  of  Theorem  48 

Let  p  represent  the  altitude  of  each  of  the  A  ABC,  DBF. 
Then  the  area  of  the  A  ABC  =  \    BC  X  p  ; 
and  the  area  of  the  A  DBF  =  \  ■  EF  y.  p. 

.   AABC  _iBCXp     BC 
"  A  DBF     i-EFXp     EF' 


EXERCISES 

(Numerical) 

1.  Of  two  triangles  Ti,T,  of  equal  altitude  standing  on  bases  of 
6-3"  and  5-4"  T,  contains  12^  sq.  inches.    Find  the  area  of  T,. 

2.  The  areas  of  two  triangles  of  equal  altitude  have  the  ratio 
24 :  17 ;  if  the  base  of  the  first  is  4-2  cm.,  find  the  base  of  the  other. 

3.  Two  triangles  lying  between  the  same  paraUels  have  bases  of 
16-20  m.  and  2070  m. ;  find  to  the  nearest  square  em.  the  area 
of  the  second  triangle,  if  that  of  the  first  is  50- 1204  sq.  m. 

4.  Two  parallelograms  whose  areas  are  in  the  ratio  2- 1 :  3..5  lie 
between  the  same  parallels.  If  the  base  of  the  first  is  6-  6"  in  length, 
find  the  base  of  the  second. 

5.  Two  triangular  fields  lie  on  opposite  sides  of  a  common  base  j 
and  their  altitudes  with  respect  to  it  are  4-20  chains  and  3-71  chains. 
If  the  first  field  contains  18  acres,  find  the  acreage  >f  the  other. 
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Theorem  49.    IKuelid  VI.  33) 
In  equal  circles,  nngles,  whether  nt  the  centres  or  drcurnfer- 
nceg,  iuive  the  name  ratio  as  the  arcs  tm  which  they  staiul. 


Let  ABE,  CDF  be  eqtial  circles  ;   and  let  the  d  AOB, 
CHiy,  ;>nd  also  the  A  AEB,  CFD  stand  on  the  arcs  AB,  CD. 
It  IS  required  to  prove  that 

(i)  the  Z  AOB  -.the  I  CHD  =  the  arc  AB  :  the  arc  CD; 

(ii)  the  L  AEB  :  the  I  CFD  =  the  arc  AB  :  the  arc  CD. 

Proof.*     Suppose  the  arc  AB  :  the  arc  CD  =  m:n; 

so  that,  if  the  arc  ^B  is  divided  into  m  equal  parts,  then  the 

arc  CD  may  be  divided  into  n  such  equal  parts,  in  each  case 

by  radii  drawn  to  the  points  of  division. 

Then  the  A  AOB,  CHD,  in  equal  circles,  are  divided  into 
angles  which  stand  on  equal  arcs,  and  are  therefore  all  equal. 
And  of  these  equal  angles  the  /.AOB  contains  m, 
and  the  Z  CHD  contains  n  ; 
.-.  the  Z  AOB  ■  the  Z  CHD  ^  m:n.. 
Hence    the  I  AOB  :  the  ^  CHD  =  the  arc  ^B:  the  arc  CD. 
And  since  the  Z  AEB  =  one  half  of  the  Z  AOB;  Theor.  39 
and  the  /  CFD  =  one  half  of  the  Z  CHD; 
.:  the  Z  AEB  -.the  I  CFD  =  the  arc  43  :  tho  arc  CD. 

Q.E.D. 

Corollary.    Since  in  equal  circles,  sectors  which  have  equal 
angles  are  equal  [p.  147,  E\,  it  may  be  proved  as  above  that 
the  sector  AOB  :  the  sector  CHD  =  the  arc  AB  :  the  arc  CD. 
'  See  footnote  on  p.  210. 
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SIMILAR  FI0UHE8 

1.  Two  rectilinoul  Rgun^  ,in-  said  to  Ik-  equltnfulir  to 
one  another  when  the  anRlos  of  the  first,  taker,  in  or,ler  are 
equal  respectively  to  those  of  the  s,.,.on.l,  tak<-n  in  order. 

2.  Itcctilineul  figures  are  said  to  1k^  simiUr  when  thev  are 
equiangular  to  one  another,  an.l  also  have  their  corres.x.t.d- 
ing  sides  proportional. 

Thus  th«  tw(i  quadrilaterals  A  HC  I), 
EtCH  arp  oimilar  if  th«  anKltn  at 
A,  B,  C,  D  am  respwiivt-ly  equal  ti) 
those  at  E,  F.  O.  H.  and  if  also 

AB  :  EF~  BC:F(l~ri):nU=  DA 

3.  Similar  figures  are  said  to  be  similarly  described  with 
regard  to  two  sides,  when  these  sides  eorrespond. 

NOTE   ON   SIMILAR   PIOUKES 
Similar  figures  may  bo  desorilwd  as  having  the  same  shape. 
ror  this,  the  figures  must  satisfy  two  conditions: 
(1)  they  muni  have  their  angles  equal  each  to  each,  taken  in  order  ■ 
(n)  their  corresponding  sides  must  be  proportional. 
In  the  case  of  triangles  we  shall  learn  that  these  conditions  arc  not 
mdependent,  for  each  follows  from  the  other:   thus 

(i)  if  the  triangles  are  equiangular  to  one  another.  Theorem  .'"lO 
proves  that  their  corresponding  sides  are  proportional; 

(ii)  if    the   triangles    have    their  sides    propor- 
tional, Theorem  51   proves  that  they  are 
equiangular  to  one  another. 

On  the  other  hand,  the  first  diagram 
in  the  margin  shews  two  figures  which 
t-e  equiangular  to  one  another,  but 
which  clearly  have  not  their  sides  propor- 
tional; while  the  figures  in  the  second 
diagram  have  thiir  sides  proportional, 
but  are  not  equiangular  to  one  another. 
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SIMILAR  THIANOLES 
Theobem  50.     [Kutlid  VI.  4] 
//  two  trianglen  are  equiangular  to  one  another,  their  corre- 
tponding  tides  are  proportional,  and  the  triangles  are  similar. 

A 


Let  the  ▲  ABC,  DBF  have  the  A  A,  B,  and  C  respec- 
tively equal  to  the  A  D,  E,  and  F. 
It  is  required  to  prove  that 

AB-.DE  =  BC  .EF  =  CA:  FD. 
Proof.    Apply  the  A  DEF  to  the  A  ABC,  so  that  E  falls 
on  B,  and  EF  along  BC; 

then  since  the  /  £  =  the  Z  B,  ED  will  fall  along  BA. 
Let  D  and  F  fall  at  G  and  H  respectively  ;  so  that  GBH 
represents  the  A  DEF  in  its  new  position. 

Now,  by  hypothesis,  the  ^  D  =  the  Z  A  ; 
that  is,  the  ext.  Z  BGH  =  the  int.  opp.  Z  BAC; 
.:  OH  is  par"  to  AC. 
Hence  BA  :  BO  =  BC  :  BH ;  Theor.  46,  Cor. 

that  is,  AB-.DE^BC:  EF. 

Similarly,  by  applying  the  A  DEF  to  the  A  ABC,  so  that 
F  falls  on  C,  and  FE,  FD  along  CB,  CA,  it  may  be  shewn 

that 

BC  -.EF        M  -.FD. 
Hence  AS  :  DB  =  BC  :  EF  =  CA  :  FD, 

and  so  the  triangles  are  similar  (see  p.  219).  Q.E.B. 
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Theorem  fil.     [Euclid  VI.  5| 
//  two  triangle,,  have  their  »«/««  proportional  when  taken  in 
orUer   the  trmnyle,  are  equiangular  In  p„c  another,  ami  the 
triangles  are  nimilar. 


K    ^ 


Theor.  50. 


In  the  ^ABC,  DBF,  let 

AB:DE  =  BC-.EF  =  CA:  FD. 
It  is  required  to  prove  that  the  A  ABC,  DBF  are  equiangular 
to  one  another.  " 

KtBm  FE  make  the  Z  FEG  equal  to  the  Z  B- 
and  at  F  in  EF  make  the  Z  EFG  equal  to  the  Z  c' 
■■•  the  remaming  Z  EOF  =  remaining  Z  A 

anSer';    ^'""^  *'"  ^"^^^^  ^^^  "'''  "''"'""(Sular  to  one 

•■•  AB-.OE  =  BC  :  EF. 

But,  by  hypothesis,     AB  :  DE  =  BC  :  EF; 

.-.  AB  :  GE  =  AB:  DE. 

:.  GE  =  DE. 

Similarly  GF  =  DF. 

Then  in  the  A  GEF,  DBF 

because/         OE  =  DE,  GF  =  DF, 

{  and  EF  IS  common; 
.-.  the  triangles  are  identically  equal;        Theor  7 
.:  the  Z  DEF  =  the  Z  GEF  =  the  Z  S' 
and  the  Z  Dfi?  =  the  Z  GFE  =  the  Z  c' 

.-.  the  remaining  Z  D  =  the  remaining  /  A  • 
that  IS.     the  A  DEF  is  eqni.wgular  to  the  A  ABC 
Hence  the  triangles  are  similar  (see  p.  219 )  q  e  d 
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=  1-2' 
:  6' 6  cm. 


find  AX. 
find  AC. 


find  XY. 
•  4-5  cm.;  find  AB. 

■■  3-6",  c  -  4-2";    and 
Find  the  remaining 


EXERCISES  ON  SIMILAR  TRIANGLES 

{Numtrical  and  graphical.     The  results  are  to  be  obtained  by 
calculation  and  checked  graphically) 

1.     In  a  triangle  A  BC,  X  Y  is  drawn  parallel  to  BC,  cutting  tlie 
other  sides  at  -Y  and  Y : 
(i)  If  AB  =  2-5",        AC  =  20",        AX  =  1-5";         find  AY. 
(ii)  If  AB  =3-5",         AC   =21",         AY 
(iii)  If  AB  -  4-2  cm.,    AX  =  3-6  cm.,    AY 
2      In  the  figure  of  the  last  example : 
(!)  If  AB  =2-4",         BC,=  3-6",         AX  =  IV ; 
(ii)  If  BC   =7-7  cm.,   XY  =  5-5  cm.,    AX 

3.     In  the  triangle  ABC,  a  =-  30",  b 
QR,  drawn  parallel  to  AC,  measures  30". 
sides  of  the  triangle  QBR. 

4  A  BC  is  a  triangle  in  which  a  =  8  cm.,  6  =  7  cm.,  and  c  -  10 
cm. '  In  AB  a  point  P  is  taken  4  cm.  from  A.  and  PQ  is  drawn 
parallel  to  BC.     Find  the  lengths  of  PQ  and  QC. 

5  The  sides  of  a  triangular  field  are  400  yards,  350  yards,  and 
300  yards  respectively.  In  a  plan  of  the  field  the  greatest  side 
measures  2-4" ;   find  the  lengths  of  the  other  sides. 

6  XY  Xi  drawn  parallel  to  BC,  the  base  of  the  triangle  ABC. 
If  AX  =  8J  ft.,  Xr  =  3i  ft.,  AV  =  6  ft.  2  in.,  and  XB  =  4J  ft. ; 
calculate  the  sides  of  the  triangle  ABC. 

7.  The  triangle  A  BC  is  right-angled  at  C ;  and  from  P,  a  point 
in  the  hypotenuse,  PQ  is  drawn  parallel  to  AC. 

If  AC  =  U",  BC  =  3",  and  PQ  =  !";  And  BQ,  BP,  and  AP. 

8  In  a  triangle  ABC,  AD  is  the  perpendicular  from  A  on  BC ; 
and  through  X,  a  point  in  AD,  a  parallel  is  drawn  to  BC,  meeting 
the  other  sides  in  P,  Q. 

If  BC- 9  cm.,     AD  =8  cm.,     DX  =  3  cm. ;  find  PQ. 

9.  In  the  triangle  ABC,a^  20  cm.,  b  -  3-5  cm.,  c  -  4-5  cm. 
BD  and  CE  are  drawn  from  the  ends  of  the  base  to  the  opposite 
sides,  and  they  intersect  in  P. 

If  EP:  PC  =  DP:  PB  =2:5, 

find  the  lengths  of  ED,  AD,  and  DC. 


SIMILAR  TRIANGLES 
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EXERCISKS  ON   SIMILAR  TRIANGLES 
(.Theoretical) 

1.  Shew  that  the  straight  line  which  joins  the  middle  points  of 
two  sides  of  a  triangle  is 

(i)  paraUel  to  the  third  aide;     (ii)  one-half  the  third  side. 

2.  In  the  trapezium  A  BCD,  AB  is  parallel  to  DC,  and  the 
diagonals  intersect  at  0 :  shew  that 

0.1  -.OC  =  OB:  OD. 
If  AB  =  2DC,  shew  that  0  is  a  point  of  trisection  on  both 
diagonals. 

3.  If  three  concurrent  straight  lines  are  cut  by  two  parallel 
transversals  in  A,  B,  C,  and  P.  Q,  R  respectively ;   prove  that 

AB-.BC  =  PQ-.QR. 

4.  4  BCD  is  a  parallelogram,  and  from  D  a  straight  line  is  drawn 
to  out  AB  a.t  B,  and  CB  produced  at  F.  In  this  figure  name  three 
triangles  which  are  equiangular  to  one  another ;   and  shew  that 

DA:  AB  =  FB:  BE  =  FC:  CD. 

5.  In  the  side  ACota.  triangle  A BC  any  point  D  is  taken :  shew 
that  if  AD,  DC,  AB,  BC  are  bisected  in  E,  F,  G,  H  respectively 
then  EG  is  equal  to  HF. 

6.  AB  and  CD  are  two  parallel  straight  lines;  B  is  the  mid- 
point of  CD ;  AC  and  BE  meet  at  F,  and  AE  a.ni  BD  meet  at  G ■ 
shew  that  FG  is  parallel  to  AB. 

7.  AB  is  a  diameter  of  a  circle,  and  through  A  any  straight  line 
IS  drawn  to  out  the  cuwumference  in  C  and  the  tangent  at  B  and  D- 
shew  that  ' 

(i)  the  A  CAB,  BADaie  equiangular  to  one  another; 
(ii)   AC,  AB,  A D  are  three  proportionals ; 
(iii)  ihe  rect.  AC,  AD  is  constant  for  all  positions  of  AD. 

8.  If  through  any  point  X  within  a  circle  two  chords  A  B,  CD 
are  drawn,  and  AC,  BD  joined ;   shew  that 

(i)  the  A  AXC.  DXB  are  equiangular  to  one  another; 
(ii)   AX:DX  =  XC:XB. 

9.  If  from  an  external  point  X  a  tangent  Jf  7"  and  a  secant  XAB 
are  drawn  to  a  circle,  and  A  T,  TB  joined ;   shew  that 

(i)  the  A.  AXT,  TXB  are  equiangular  to  one  another: 
(ii)  XAiXT  -  XT:XB. 
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Theohe^  52.    [Euclid  VI.  6] 
If  two  triangles  have  om  angle  of  the  one  equal  to  one  angU  of 
the  other,  and  the  Mes  about  the  equal  angles  proportionals,  the 
triangles  are  similar. 


In  the  A  ABC,  DBF,  let  the  Z  4  =  the  /  D, 
and  let  AB  .DE  ^  AC -.DF. 

It  is  required  to  prove  that  the  A  ABC,  DEF  are  similar. 
Proof.    Apply  the  A  DEF  to  the  A  ABC,  so  that  D  falls 
on  A,  and  DE  along  AB;  then 

because  the  /  EOF  =  the  Z  BAC,  DF  must  fall  along  AC. 
Let  G  and  H  be  the  points  at  which  E  and  F  fall  respec- 
tively ;    so  that  AGH  represents  the  A  DEF  in  its  new 
position. 

Now,  by  hypothesis,  AB  :  DB  =  AC  :  DF; 
that  is  AB:AG  =  AC:AH; 

hence  GH  is  pai^  to  BC.  Theor.  46,  Cor. 

.:  the  ext.  /.AGH,  namely  the  /£,  =  the  int.  opp.  /ABC; 

and  the  ext.  /  AHG,  namely  the  Z  F,  =  the  int.  opp.  /ACB. 

Hence  the  A  ABC,  DEF  are  equiangular  to  one  another, 

hence,  the  A  ABC,  DEF  are  simUar.  Theor.  50. 
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♦Theorem  53.    [Euclid  VI.  7] 

7/  two  triangles  have  one  angle  of  the  one  equal  to  one  angle  of 
the  other,  and  the  sides  about  another  angle  in  one  proportional 
to  the  corresponding  sides  of  the  other,  then  the  third  angles  are 
either  equal  or  supplementary;  and  in  the  former  case  the  tri- 
angles are  similar. 


In  the  A  ABC,  DEF,  let  the  Z  B  =  the /.  E ;   and  let 

AB  -.DE  =  AC  :  DF. 
It  is  required  to  prove  that 
either  the  /.  C  =  the  Z.  F  [as  in  Figs.  1  and  2]; 
or       the  Z  C  =  the  supplement  of  the  /.  F  [Figs.  1  and  3]. 
Proof,     (i)  If  the  Z  A  =  the  Z  D  [Figs.  1  and  2], 

then  the  Z  C  =  the  Z  F;  Theor.  16. 

and  the  ±.  are  equiangular,  and  therefore  similar. 

(ii)  If  the  Z  A  is  not  equal  to  the  Z  D  [Figs.  1  and  3], 

let  the  Z  EOF'  =  the  Z  A. 
Then  the  ▲  ABC,  DEF'  are  equiangular  to  one  another  ; 
/.  AB  :  DE  =  AC  :  DF'. 
AB-.DE  =  AC  :  DF; 
:.  AC  :  DF'  =  AC  :  DF. 

.:  DF'  =  DF. 
the  /  DFF'  =  the  Z  DF'F. 

=  the  supplement  of  the  Z  DF'E 
=  the  supplement  of  the  Z  C. 

Q.E.D. 


But 


{Hypothesis) 
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EXERCISES  ON   SIMILAR  TRIANGLES 

{Tlieoretical) 

1  In  a  triangle  A  BC,  prove  that  any  straight  line  parallel  to 
the  base  BC  and  intercepted  by  the  other  two  sides  is  bisected  by 
the  median  drawn  from  the  vertex  A. 

2  Two  triangles  ABC.  A'B'C  iae  equiangular  to  one  another ; 
if  p,  p'  denote  the  perpendiculars  from  A.  A'  to  the  opp.  sides 

]l   H'     circum-radii ; 

f  ,.1       in-radii; 

prove  that  eaeh  of  the  ratios'^.    |,   X  i«  «,ual  to  the  ratio  of  any 
pair  of  corresponding  sides. 

3  Prove  that  the  radius  of  th,.  circle  which  passes  ttough  the 
mid-points  of  the  sides  of  a  triangle  is  half  the  circum-radms. 

4  If  two  straight  lines  AB.CD  intersect  at  X,  so  that 

XA-.XC  =  XDiXB: 
(i)  shew  by  Theorem  52  that  the  A  AXD.  CXP  are  similar; 
(u)  hence  prove  the  points  A,  D,  B,  C  concycho. 

5  ^    B    C  are  three  coUincar  points,  and  from  B  and  C  two 
DanJlel  lines  BP,  CQ  are  drawn  in  the  same  sense,  so  that 

PB:QC  =  AB:  AL. 
shew  by  Theorem  52  that  the  points  A,  P,  Q  are  coUinear. 

6.  If  in  two  tr.angles  ABC.  A'B'C,  the  Z  B  =  the  Z  B'.  and 
£-  - 1  ;  what  conclusion  may  be  drawn? 

'    Shew  by  diagrams  how  this  conclusion  is  affected,  if  it  is  also 
given  that  ^.^  ^  .^  ^^  ^^^^  j_ 

(ii)  c  is  equal  to  h, 
(iii)  c  is  greater  than  b. 

7  4  BCD  is  a  parallelogram  ;  P  and  Q  are  poi  its  in  a  straight 
line  parlueUo  AB.  PA  and  QB  meet  at  K,  and  PD  and  QC  meet 
at  S:   shew  that  RS  is  parallel  to  AD. 

8  In  a  triangle  A  BC  the  bisector  of  the  vertical  angle  A  meets 
the  base  at  D  and  the  circumference  of  the  circum-circle  at  E.  H 
EC  Sli  shew  that  the  triangles  BAD,  EAC  are  simUar;  and 
hence  prove  that  xBAC  -  AEA D. 
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Theorem  54.    [Euclid  VI.  8] 

In  a  right-angled  triangle,  if  a  ■perpendicular  is  drawn  fnm 
the  right  angle  to  the  hypotenuse,  the  triangles  on  each  side  of  it 
are  similar  to  the  whole  triangle  and  to  one  another. 


B  DC 

Let  BAC  be  a  triangle  right-angled  at  .1,  and  let  AD  be 
drawn  perp.  to  BC. 

It  is  required  to  prove  that  the  A  BDA,  ADC  are  similar  to 
the  A  BAC  ami  to  one  another. 

In  the  A  BDA,  BAC 
the  Z  BDA  =  the  /.  BAC,  being  rt.  angles, 
and  the  Z  B  is  common  to  both; 
.-.  the  remaining  Z«.4i5  =  the  remaining  ZBCA  ;  Theor.  16. 
hence  the  A  BDA  is  equiangular  to  the  A  BAC; 
.:  their  corresponding  sides  are  proportional ; 
.-.  the  A  BDA,  BAC  are  similar. 
SimUarly  the  A  ADC,  BAC  may  be  proved  similar. 
Hence  the  A  BDA,  ADC,  being  equiangular  to  the  A  BA  C, 
are  equiangular  and  hence  similar  to  each  other.         q.e.d 

CoHOLLABY.     (i)  Because  the  A  DBA,  DAC  are  similar, 
.-.   DB:  DA  =  DA:  DC; 
that  is,     DA  is  a  mean  proportional  between  DB  and  DC; 
and  henoe  D.i'^DBDC. 

(ii)  Because  the  A  BCA,  BAD  are  similar, 
.-.  BC:  BA    -  BA:  BD; 
henoe  BA'  =  BCBD. 

(iii)  Because  the  A  CB /I,  CAD  ok  similar, 
:.CB:CA     '-CA:CD; 
henoe  CA'  =  CBCD. 
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EXERCISES 
(MUcellarieoua  Examplea  on  TheoreTna  50-54) 

1.  ABC  is  an  equilateral  triangle  of  which  each  side  -  a.  In 
BC,  produced  both  ways,  two  points  P  and  Q  are  taken,  such  that 
BP  ~  CQ  -  a,  and  AP,  XQ  are  joined.     Shew  that 

(i)  PQ.PA-PA-.PB. 
(ii)         PA'  -  3o'. 

2.  ABC  is  a  triangle  right-angled  at  A,  and  ^4 O  is  drawn  per- 
pendicular to  BC :  \t  AB,  AC  measure  respectively  4"  and  3",  shew 
that  the  segments  of  the  hypotenuse  are  32"  and  IS". 

3.  A  BC  is  a  triangle  right-angled  at  A^  and  a  perpendicular  A  D 
is  drawn  to  the  hypotenuse  BC ;  shew  (i)  by  Theorem  25,  (ii)  by 
Theorem  54  that 

BCAD  -  ABAC. 

4.  ABC  is  a  triangle  right-angled  at  A,  and  AC  is  drawn  per- 
pendicular to  the  hypotenuse,  also  C'A*  is  drawn  parallel  to  CA. 
If  AC  -  15  cm.,  and  AB  =  20  cm.,  show  that  AC  =  12  cm.,  and 
CA'  -  9-6  cm. 

5.  At  the  extremities  of  a  diameter  of  a  circle,  whose  centre  is 
C  and  radius  r,  tangents  are  drawn :  these  are  cut  in  Q  and  R  by 
any  third  tangent  whose  point  of  contact  is  P.     Shew  that 

(i)  QR  subtends  a  right  angle  at  C; 
(ii)    PQPR  -  r'. 

6.  Two  circles  of  radii  r  and  r'  respectively  have  external  .con- 
tact at  A,  and  a  common  tangent  touches  them  at  P  and  Q.  Shew 
that 

(i)  PQ  subtends  a  right  angle  at  A  ;     [Ex.  9.  p.  182.] 
(ii)  PQ'  =  4rr'. 
[Produce  PA,  QA  to  meet  the  circumferences  at  X  and  Y,  and 
prove  the  triangles  PAY,  XAQ  rightrangled  and  similar.) 

7.  Two  circles  touch  one  another  externally  at  A,  and  a  com- 
mon tangent  PQ  is  produced  to  meet  the  line  of  centres  at  5.  Shew 
that,  if  PA,  AQ  are  joined, 

(i)  the  triangles  SAP,  SQA  are  similar; 
(ii)  SA'  =  SPSQ. 

8.  Two  circles  intersect  at  A  and  B ;  and  at  A  tangents  are 
drawn,  one  to  each  circle,  to  meet  the  circumferences  at  C  and  D : 
shew  that  if  BC,  BD  are  joined,  then  BC:  BA  =  BA-.BD. 


AREAS  OF  SIMILAR  TRIANGLES 
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Theorem  55.    [Euclid  VI.  19] 

The  areas  of  similar  triangles  are  proportional  to  the  squares 
on  corresponding  sides. 


H     F 


Let  ABC,  DEF  be  similar  triangles,  in  which  BC  and  EF 
are  corresponding  sides. 
It  is  required  to  prove  that 

the  A  ABC  :  the  A  DEF  =  BO  :  EF*. 
Let  AG  and  DH  be  drawn  perp.  to  BC,  EF  respectively 
and  denote  these  perp*.  by  p  and  p'. 
Proof.    The  A  ABC  =  \BCp;  the  A  DEF  =  i  EF-  v' 
.  AABC^BC_2^ 
"a  DEF     EFp' (')• 

AB?DEF    *'^''  ^^  =  ^^^    ^^'    f™-"    the    similar    A 

and  the  Z  (7  =  the  Z  H,  being  right  angles  ; 
.-.   the  A  ABG,  DEH  are  equiangular  to  one  another, 

"  p'     DE 


Theor.  50. 


BC 


or, 


=  ^'  from  the  similar  A  ABC,  DEF. 

Substituting  for  -2.  in  (i), 
p' 

AABC  _  BC  ■  BC      gg 
A  DEF     EFEF  ~ EF*' 
the  A  ABC  :  the  A  DEF  "  BC-.EP.     q  b  d 
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EXERCISES  ON  THE  AREAS  OF  SIMILAR  TRIANQLES 

{Numerical  atui  Oraphical) 

1 .  In  any  triangle  ABC,  the  aides  AB,  ^4 C  are  cut  by  a  line  X Y 
drawn  parallel  to  BC.  If  AX  is  one-third  of  AB,  what  part  ia  the 
triangle  AXY  of  the  triangle  ABC? 

2.  Two  oormsponding  Bides  of  similar  triangles  are  3  ft.  6  in. 
and  2  ft.  4  in.  respectively.  If  the  area  of  the  greater  triangle  is 
45  sq.  ft.,  find  that  of  the  smaller. 

3.  The  area  of  the  triangle  A  BC  is  25'  6  sq.  cm.,  and  X  Y,  drawn 
parallel  to  BC,  outs  4  B  in  the  ratio  5 :  3.  Find  f  ho  area  of  the 
triangle  AXY. 

4.  Two  similar  triangles  have  areas  of  392  sq.  em.  and  200  sq. 
cm.  respectively ;  find  the  ratio  of  any  pair  of  corresponding  sides. 

5.  ABC  and  XYZ  are  two  similar  triangles  whose  areas  are 
respectively  32  sq.  in.  and  60-5  sq.  in.  If  XY  -  7-7",  find  the 
length  of  the  corresponding  side  A  B. 

6.  Shew  how  to  draw  a  straight  line  XY  parallel  to  BC  the  base 
of  a  triangle  ABC,  so  that  the  area  of  the  triangle  AXY  may  be 
nine-sixteenths  of  that  of  the  triangle  ABC. 


(Theoretical) 

7.  ABC  is  a  triangle,  right-angled  at  A,  and  AD\a  drawn  per- 
pendicular to  BC ;  shew  that 

A  BAD:  A  ACD  -  BA':  AC. 

8.  A  trapezium  A  BCD  ha«  its  sides  AB,  CD  parallel,  and  its 
diagonals  intersect  at  O.  U  AB  is  double  of  CD,  find  the  ratio  of 
the  triangle  AOB  to  the  triangle  COD. 

9.  If  two  triangles  have  one  angle  of  one  equal  to  one  angle  of  ' 
the  other,  their  areas  are  proportional  to  the  rectangles  contained 
by  the  sides  about  the  equal  angles. 

10.  Prove  that  the  areas  of  similar  triangles  have  the  same  ratio 
as  the  gqitarea  of 

(i)  corresponding  altitudes ; 

(ii)  corresponding  medians ; 
(iii)  the  radii  of  their  in-clrcles ; 
(iv)  the  radii  of  their  circum-cirolea. 
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RECTANGLES   IN   CONNECTION   WITH   CIRCLES 

Theorem  56.    [Euclid  III.  35  and  36] 

//  any  two  chord,  of  a  cirde  cut  one  another  internally  or 
externally  the  rectangh  contained  by  the  segment,  of  oZ  7s 
effual  to  the  rectangle  contained  by  the  segments  of  the  other 


Fi».l. 


PlK.3. 


In  the©  ^fiC  let  the  chords  AB,  CD  cut  one  another  at 
A,  internally  m  Pig.  1,  and  externally  in  Fig.  2. 
It  is  required  to  prove  in  both  cases  that 

fierect.XA,XB  =  therect.XC,XD. 
Join  AD,  BC. 

Proof.  In  the  A  AXD,  CXB, 

the  /^AXD  =  the  ^  CXB,  being  opp.  vert.  A 
and  the  same  angle  in  Fig  2- 

stetc'fiir  '''  "  ^''--«^  ''**'•«  O-  standing  on  the 
.-.  the  remaining  angles  are  equal;     Theor.  16 
hence  the  A  AXD,  CXB  are  equiangular, 
.XA^XD 
"XC     XB' 
XAXB  =  XC  XD; 


in  Fig.  1, 


that 


18,    the  rect.  Jf4,  JTB     -  the  rect.  XC,  X/). 


Q.E.D. 
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Corollary.  1}  from  an  external  point  a  leainl  and  a  tan- 
gent are  drawn  to  a  circle,  the  rectangle  contained  by  the  whole 
secant  and  the  part  of  it  outside  the  circle  it  equal  to  the  square 
on  the  tangent. 

or 


Let  XBA  be  a  secant,  and  XT  a  tangent  drawn  to  the 


O  ABrfrom  the  point  X. 
It  is  required  to  prove  that  XA  ■  XB  '•XT'. 


Proof. 

Join  AT,  BT. 

Then 

the  ^Xi4r-the  ^  XTB, 

Theor.  45 

benause 

the  Z  TXA  is  common, 

the  third  angles  are  equal, 

Theor.  16 

the  A  XAT,  XBT  are  similar. 

Theor.  50 

.   XA     XT 

■  xt'xb' 

. 

•.  rect.  XA,  XB  -  sq.  on  XT. 

q.E.D. 
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KXERCISE8  ON  THEOREM  M 

( Theoretical) 

ADDS  -  CO: 
2.     If  two  circles  inter»ot.  and  through  any  Doint  X  in  .h-i. 
common  chord  two  chordii  AH  fn  .«.  j„  .  "'*"' 

•hew  that  -l «,  CD  are  drawn,  one  in  each  circle, 

AXXB  -CXXD. 
point  i^'t^r  etm'lith^'prura^-r  '""  '"-  ^ 

.e  'a  z  vzrr  t;u^ jjTi:::  ^- »'--  *'"- «- 

-  C>    Yn  7J.™*^'i*  """'  -^  *•  ^'^  '"t*"*'*  »t  ^  «o  that  AXXB 

the'^inf,";i^tc:'«L^r;hf^''-"^^ 

^  J;^  '°'h«tri"8le  ^BC,  perpendiculars  ^P,  BQ  are  drawn  from 
^  and  B  to  the  opposite  sides,  and  intersect  at  0;  swThlt 
^O-f    •  _  BOOQ. 

dicL  CDl"d^l'^7*''.r'5-   "*"'^'*''  "  ^-  "«'  '">"  f"  «  P«n.en- 
oiouiart  Wis  drawn  to  the  hypotenuse;  shew  that 

^B -XD  -  AC. 

and  urt^if  rcL?m?zrrs\eTzv'"°"'''' '  "-'" 

.     CX-.4i;  -  DAAF. 

chord  of  contact  at  Q,  shew  that  and  if  OP  meets  the 

OPOQ  =  r«. 

out  t  i»  at  P  and  the  circle  at  Q,  shew  that  "»  «  «• 

AP-AQ  ~  constant. 
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EXRRCIHE8  ON   THEOREM  M 

(MiMcellaneout) 

1 .  The  chord  of  an  arc  of  a  circle  -  2c,  the  height  of  the  arc  »  *, 
the  radiui  -  r.     Shew  by  Theorem  66  that 

»(2r  -  *)  -  c». 
Hence  find  the  diameter  of  a  circle  in  which  a  chord  24"  long  cuta 
off  a  legment  8"  in  height. 

2.  The  radiui  of  a  chijular  arch  i>  25  feet,  and  it«  height  is  18 
feet ;  find  the  ipan  of  the  arch. 

If  the  height  is  reduced  by  8  feet,  the  radiua  remaining  the  lame, 
by  how  much  will  the  iipan  be  reduced? 

Checlc  your  calculated  results  graphically  by  a  diagram  in  which 
1"  represents  10  feet. 

3.  Employ  the  equation  A(2r  -  h)  -  r'  to  find  the  height  of  an 
arc  whose  chord  is  16  cm.,  and  radius  17  cm. 

Explain  the  double  result  geometrically. 

4.  If  d  denotes  the  shortest  distance  from  an  external  point  to 
a  circle,  and  ( the  length  of  the  tangent  from  the  same  point,  shew 

h\  Theorem  .56  that 

d(d  +  2r)  =  ('. 
Hence  find  the  diameter  of   tlm   circle  when   d  -  12",  and 
(  -  2-4";  and  verify  your  result  graphically. 

5.  If  the  horizon  visible  to  an  observer  on  a  cliff  330  feet  above 
the  sea-level  is  22J  miles  distant,  find  roughly  the  diameter  of  the 
earth. 

Hence  find  the  approximate  distance  at  which  a  bright  light 
raised  66  feet  above  the  sea  is  visible  at  the  sea-level. 

6.  If  A  is  the  height  of  an  arc  of  radius  r,  and  6  the  chord  of  half 
the  arc,  prove  that  b*  =-  2rh. 

7.  A  semi-circle  is  described  on  A  B  as  diameter,  and  any  two 
chords  AC,  BD  are  drawn  intersecting  at  P;  shew  that 

AB'  =  AC  AP  +  BDBP. 

8.  Two  oureles  intersect  at  B  and  C,  and  the  two  direct  common 
tangents  A  E  and  DF  are  drawn ;  if  the  common  chord  is  produced 
to  meet  the  tangents  at  G  and  H,  shew  that 

GH'  =  AE'  +  BC. 


KOUKTH    PHOI-OUTIONAW 
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PROBIJOMS 

Problem  33 

Tofiwl  the  fourth  proportloniU  lo  three  ffiven  rtraight  lines. 

Let  ^,  B,  C  be  the  three  givi'ti 
St.  lines,  to  which  the  fourth  pro- 
portional is  required. 

Conitruction.     Prow  two  st.  lines  DL,  1)K  of  in.lcfinite 
length,  eontuininK  any  annlo. 

From  DL  cut  off  IXl  equal  to  A,  and  CIE  equal  to  B  ; 

an<l  from  DK  cut  off  DH  equal  to  C. 

Join  GH.    ThrouRh  i?  draw  KF  paH  to  Off. 

Then  HF  is  the  fourth  proportional  to  A,  B,  C. 

Proof.     Because  OH  is  pnH  to  EF,  a  side  of  the  A  DBF  ■ 
.-.  or;  :  flE  =  /)ff  :  HF. 
That  is,  yl  :  fl  =  c  :  ff /i". 
Then  HF  is  the  fourth  proportional  to  .4,  B,  C. 

Problem  34 
To  find  the  third  proportion.!  to  two  given  straight  lines. 

Let  .4,  fi  be  the  two  lines  to 
which  the  third  i)roportional  is 
required. 

AB     D  G        E^ 

This  problem  is  that  special  case  of  Problem  36  in  which 
C^  =  B.     (See  5,  p.  205.)    The  solution  given  above  applies 
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Problem  35 


To  divide  a  given  straight  line  internall;  and  ezternally  in  a 
given  ratio. 


MN 

Let  A B  be  the  St.  line  to  be  divided  internally  and  exter- 
nally in  the  ratio  M  :  N. 
Constiuction.    At  A  make  any  angle  BAH  with  AB. 
From  AH  cut  off  AP  equal  to  M. 
From  PH  and  PA  cut  off  PC  and  PC,  each  equal  to  N. 

Join  BC,  BC.   • 
Through  P  draw  PX  par"  to  BC,  and  Py  par"  to  BC. 
Then  AB  is  divided  internally  at  X,  and  externally  at  Y 
in  the  ratio  M  :N. 
Proof,     (i)  Because  PX  is  par"  to  BC,  a  side  of  the  AABC, 
.-.  AX  ■.XB  =  AP-.PC  =  M:N. 
(ii)  Because  P  y  is  par"  to  BC,  a  side  of  the  A  ABC, 
.:  AY  -.YB^  AP  -.PC  =  M -.N. 

Corollary.  By  a  similar  process  a 
St.  line  AB  may  be  divided  internally 
into  segments  proportional  to  three  lines. 

Construction.  Draw  AH,  and  from  it 
cut  off  AP,  PQ,  QR  equal  respectively  to 
L,M,N.  Join  RB;  and  through  P  and 
Q  draw  PX,  QY  par"  to  BR. 

Then  evidently 

AX:L  =  XY:M=  YB 


■.N. 


MEAN  PROPORTIONALS 
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lines. 


Problem  36 
To  find  the  mean  proportion*!  betvieen  two  given  straight 

O 


UtAB,ACbe  the  two  given  st.  lines. 

Construction.    Place  AB,  AC  in  a  straight  line,  and  in 
opposite  senses  ;  and  on  BC  describe  the  semi-circle  BDC. 

From  A  draw  AD  at  rt.  angles  to  BC,  to  cut  the  O"  at  D. 

Then  AD  is  the  mean  proportional  between  AB  and  AC. 

Pro''-  Join  BD,  DC. 

Now  the  Z  BDC,  being  in  a  semi-circle,  is  a  rt.  angle. 

And  m  the  right-angled  A  BDC,  DA  is  perp.  to  BC, 

.-.  the  ▲  ABD,  ADC  are  similar  ;       Theor.  54 
■■■  AB  :  AD  =  AD  :  AC  ; 
that  is,  AD  is  the  mean  proportional  between  AB  and  AC. 

Note.  If  the  given  lines  AB,  AC  are 
placed  in  the  same  sense,  the  mean  propor- 
tional between  them  may  be  cut  off  from  AB 

by  the  following  useful  construction 

A  C  X    B 

On  AB  draw  a  semi-circle;   and  from  C  draw  CD  perp.  to  AB 
to  out  the  O"  at  D.     Prom  XB  cut  off  XX  equal  t«  io 
Then  AX  is  the  mean  proportional  between  AB  and  AC. 

For  the  A  X  BD,  X  DC  are  similar,  Theor  54 

•■•  AB-.AD  -  AD:  AC; 
""*■»•  AB:  AX  -  AX:  AC. 
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GRAPHICAL   EVALUATION    OF   A   QUADRATIC   SURD 
Example.     Find  the  approximate  value  of  (i)  VS,  (ii)  vTl. 
(i)   v^g  -  Vsin.     Hence  take  AB,  AC  respectively  to  repre- 
sent 5  and  1  in  terms  of  any  convenient  unit,  and  find  A  D,  the  mean 
proportional  between  them. 

Then  AD'  =  ABAC  III,  p.  206. 

-5X1=5. 

.-.  AD  -  V5. 
By  meaturing  AD,  the  value  of  >/5  is  roughly  found  to  be  2-24. 
(ii)  V2l  =  vTx~3.     Here  take  AB,  AC  equal  to  7  cm.  and  3 
cm.  respectively,  and  proceed  as  before. 

Note.     Factors  should  be  chosen  so  as  to  give  convenient  lengths 

for  AB,  AC.  

e.g.  v^  -  V2-3  X  10;     vH  -  v'2.2  X  5. 


EXERCISES 

1.  Find  graphically,  testing  your  results  by  arithmetic : 

(i)  The  4th  proportional  to  2-4",  1-5",  1-6". 

(ii)  The  3rd  proportional  to  2-5"  and  1-5". 

(iii)  The  mean  proportional  between  7-2  cm.  and  5-0  cm. 

2.  Divide  a  line,  20"  in  length,  internally  and  externally  in  the 
ratio  7:3;  and  in  each  case  measure  and  calculate  the  segments. 

3.  Obtain  graphically  the  unknown  term  in  the  following  state- 
ments of  proportion ;  and  check  your  result  by  arithmetic : 

(i)  1-25:  X     =10: 1-6.     [Take  1"  as  the  unit  of  length.) 
(ii)        1 :  4-2  =  4-2  :  6-3.     [Take  1  cm.  as  the  unit  of  length.] 
(iii)        1 :  16  =   25 :  x.         [Let  1"  represent  10.] 

4.  Divide  a  line,  7-2  cm.  in  length,  into  three  parts  proportional 
to  the  numbers  2,  3,  4.    Measure  and  calculate  these  parts. 

5.  Divide  a  line,  3-9"  in  length,  into  three  parts,  so  that  the 
second  =  1  of  the  first,  and  the  third  -  J  of  the  second. 

6.  On  a  side  of  1-5"  draw  a  rectangle  equal  in  area  to  a  square 
on  a  side  of  2".     Measure  the  other  side  of  the  rectangle. 

7.  Find  graphically  the  approximate  values  of 

(i)   V3;     (ii)   VIO;     (iii)   Vy. 
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8.     Determine  geometrioaUy  the  approximate  values  of  the  fol- 
lowing expressions,  verifying  each  drawing  arithmetically  : 


(■) 


3  5  X  2-4               fr84.     .;;.,   2-71  X  1-26 
"=        '     ™   213'     '""   Tsi—' 


2-8 


9.  Draw  a  triangle  A  DC  from  each  of  the  following  sets  of  data 
and  in  each  case  calculate  and  measure  the  lengths  of  the  sides : 

(i)  The  perimeter  -  4-8";  and         o:3  =  6:4  =.  c-5 
(ii)  The  perimeter  =  lllem.;  and  a  =  J  6,     6  =  ic 
(iii)  The  perimeter  -  11-8  cm.;  and  A-l  ='  B-2  =  C-i 
(iv)a-40",     X=90°;    and6:c-S:3. 

10.  A  field  is  represented  in  a  plan  by  a  triangle  A  BC,  in  which 
?  Z^  """■'  *  "  ^-^  <"°-  <^  =  6-4  cm.  If  the  greatest  side  of  the  field 
IS  .«X)  metres,  find  the  lengths  of  the  other  sides. 

A  fence,  run  across  the  field,  is  represented  in  the  plan  by  a  lino 
PQ  paraUel  to  BC  drawn  from  a  point  P  in  4  B  distant  40  .'m.  from 
A.     Pmd  the  length  of  the  fence. 

U.  A  man  6  feet  in  height,  standing  15  feet  from  a  lamp-post 
observes  that  his  shadow  cast  by  the  Ught  is  5  feet  in  length  •  how 
high  IS  the  Ught,  and  how  long  would  his  shadow  be  if  he  were  to 
approach  8  feet  nearer  to  the  post? 

12.  To  find  the  width  of  a  canal  a  rod  is  fixed  vertically  on  the 
JMinlc  so  as  to  shew  ^  feet  of  its  length.  The  observer,  whose  eye 
IS  5  ft.  8  m.  above  the  ground,  retires  at  right  angles  from  the  canal 
until  he  r«es  the  top  of  the  rod  in  a  Une  with  the  further  bank  If 
his  distance  from  the  canal  is  now  20  feet,  what  is  its  width? 

13.  A  man,  wishing  to  ascertain  the  height  of  a  tower,  fixes  a 
staff  vertically  in  the  ground  at  a  distance  of  27  ft.  from  the  tower 
Then,  retiring  3  ft.  farther  from  the  tower,  he  sees  the  top  of  the 
staff  in  Une  with  the  top  of  the  tower.  If  the  ob9,-.rver's  eye  and 
the  top  of  the  staff  are  respectively  5  ft.  4  in.  and  12  ft.  above  the 
ground,  find  the  height  of  the  tower. 

14.  A  person  due  S.  of  a  Ughthouse  observes  that  his  shadow 
oast  by  the  light  at  the  top  is  24  feet  long.  On  walking  100  yards 
due  E.  he  finds  his  shadow  to  Iw  30  feet  long.  Supposing  him  to  be 
6  feet  high,  find  the  height  of  the  light  from  the  ground 
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SIMILAR  POLYGONS 
Theorem  57 


Similar  polygons  can  be  divided  into  tke  same  number  of 
timilar  triangles;  and  the  lines  joining  corresponding  vertices 
in  each  figure  are  proportional. 


Let  ABODE,  FGHKL  be  similar  polygons,  the  vertex  A 
corresponding  to  the  vertex  F,  B  to  G,  and  so  on.  Let  AC, 
AD  be  joined,  and  also  FH,  FK. 

It  is  required  to  prove  that 

(i)  the  ▲  ABC,  FGH  are  similar  ;  as  also  the  ▲  ACD, 
FHK,  and  the  A  ADE,  FKL. 

(ii)  AB-.FG  =  AC  -.FH  =  AD:  FK. 

Proof.       (i)  Since  the  polygons  are  similar, 

the  /.  ABC  =  the  Z  FGH,  and  AB  :  FG  =  BC  :  OH  ; 

.:  the  A  ABC,  FGH  are  similar.  Theor.  52. 

.-.  the  Z  BCA  =  the  Z  GHF  ; 

Also  the  Z  BCD  =  the  Z  GHK  ; 

.-.  the  Z  ACD  =  the  Z  FHK. 

Also  AC  ■.FH  =  BC  :  GH  (the  A  being  similar) 

=  CD  :  HK  (the  polygons  being  similar). 
.-.  the  A  ACD,  FHK  arc  similar.        Thfor.  52. 
In  the  same  way  the  A  ADE,  FKL  are  similar. 


SIMILAR  POLYGONS 
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(u)  And  AB:FG  =  AC  :  FH,  from  the  similar  A  ABC, 
hfk!  "  ^^  ''  ^^'  ^""^  ^^^  '""''^''  '^  ^^^' 

Q.B.D. 
Note.    In  Theorem  57  the  polygons  have  been  divided  into  simi- 
0ZZ^^^^::,^Z^-  '  -'  "'  corresponding  v!:^r 
division  may  be  made  are : 

(i)  By  lines  drawn  from  a 
pair  of  correiponding  points  on 
the  perimeters  of  the  figmes,  but 
not  vertices. 

(ii)  By  lines  drawn  from  a 
pair  of  corresponding  points 
within  the  polygons. 

The  proofs  of  the  proposi- 
tion for  these  eases  are  left  as 
an  exercise  for  the  student. 

It  is  well  to  notice  also  the 
foUowing  case  in  which  the 
subdivision  is  made.  _ 

po/Snf "  ""**  *'"^/™'»  «  "«•■'  "/  corresponding  points  outHde  tl,e 

In  this  ease  let  the  student  prove  that 
the  corresponding  triangles  are  similar 
and  note  that  these  triangles  are  not  parts 

^«C«i(,  =  the  sum  of  the  A  OAB.  OBC 
OCD,  ODE  diminished  by  the  A  OAE- 
and  similarly  for  the  polygon  FGHKL.       ' 
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Problem  37.    IFirst  Method.] 
On  a  side  of  given  length  to  draw  a  figure  similar  to  a  given 
rectilineal  figure. 


Let  ABCDE  be  the  given  figure,  and  LM  the  length  of  the 
given  side  ;  and  suppose  that  this  side  is  to  correspond  to 
AB. 

Construction.    From  AB  cut  off  AB'  equal  to  LM. 
Join  AC,  AD. 

From  B'  draw  B'C  par-  to  BC,  to  cut  AC  at  C'. 
From  C  draw  CD'  par"  to  CD,  to  cut  AD  at  D. 
From  D'  draw  D'E'  par"  to  DE,  to  cut  EA  a.t  E  . 
Then  AB'C'D'E'  is  the  required  figure. 

OutUne  of  Proof,  (i)  By  construction  the  figure  AB'C'D'E' 
is  equiangular  to  the  figure  ABCDE. 

(ii)  From  the  three  pairs  of  similar  triangles  it  may  be 
shewn  that 

AB'  ^Br;_^c^^D^=EA; 

AB      BC       CD       DE       EA 
that  is,  corresponding  sides  of  the  polygons  are  proportional 
Accordingly  the  figure  AB'C'D'E'  described  on  a  hne  equal 
to  LM  is  similar  to  ABCDE. 


SIMILAR  FIGURES 
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Theorem  58 
Any  two  similar  rectilineal  figures  may  he  so  placed  that  the 
lines  joining  corresponding  vertices  are  concurrent. 

A 
B, 


Let  ABCD,  A'B'C'D'  be  similar  figures. 

Then  since  the  ^  fi'  =  the  Z  B,  the  figures  can  be  so 
placed  that  A'B',  B'C  are  respectively  par|  to  AB,  BC.  It 
follows,  since  the  figures  are  equiangular  to  one  another,  that 
C  D 18  par"  to  CD,  and  D'A'  par"  to  DA. 

It  is  required  to  prove  that  when  corresponding  sides  of  the 
figures  are  paraM,  AA',  BB',  CC,  DD'  are  concurrent. 

JoinA^';  divide  it  externally  at  .S  in  the  ratio  vlB:  A'B' 

Join  SB  and  SB' ;  it  will  be  shewn  that  SB  and  SB'  are  in 
one  straight  line. 

Proof.    In  the  ▲  SAB,  SA'B',  since  AB  and  A'B'  are  par", 
.-.  the  Z  SAB  =  the  /  SA'B'  ; 
and,  by  construction,    SA  :  SA'  =  AB  :  A'B'  ; 
.-.    the   ±.  SAB,  SA'B'  arc  similar;  '      Theor.  52. 

.-.  the  Z  ASB  =  the  ZA'SB'. 
Hence  .SB,  SB'  are  in  the  same  st.  line  ; 
that  is,  BB'  passes  through  the  fixed  point  S. 
Similarly  CC  and  DD'  may  be  shown  to  pass  through  S 
That  is,  AA',  BB',  CC,  DD'  are  concurrent,     q.e.d. 
Note.     Observe  that  the  joininf;  lines  AA',  BB'   CC    DO'  are 
all  divided  externally  at  S  in  the  ratio  of  any  pair  of  eorr^spondinit 
Bides  of  the  given  figures.    6'  is  eaUud  the  centre  of  similarity 
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Note.    In  plMinc  the  given  flcum  to  that  A'B',  B'C  are  re- 
spectively parallel  to  AB,  BC,  two  oaae*  ariie: 

(i)  A'B'  and  AB  may  have  the  tame  >en>e,  a*  in  Figi.  1  and  2; 
(ii)  A'B'  and  A  B  may  have  opfotite  teruet,  as  in  the  Pig.  below. 


C  D 

In  the  latter  case  it  follows  also  that  C'L'  is  par"  to  CD,  and  D'A' 
paH  to  Di4,  and  it  may  be  proVed  that  A  A  ,  BB',  CC,  DD'  are  con- 
current; but  here  S  divides  A  A'  irdernaUy  in  the  ratio  AB:  A'B'. 

Problem  ST.    [Second  Method.] 
On  a  given  siHe  to  draw  a  figure  similar  to  a  given  figure. 


Let  ABCD  be  the  given  figure,  and  A'B'  the  given  side  ; 
and  let  A'B'  correspond  to  AB. 

Construction.     Place  A'B'  pai'  to  AB  ;  and  join  AA',  BB' 

by  lines  meeting  at  S. 

Join  SC,  SD. 
Th'ough  B'  draw  B'C  par*  to  BC,  to  meet  SC  at  C  ; 
through  C  draw  CD'  par"  to  CD,  to  meet  SD  at  D'. 
Join  A'D'. 
Then  A'B'C'D'  is  the  required  figure. 
The  student  should  prove  (i)  that  A'B'C'D"  is  equiangular 
to  ABCD,  (ii)  that  corresponding  sides  of  these  figures  are 
proportional.    The  proof  is  the  converse  of  Theorem  58. 


SIMILAR  FiaURES 
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KXERCI8E8  ON   SIMILAR   FIGURES 

(Numerical  aiiii  Graphical) 

th.  ii         T*  ™Pr  "'  '^^^^^  '"'■''  ""«'  'ho  ratio  o>  eaoh^id,.  to 
the  oorresponding;  side  of  A  BCD  is  3  ■  4  ' 

to  !hi  „^„"  ™'"*^^  ""'?''  "'  ••'*^"'  «"">>' that  the  rati.,  of  each  sid« 
to  the  corresponding  side  of  A  BCD  is  5 :  4. 

sQuL'^that"'^:'"'''.'^"''"  ""  "  '^™"  •'''""'■'•■^  ^«-  "'"^rilH,  u 
If  vl«  -  2r,  and  the  s,de  of  the  inscribed  square  =-  „.  shew  that 

being  fl^l::,^;^^;;:::::;  ;:;  ^O'-  ^■^■'.  'he  centra,  angle 

caii:^  ;:^::l:s;::i  ;:-!;'---— ". 

.  45°  in»!^n"^""  "'  r"?  "i" "^'"'  "^  ■""■•  »•«»  'h"  «entral  angle 
So'vlr^  a  rectangle  with  itssideain  the  ratio  2:  1.  * 

mJ™«„M™  """''  """'"«'™  "'"'  ^  drawn,  and  compare  bv 
measurement  their  greater  sides.  "'ware  nj 

c  =%  0^'  "  '""*'*  ^^'^^  """^"^  »  =  «  ''■°-  *  =  7  cm.,  and 

In  the  tnange  ^«C  inscribe  an  equilateral  triangle,  having      ' 
(1)  one  side  parallel  to  BC;  ^ 

(ii)  one  side  parallel  to  any 'given  straight  line 

triJngJ ViJF™"  '"'"*'"  ^^'^ '"""'"  "  *™"'f'«  «™""  'o  » <Hven 
In  how  many  ways  may  this  be  done? 
8.     Draw  a  regular  hexagon  ABCDEF  on  a  side  of  1  -2"  and  in 

^rnitrthTr.'"^"?  *"",'"•*"  '«^«'  ^  ^Band  olid 
us  \enices  on  the  rumaimng  sides  of  the  hexagon. 
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Theorem  59.     [Euclid  VI.  20] 
The  area»  of  similar  polyyum  art  proportional  to  themfuarei 
on  corresponding  sides. 


uiiU  lut  AB 


Let  ABCDE,  FClHKL  be  wmilar  polygoit, 
FG  \ie  corresponding  sides. 
It  is  required  lo  prove  that 
the  polygon  ABCDE  :  the  polygon  FdHKL 

Join  AC,  AD,  FH,  FK. 

Proof.    Then  the  ▲  ABC,  FGH  are  similar 

also  the  ▲  ACD,  FHK  are  similar 

and  the  A  ADE,  FKL  are  similar 

.-.  the  A  ABC  :  the  A  FGH  =    AO    :    FW- 

=  the  A  ACD  :  the  A  FHK. 
Similarly, 
the  A  ACB:  the  A  FHK  =       AD'  FK' 

=  the  A  ADE  :  the  A  FKL. 
A  ABC  _  A  ACD  ^  AAJ)E 
A  FKL 


AB'-.FG'. 


Theur.  57 


Them.  55. 


Hence 


A  FGH      A  FHK 
Anil  in  this  series  of  equal  ratios,  the  sum  of  the  unti- 
cedents  is  to  the  sum  of  the  consequents  as  each  antecedent 
is  to  its  consequent  ,  Theor.  V,  p.  207. 

.-.  the  fig.  ABCDE  :  the  fig.  FGHKL 

=  the  AABC  :  the  A  FGH 
=       AB'  FG'. 

Q.E.D. 
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COBOLLAKV    1.      l^t   „,   fc,   ,   „,„„^.,„    „,^^.    ,.^^    .^_   ^^^ 

l.)rtion.  HO  tl.H.  i'  -  ^ ;  «„,,  ,,.„H,.,u..,.,ly  M  -  «; 

•  *  T" 

Now  suppose  similar  figuros  P  an.l  Q  .„  |,o  drawn  on  a  an.l 
6  a«  cwrespondinK  sides,  "  ' 

then  Fig.  P^o«      „.     „ 

Fig.  C?     6«  "  ^  '  c' 
Wence  ./  ttrce  «<rn,(,A«  linen  are  proportional,,  and  anv 

"'efig.onthetru-.thefig.onthe^coni  -  theirUUhe  ttlrd. 
CoBOLLAHr  2.      Let  K 

AB  -.CD  =  EF  :  CH 


^ 


N 


A 


Then  since    d^  =  If! . 


and  let  similar  figures  KAB,LCD  * 
lM'similarlydescribedoni4B,C/),       m' 
and  also  let  similar  figures  MF,     /^s. 
■V«    U-  similarly  described   on    /         \ 
EF,  OH.  L i 

4fi»  _  £/•« 

But  the  fig.  /CAfi  :  the  ^.LCD^AB'  :  Ciy  ■      Theor  59 
and  the  fig.    MF  :  the  fig.  NH  -EF'GH* 

•••  the  fig.  KAB  :  the  fig.  LCD  =  the  fig.  MF  :  the  fig.  NH 

Hence  if  four  straight  lines  are  proportional,  and  a  pair  of 

nmilar  rectilineal  Haures  arr  ^^ii^.i    j       -.  '^      •' 

n„Jo^»    J        ,,  ■'^^  ""^^  ^'"^"^'^h  ffe^cnbed  on  the  first 
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KXERCIBEf) 

1.  Similar  flsuni  are  dewribod  on  the  idde  and  diagonal  of  a 
Hquaiv ;   prove  that  the  ratio  of  their  area*  i»  I  ■  '2. 

2.  Himilar  flgunw  are  deaorihed  on  the  ride  and  altitude  of  an 
equilateral  triangle ;  prove  that  the  ratio  of  their  areaa  ia  4 :  '.\. 

3.  The  area  of  a  regular  pentagon  on  a  ride  of  2-5"  in  approxi- 
mately 10|  M].  in. ;  find  the  area  of  a  rimilar  figure  on  a  ride  of  3-0". 

4.  The  length  of  a  rectangular  area  i«  10-8  metreit,  and  the 
ratio  of  the  length  to  the  breadth  18  12:  5;  find  the  length  and 
breadth  of  a  rimilar  rectangle  fonUining  one-ninth  of  the  area. 

5.  In  the  plan  of  a  M>rtain  field,  1"  represent*  66  yard" ;  if  the 
area  of  the  plan  ia  found  to  be  100  mj.  in.,  find  the  area  of  the  field 
in  acres. 

Explain  why  in  thi»  example  the  ikape  of  the  field  i«  immaterial. 

6.  An  eatate  is  represented  on  a  plan  by  a  quadrilateral  A  BCD 
drawn  to  the  scale  of  25"  to  the  mile.  If  .i4C  -  20",  and  the  off- 
sets from  AC  to  B  and  D  measure  24"  and  26"  respectively,  find 
the  acreage  of  the  estate. 

7.  A  field  of  1-89  hectares  is  represented  on  a  plan  by  a  triangle 
whose  sides  measure  13  cm.,  14  cm.,  and  l.'i  cm.  On  what  scale  is 
the  pUn  drawn? 

8.  A  regular  hexagon  is  drawn  on  a  side  of  a  cm.  and  a  second 
hexagon  is  inscribed  in  it  by  joining  the  middle  points  of  the  sides 
in  order.  In  like  manner  a  third  hexagon  is  inscribed  in  the  second ; 
and  so  on.     Find  the  ratio  of  the  first  hexagon  to  the  fifth. 

9.  Compare  the  area  of  any  regular  hexagon  with  the  areas  of  the 
regular  hexagons  described  on  two  unequal  diagonals  of  the  original 
one. 

10.  Compare  the  areas  of  the  regular  inscribed  and  the  regular 
eiroumsoribed  hexagons  of  any  circle. 

1 1 .  Shew  that  the  areas  of  two  similar  cyclic  figures  are  propor- 
tional to  the  squares  of  the  diameters  of  their  circum-oircles. 

12.  Two  similar  polygons  which  are  equal  in  area  are  equal  in 
all  respects. 


SIMILAR  PIOUKE8  24Q 

Thiokbm  60.    [Euclid  VI.  311 

My  descnbed  figure*  on  th.  .<i,k.  .„.„.,i„„.g  the  right  angle 


hv!^!  ^^^  ^  «  right-ang!...l  ^rianglo  of  which  BC  ig  *h. 
S"r  '  '"'^J**  ^.  0.  «  be  similar  an.i  sin.ilar'y   I  • 
Hcnbed  figures  on  SC.C^.^B  respectively. 
// 1«  required  to  prove  that 

the  fig.  ft  +  the  fig.  Q  -  the  fig.  P. 

-"Jrfigg'rnd  P,""'  ^'  "'^  "'"^'-'"""•'  «'^-  -  '^" 
fig.  P     flr> ('•'     "*««»••  c>>i. 


In  like  manner, 


(ii) 


fig.  P     BC      ' 
Adding  the  equal  ratios  on  each  side  in  (i)  and  (ii) 
^-  R  +  &K.O^AB'  +  AC* 
fin-  P  BC 

•  ■  the  fig.  ft  +  the  fig.  Q  =  the  fig.  ft.        q.e.d 
CoRoLLAar.     The  area  of  a  circle  drawn  on  the  hypotenuse 
'^^anght^ngled^an.le  as  diameter  is  equal  to  the  ZTthe 
circles  similarly  drawn  on  the  other  sides 

fhl^'J^"  ?""  °  r  "'"'^  ""*  proportional  to  the  squares  on 
their  diameters.     [Page  199.J  "H""!™  on 
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.      EXERCISES 
( MiaceUaneout) 

1.  In  a  triangle  ABC,  right-angled  aX  A,  ADib  drawn  perpen- 
dicular to  the  hypotenuse.     Shew  that 

(i)  BA'  -  BCBD;         (U)  CA'  -  CBCD. 
Hence  deduce  Theorem  29,  namely, 

BC  -  BA'  +  AC. 

2.  In  the  diagram  of  Theorem  60,  draw  AD  perpendicular  to 
BC;  hence  prove  that,  if  the>fig.  P  -  the  A  ABC,  then 

(i)  the  flg.  0  -  the  A  ADC;     (ii)  the  fig.  R  -  the  A  ADB. 

3.  InthediagramofTheoremeO,  if  AB:  AC  -  8 :  5,  and  if  the 
fig.  P  -  8  '9  sq.  cm.,  find  the  areas  of  the  figs.  Q  and  R. 

4.  BY  and  CZ  are  mediann  of  the  triangle  ABC,  and  YZ  is 
joined.  Find  the  ratio  of  the  'ripngle  BOC  to  the  triangle  YGZ. 
[See  p.  98.1 

5.  ABC  is  an  isosceles  triangle,  the  equal  sides  AB,  AC  each 
measuring  3-6".  From  a  point  D  in  AB,  a  straight  line  DE  is 
drawn  cutting  AC  produced  at  E,  and  making  the  triangle  ADE 
equal  in  area  to  the  triangle  ABC.     If  AD  -  IS",  find  AB. 

6.  AB  is  a  diameter  of  a  ovteXe,  and  two  chords  AP,  AQ  are 
produced  to  meet  the  tangent  at  B  in  X  and  Y. 

Shew  that    (i)  the  ▲  A  PQ,  A  KX  are  similar ; 

(ii)  the  four  points  P,  Q,  Y,  X  are  concyclic. 

7.  In  the  triangle  ABC,  the  angle  A  is  externally  bisected  by  a 

line  which  meets  the  base  produced  at  D  and  the  oircum-oirole  at 

E ;  shew  that 

ABAC  -  AEAD. 

8.  Draw  an  isosceles  triangle  equal  in  area  to  a  triangle  ABC, 
and  having  its  vertical  angle  equal  to  the  angle  A. 

9.  On  a  given  base  draw  an  isosceles  triangle  equal  in  area  to  a 
given  triangle  ABC. 

10.  Any  regular  polygon  inscribed  in  a  circle  is  the  geometric 
mean  between  the  inscribed  and  circumscribed  regular  polygons  of 
half  the  number  of  sides. 


SIMILAR  FIGURES 
Problem  18 
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To  draw  a  figure  similar  to  a  given  redilineal  figure,  and 
equal  to  a  given  fraction  of  it  in  area. 


Let  ABODE  be  the  given  figure,  to  which  a  similar  figure 
IS  to  be  drawn,  having  its  area  a  given  fraction  (say  three- 
fourthe)  of  that  of  the  fig.  ABODE. 

Conitruction.    Make  AF  three-fourths  of  AB.        Prob.  7. 

From  AB  cut  off  AB'  the  mean  proportional  between  AF 
'^i^f-^  Prob.  39.     Note. 

On  AB  draw  the  fig.  AB'C'D'E'  similar  to  the  fig.  ABODE. 

r™       .     „  Profc.  40. 

Then  the  fig.  AB'O'D'E'  =  }  of  the  fig.  ABODE. 

Proof.     By  construction,  AB'^  =  AF  AB. 
Now  the  figs.  ABODE,  AB'O'D'E'  are  similar,  and  AB, 
AB'  are  corresponding  sides  ; 

.  fig.  AB'O'D'E'     AB" 
hg.  ABODE    '  AB' 

_AF  AB 
AB' 

AB     4" 


Theor.  50. 
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EXERCISES 

1  Divide  •  triangle  A  BC  into  two  parts  of  equal  urea  by  a  Une 
Xfinyin  paraUel  to  the  base  BC  and  cutting  the  other  sides  at  A 
and  Y. 

Find  (i)  by  calculation,  (ii)  by  measurement,  the  ratio  AX-.AB. 

2  Divide  a  triangle  A  BC  into  three  parts  of  equal  area  by  lines 
PQ.XY  drawn  paraUel  to  the  base  BC.  If  P  and  X  he  in  A  H, 
prove  that  AP^AX_AB. 

1     "  V2      v^ 
Hence  shew  how  a  triakgle  may  be  divided  into  n  equal  parts  by 
lines  drawn  parallel  to  one  side. 

3.  Draw  a  rectangle  of  length  8  cm.,  and  breadth  5  cm.  Then 
draw  a  similar  rectangle  of  one-third  the  area. 

Measure  ita  length  to  the  nearest  milUmetre,  and  verify  your  re- 
sult by  calculation. 

4.  Draw  a  quadrilateral  A  BCD  from  the  foUowing  data : 
the/  A  -90°;     4B-BC- 8cm.;     AO-  DC  -6cm. 
Draw  a  similar  quadrilateral  to  contain  an  area  of  36  sq.  cm 

and  And  to  the  nearest  millimetre  the  length  of  the  side  correspond- 
ing  to  AB. 

5.  Divide  a  circle  of  radius  3"  into  three  equal  parts  by  means 
of  two  concentric  circles. 

6.  Droti.  a  rectUineal  figure  tv»l  •"  «««  ">  "  f^"*"  ^''^  ^'  ""'' 
mmilar  (o  a  »i»en  figure  S.     lEuclid  VI.  28.1 

[First  replace  the  given  figures  g  and  S  by  equivalent  squares 
(see  Problems  19  and  3.S).  Let  the  sides  of  th^  squares  be  a  and 
6  respectively,  and  let  .  be  one  of  the  sides  of  S. 

Find  p,  a  fourth  proportional  to  (.,  o,  .,  so  that  h:a-  s-.p. 
On  p  draw  a  figure  P  similar  to  the  figure  .S,  so  that  p  and  -  «re 
corresponding  sides.     Then  P  is  the  figure  required ; 

P     p!     "l  _£ 
'"  S  "  »•  "  6'      S  ' 

.-.  the  fig.  P  -  the  fig.  E.] 
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MISCELLANEOUS  THEOREMS 

•Theorem  61 

//  the  vertical  angle  of  a  triangle  is  bisected  by  a  straight  line 
which  cuts  the  base,  the  rectangle  contained  by  the  sides  of  the 
triangle  is  equal  to  the  rectangle  contained  by  the  segments  of  the 
base,  together  with  the  square  on  the  straight  line  which  bisects 
the  artgle. 


Let  ABC  be  a  triangle,  having  the  /.  BAC  bisected  by  AD. 
It  is  required  to  prove  that 

the  red.  AB,  AC  =  the  red.  BD,  DC  +  the  sq.  on  AD. 
Suppose  a  circle  circumscribetl  about  the  A  ABC  ;  and 
let  AD  be  produced  to  meet  the  O"  at  E. 
Join  EC. 
Proof.  Then  in  the  ▲  BAD,  EAC, 

because  the  Z  BAD  =  the  Z  EAC, 
and  the  Z  ABD  =  the  Z  AEC  in  the  same  scj^ent  ; 
.-.  the  remaining  /.  BDA  =  the  remaining  Z  ECA  '; 
that  is,  the  ▲  BAD,  EAC  are  equianRular  to  one  another  ■ 
.  AB_AD 
"  AE~AC'  Theor.  50. 

ABAC  =  AEAD  =  (AD  +  DE)  AD 

=  AD*  +  AD  DE. 
ADDE  =  BDDC;  Theor.  56. 

the  rect.  AB,  AC  =  the  rect.  BD,  DC  +  the  sq.  on  A  D. 

Q.E.D. 


Hence 
But 
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*  Theorem  62 


"  ■jm  the  vertical  atigk  of  a  triangle  a  straight  hne  is  drawn 
perpendicular  to  the  base,  the  rectangle  contained  by  the  stdes  of 
the  triangle  is  equal  to  the  rectangle  contained  by  the  perpendicu- 
lar and  the  diameter  of  the  ciraim-cirde. 


In  the  A  ABC,  let  AD  bo  the  perp.  from  A  to  the  base 
BC  ;  and  let  AE  he  a.  diameter  of  the  circwn-circle. 
/(  is  required  to  prove  thai 

the  red.  A B,  AC  =  the  red.  AE,  AD. 
Join  EC. 
Proof.     Then  in  the  A  BAD,  EAC, 
the  rt.  angle  BDA  =  the  rt.  angle  EC  A,  in  the  semi-cirelc 

and  the  /  ABD  =  the  Z  AEC,  m  the  same  segment 
'  •   the  remaining  Z  BAD  =  the  remaining  Z  EAC  ; 
that  is  the  A  BAD,  EAC  are  equiangular  to  one  another. 
.-.  AB  :  AE  =  AD  :  AC  ;  Theor.  50. 

Hence   the  root.  AB,  AC  =  the  reot.  AE,  AD.  q.e.d. 
Note.     Let  a,  fc,  c  denote  the  sides  of  the  A  ABC,  R  its  oircum- 
radius.  and  />  the  perp.  AD. 

Then  sinoe  AE  AD  =  AB- 

2Rp  =  cfc. 

••«  =  a, 

~2ap 


■AC 
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Theobeic  63.     [Ptolemy's  Theorem] 
The  rectangle  cmUained  by  the  iHagofuU«  of  a  ({uadrilateral 
iii>icribed  in  a  circle  »,v  equal  to  the  sum  of  the  two  rectangles  con- 
tained by  its  opposite  gidvu. 


ill  a  circle  iind  let 


Let  ABCD  he  a  <niadrilateral  inscriU'( 
AC,  BD  be  its  diagonals. 
It  is  required  to  proiv  thai 

the  red.  AC,  BD  =  the  reef.  AB,CO  +  the  ncf-  H(  .  OA. 

Make  the  Z  OAK cqua]io  the  Z  BAC  . 

to  each  add  the  Z  KAC, 

then  the  Z  DAC  =  the  Z  KAR. 

Proof.     Since  the  Z  EAB  -  the  Z  DA( . 

and  the  Z  ABE  =  the  Z  ACD  in  the  siane  s.^trnKrit  ; 

-•.  the  AEAB,  DAC  are  equiangular  to  one  another  ; 

■:  BA-.CA  =BE    CD,  The<n-' Sfl. 

nonce  AB  CD  =  AC  BE (,) 

Again  in  the  A  DAE,  CAB, 
the  Z  DAE  =  the  /  CAB. 
and  the  Z  ADE  =  the  Z  ACB.  in  the  samo  srgnwnt  ; 
.•.  the  A  DAE,  CAB  are  equiangular  to  one  anoth<i 
■••  DA  :  CA=DE  :  CB; 

hence  BC  DA  =  AC  DE ^ii) 

Adding  the  equal  rectangles  on  each  side  in  (i)  and  (ii) 
AB  CD  +  BC  DA  =  ACBE  +  A(    DE 
=  ACIBE  +  DE) 

=  AC  ■  a  J).  Q.E  I) 
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EXERCISES 

1  ABC  is  an  iwwsele*  triangle,  and  on  the  ba«e,  or  bare  pro- 
duced, any  point  X  i»  taken ;  shew  that  the  oirounuoribed  circles  of 
the  triangles  A  BX,  ACX  are  equal. 

2  From  the  extremities  B.  C  of  the  base  of  an  isosceles  triangle 
ABC.  svraight  lines  are  drawn  perpendicular  to  AB.  AC  respec- 
tively, and  intersecting  at  D;  shew  that 

BCAD  '2AB  DB. 

3  If  the  diagonals  of  a  quadrilateral  inscribed  in  a  circle  are  at 
right  angles,  the  sum  of  the  rectangles  contained  by  the  opposite 
sides  is  double  the  area  of  the  figure. 

4.  A  BCC  is  a  quadrjlateral  inscribed  in  a  circle,  and  the 
diagonal  BD  bisects  AC;   shew  that 

AD  AB  "  DC  CB. 

5  If  the  vertex  A  of  a  triangle  A  BC  is  joined  to  any  point  in 
the  base,  it  will  divide  the  triangle  into  two  triangles  such  that  their 
circumscribed  circles  have  radii  in  the  ratio  of  A  B  to  AC. 

6.  Construct  a  triangle,  having  given  the  base,  the  vertical 
angle,  and  the  rectangle  contained  by  the  sides. 

7  Two  triangles  of  equal  area  are  inscribed  in  the  same  circle ; 
shew  that  the  rectangle  contained  by  any  two  sides  of  the  one  is  to 
the  rectangle  contained  by  any  two  sides  of  the  other  as  the  base  of 
the  second  is  to  the  base  of  the  first. 

8  P  is  a  point  on  the  arc  BC  of  the  eircum-oirele  of  an  equi- 
lateral triangle  ABC.     If  P  is  joined  to  A,  B,  and  C,  shew  that 

PB  +  PC  =  PA. 

9  A  BCD  is  a  quadrilateral  inscribed  in  a  circle,  and  BD  bi- 
sects the  angle  ABC;  if  the  points  A  and  C  are  fixed  on  the  cir- 
(mmferenee  of  the  circle,  and  B  is  variable  in  position,  shew  that 

AB  +  BC:  BD  is  a  constant  ratio. 

10.     FVom  the  formula  R   -^  (»ee  Noxi,   p.   254)   find   the 
value  of  k  when  the  aides  of  the  triangle  are  as  foUows : 
(I)  21'  ,  20",  13";     (ii)  :«  ft..  25  ft.,  11  ft. 
Draw  td  a  convenient  scale  and  check  your  work  by  meawffement. 


I 
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MISCELLANEOUS  EXAMPLES 
PARTS   I-IV 

1.  The  bisector  of  the  angle  P  of  the  triangle  PQR  meets 
QR  at  .S  and  QR  is  produced  to  T.  Prove  the  sum  of  the  angles 
PQR  and  PRT  equals  twice  the  angle  PSR. 

2.  L  and  .W  are  the  middle  points  of  the  sides  PQ,  PR  of  the 
A  PQR.  RL  and  QM  are  produced  to  T  and  .S'  so  that  RL  -  LT 
and  QM  -^  MS.     Prove   that    T.    P.   S   are   eoUinear  and    that 

3.  In  the  isosceles  A  PQR,  PQ  -  PR.  ps  and  PT  are  equal 
parts  cut  off  from  PQ,  PR  respectively.  QT,  RS  intersect  at  O 
Prove  A  TOS,  QOR  isosceles. 

4.  A  St.  line  PR  is  bisected  at  Q.  From  P  and  R  PT,  RS 
are  drawn  perpendicular  to  any  other  st.  line  and  QS,  QT  joined- 
prove  A  Ors  isosceles. 

5.  PQR  is  a  A.  PS  is  ±  QR  and  PT  bisects  angle  QPR. 
Prove  angle  SPT  =  half  the  difference  of  the  angles  Q  and  R. 

6.  Find  a  point  such  that  its  distances  from  two  given  inter- 
secting straight  lines  shall  be  equal  to  two  given  lengths. 

7.  G  is  any  point  in  the  base  EF  of  the  isosceles  A  DEF. 
DG  is  joined  and  bisected  at  H.     Prove  HF  >  HG. 

8.  The  vertical  Z  X  of  the  A  ^BC  is  bisected  by  ^D  which 
meets  the  base  BC  at  D.  DM,  DN  drawn  ||  to  AB.  AC  resp. 
meet^Cin^and  ABinN.  Prove  the  four  sides  of  figure  A  AT  DAf 
equal. 

9.  The  base  BC  of  the  A  ^  BC  is  produced  to  D.  BO  bisect- 
ing Z  ABC  and  CO  biwwting  /:  ACD  meet  at  0.  Prove  Z  BOC 
=  J  Z  yt. 

10.  A  I)  joins  the  vertex  .4  of  the  triangle  ABC  to  the  middle 
point  D  of  BC.  Shew  that  AD>,  ~  >  or  <  BD  according  as 
/  BAC  is  acute,  right,  or  obtuse. 
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11  BCii  the  hue  of  an  iio«>elei  triangle  A  BC.  A  circle  with 
centre  C  and  radius  CB  cuts  ^  B,  AC  in  D  and  «  resp.  Shew  that 
DE  is  parallel  to  the  bisector  of  Z  B. 

12.  The  quadrilateral  formed  by  the  bisectors  of  the  angles  of 
any  quadrilateral  is  cyclic. 

13.  I  Q  and  RS  are  two  equal  straight  lines  not  in  the  same 
straig"  line.     Find  a  point  T  so  that  the  A  TPQ  -  A  TRS. 

11.  cHiRS  is  a  parallelogram.  DE  drawn  II  PR  meets  HP, 
SR  .foduoed  if  necessary  at  D  and  E.  Prove  A  QDP  -  A 
QBR. 

15.  Trisect  a  parallelogram  by  st.  lines  through  a  vertex. 

16.  P  and  0  are  two  fixed  points.  Find  a  point  O  such  that  OP' 
+  OQ'  may  be  a  minimum. 

17.  PQRS  is  a  parallelogram.  PT  is  drawn  to  any  point  T 
in  Oft  and  0  is  any  point  in  PT.     Prove  A  QOR  -  A  TOS. 

18.  If  two  chords  of  a  circle  intersect  at  right  angles,  the  sum 
of  the  squares  on  their  segments  equals  the  square  on  a  diameter. 

19.  Find  a  point  within  a  given  triangle  at  which  the  three 
sides  subtend  equal  angles.     When  is  the  solution  possible? 

20.  Through  an  intersection  of  two  given  circles  draw  the 
greatest  possible  st.  Une  terminated  by  the  two  circumferences. 

21.  Describe  a  circle  of  given  radius  to  touch  two  given  circles. 

22.  Describe  a  circle  of  given  radius  to  touch  two  given  inter- 
secting St.  lines. 

23.  Prom  a  given  point  P  without  a  given  circle  draw  a  secant 
PQR  such  that  PQ  -  QR- 

24  From  the  extremities  of  the  diame*«r  of  a  circle  perpen- 
diculars are  drawn  to  any  chord.  Shew  that  the  centre  is  equally 
distant  from  the  feet  of  the  perpendiculars. 

25.  Draw  a  tangent  to  a  oirele  which  shall  bisect  a  given  par- 
allelogram which  is  outside  the  circle. 

26.  Describe  a  cirele  with  given  radius  to  touch  a  given  st. 
line  and  have  its  centre  in  another  given  st.  line. 

27  Describe  a  ciwsle  with  given  radius  to  pass  through  a  given 
point  and  touch  a  .iiven  St.  line. 
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28.  Denribe  a  circle  with  given  radius  to  touch  a  given  circle 
and  a  given  it.  line. 

29.  AD  and  AE  bisect  the  interior  and  exterior  angles  at  A 
ol  A  ABC,  and  meet  BC  at  O  and  J?;  and  O  is  the  middle  point 
of  BC.     Prove  0C«  -  OD-  OB. 

.'JO.  In  a  given  circle  inscribe  a  triangle  whose  sides  are  parallel 
to  three  given  st.  lines. 

;n.  Two  circles  whose  centres  arc  A  and  B  touch  externally  at 
P.  and  CPD  is  drawn  meeting  the  circli>s  in  C  and  />.  Shew  that 
the  ircxngles  API>,CPIi  are  equal  in  area. 

32.  ('onstruct  a  triangle  equiangular  to  a  given  triangle  and 
having  a  given  circle  for  one  of  its  escriHed  circles. 

Xi.  Construct  a  triangle,  given  the  base,  the  vertical  angle, 
and  the  radius  of  the  inM-rihed  circle. 

;I4.     If  two  cindcB  intcrwcl  and  through  a  point  on  their  common 

chord  produced   two   WK-aiils   an'  drawn,  one   to  each   circle,  the 

four  points  of  sef^tion  of  the  secants  with  the  circles  are  concyclic. 

.■15.     If  ^flr  is  a  triangle,  right-angled  at  .1,  and  AUis  drawn 

perpendicular  to  BC,  shew  that 

(i).  BC:  BA'  -  BC :  Bl); 
(ii)   BC'-.CA'  =  BC-.CD. 
Hence  deduce  BC  =  BA'  +  AC. 

38.  A  triangle  A  BC  is  bisected  by  a  straight  line  X  Y  drawn 
parallel  to  the  base  BC.     Determine  the  ratio  AX:  AB. 

Hence  bisect  a  triangle  by  a  line  drawn  parallel  to  the  base. 

37.  If  two  circles  have  external  contai-t  at  .1,  and  a  common 
tangent,  touching  them  at  B  and  C,  meets  the  line  of  centres  at  S, 

A  SB  A  :  A  SAC  -  SB :  SC. 

38.  Two  circles  intersect  at  A  and  B.  and  at  A  tangents  are 
drawn,  one  to  each  cin-le.  mwting  the  cin^umfewnces  at  C  and  D. 
If  AB.  CB.  and  Bt)  are  joined,  shew  that 

A  CBA:  A  ABD  =  CB:  Bl). 

39.  DBF  is  the  pedal  triangle  of  the  triangle  A  BC ;  prove  that 

A  ABC:  A  DBF  -  AB':  DB'; 
fig.  AFDC:  A  DBF  ^  AD':  BD'. 
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40.  In  »  given  triangle  ABC-  leoond  triangle  ii  Inionbed  by 
joining  the  middle  point!  of  the  lidei.  In  thii  in«)ribed  triMgle  » 
third  i»  inwribed  in  Uke  manner,  and  to  on.  What  fraction  ii  thr 
fourth  triangle  of  the  triangle  ABCf 

41.  A  wmi-oircle  ii  dewsribed  on  AB  ai  diameter,  and  any  two 
chord!  AC,  BD  are  drawn  interwcting  at  P.    Shew  that 

AB»-  ACAP  +  BD  BP. 

42  Two  circle!  inter!eot  at  B  and  C,  and  the  two  direct  com- 
mon tangent!  A «  and  OF  are  drawn;  if  the  common  chord  m 
produced  to  meet  the  tangent!  at  0  and  ff,  ihew  that 

CH>  -  AB'  +BC«. 

43  If  from  an  external  point  P,  a  !eoant  PCD  ii  drawn  to  a 
circle  and   PM  i«  perpendicular  to  a  diameter   AB,  !hew  that 

PM'  -  PCPD  +  AMMB. 

44  Two  circle!  whose  centres  an>  C  and  D  inteneot  at  A  and 
B:  and  a  straight  line  PAQ  is  drawn  through  A  and  termmu,ted 
by  the  oirouraferenoe! :  prove  that 

(i)  the  Z  PBQ  -  the  /  CAD; 
(ii)  the  Z  BPC  -  the  ^  BQD. 
45.     AB  is  a  given  diameter  of  a  circle,  and  CD  u  any  chord 
parallel  to  AB;  if  X  ii  any  point  in  A  B, 

XC  +  XD"  -  XA'  +  XB'. 

46  If  the  opposite  sides  of  a  cyclic  quadriUteral  are  produced 
to  meet,  the  bisectors  of  the  angles  so  formed  are  perpendicular. 

47  Given  the  vertical  angle,  one  of  the  sides  containing  it, 
and  the  length  of  the  perpendicular  from  the  vertex  on  the  base: 
construct  the  triangle. 

4S.  A,  B,  C  are  three  point!  in  order  in  a  !traight  line :  find  a 
poiut  P  in  the  straight  line  suoh  that  PA  .  PB  -  PB  :  PC. 

49  Through  D,  any  point  in  the  base  of  a  triangle  ABC. 
straiKht  lines  DE,  DF  are  drawn  parallel  to  the  sides  AB.  AC.  and 
meetiag  the  sides  at  E.  F:  shew  that  the  triangle  ABF  is  a  mean 
proportional  between  the  triangles  FBD,  EDC. 

ijO.  Given  the  base,  and  the  position  of  the  biaeotor  of  the 
vertical  angle :  coiutruot  the  triangle. 
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ANSWERS  TO  NIMERJCAL  EXERCISES 

<*«.  fount  by  colaZZ  «^  ^Vr°"7^      ^*'  """"'  *"'  """•"  "« 
««M«.  mtkin  me  per  cent  o/llZTl         °{    '"  ''""'""'  ""'  '""""'■'""'.(. 

XzweUei,    Pag,  IS 

BzerciMi.    Page  27 

0.  281  yd...  ,56  yd...  153  yd.  u,   2T4  yd"..'  "*"'"  ^  ""•  "^^ 


/.    12S',  66'.  125°. 


Bxweiaei.    Page  « 

/*.    15  .608..  30  aeea. 


Bxerciies.    Page  43 
*•  **'•  •<•   27°.  s.   92».  46'. 


ff-   67°.  fi-.»° 


/.  30°,  60°,  90°. 

a.  40°. 

e.  68°. 

».  166°. 


Bzerciae*.    Page  4a 

4     5r.n°'^s'°"°'"'=     («'20°.80°,80°. 

7    fii'°       •'^'         ■'•   "'*•»:  (ii)i07°. 

//■   5   15  *•   ^'''  "°'  '"«''•  '44° 


«.    (i)46°;   (ii)36°. 


Exercises.    Page  47 
»•    (!)  12;  (ii)  15. 


MICROCOPY   (ESOIUTION   TBI  CHART 

(ANSI  and  ISO  TEST  CHART  No.  2) 


_^  APPLIED  M/CB    In 

^^^  165J   East   Main  Street 

— -^  RochMter,   Ne«   l-ork         U609       uSA 

r.^5  (^16)  ♦82  -  0300  -  Phone 

^S  (^'6)   286  -  S9Sg  -  FoK 
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Exercises.    Page  M 


(i)«l°;  c.     (ii)  •'>•■> 

Dfigreea  j    15 
i   Cm.  I    41 


I   Degrpfs 


Cm. 


0° 
10 


30°   45° 

80°  j  75° 

4-6  :  5-7 

80  1  158 

.  30°  1  00° 

90' 

120° 

150° 

180° 

1  2.0  i  3.0 

*o" 

61 

8-8 

70 

37  ft. 


IS.   112  ft. 


16.   4. 


5.   2-54.       S.    10- ()  cm. 


Exercises.    Page  61 

54°,  72°,  r)4°.  '■■'•   *>°- 

(i)  18;  C'i)  45°;  (iii)  11J°  Per  »«'■ 

Exercises.     Page  68 

8.80cm.         3.   224".       /,.   0.39. 

3-35".  10.   20  miles;  12.8  km. 

147  miles;  235  km.     1  cm.  represents  22  km. 

1"  represents  15  mi. ;  1"  represents  20  mi. 

Exercises.    Page  79 

J,.    13  cm.  a.   2-4". 

Exercises.    Page  84 

43  cm..  5.2  cm.,  81  cm.  2.    110.  ».   2(»  yards. 

85°.  77  m..  61  m.,  58  m.  .5.   604  knots.  S,  15°  E,  nearly. 

Results  equal.    9  cm.  7.  43  em. ;  9-8  cm..  60° ;  120  . 

(i)One  solution;    (ii)  two;    (iii)  one.  right-angled:    (iv)  im- 
possible. 
380  yds  10.   65  cm.         //.  8.9em. 

Two  solutions;   104  cm.  or  45     10.   28  cm..  45  cm..  53  cm. 

cm. 
58  cm.,  42  cm.  >»■   7  cm..  8  cm. 

Exercises.     Page  89 

60°,  120°.  2.   354".  S.   2. 12".  j. 

164  cm.,  3.4%.     8.  90°.  7.    (i)4.25";  («)  B 


3.  043  in. 

;. 

e. 


IS 


4.4  cm. 
=  D  -  90." 
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n. 

11. 
14. 
itt. 

20. 
23. 


Exercises.     Page  IM 

0  sq.  in.       2.    (i  sq.  in.    .f.  2-SO  sq.  in.  4.    U-.V)  sq.  in. 

H:«)sq.  in.     «.  H.;ii;  sq.  ill.  r.  IDS  Kq  111.  ,s'.  42sq.  fl. 

UMKH)sq.  m.  U>.    110  sq.ft.  M.  "j  cm.     l>.   2(>  in. 

900  sq.  yds.;  4«  yds. :  4.S".   /.■;.  11,7(X)  sq.  ni. 

1cm.  =  10yds.  /?.  l-H".   IS.  (KX)  sq.  ft.   /,'(.  IIM  sq.  ft. 

100  sq.ft.       21.    15(i  sq.ft.  2!.    110  sq.ft. 

288  sq.  ft.       21,.    72  sq.ft.  2'i.    7r>  sq.  ft. 

Exercises.    Page  107 

^i)  22  cm.;   (ii)  Uti".         2.   34  sq.  in. 
iri".  o.    193",  7r,°. 

Exercises.    Page  109 

(i)   180  sq.ft.;  (ii)  8.4sq.  in. ;  1  hectare. 

(i)   13-44sq.  em. ;   (ii)   l.">- 40  sq.  em. ;  (iii)  20  .TO  sq.  cm. 


J.   .")74-5  sq.  in. 


,?. 

15  sq.  cm. 

i.    C-S  sq.  in. 

a. 

(i)  8";  (ii)  13  cm. 

a.   3-30  sq.  in. 

Exercises. 

Page  112 

1. 

11,400  sq.  yds. 

2.  Ki\2  sq.  m. 

3. 

2.4  em. ;  5.1  cm. 

.',.  2.04";  2.20". 

1  Angle 

0° 

30° 

60° 

90°      120° 

150- 

180°  i 

j  Area  in  sq.  em. 

0 

7-5 

130 

150     130 

7-5 

0     ' 

Exercises.    Page  113 

m  sq.  ft. 
132  sq.  cm. 

2.   84  sq.  yds. 
.5.    180  sq.  ft. 

Exercises.    Page  116 

3.    126  sq.  m. 
«.   300  sq.  m. 

1. 

s. 

6  sq.  in.         2. 
31-2  sq.  cm. 

170  sq.  ft.         3.    615  sq.  m. 
B.   5-20  sq.  in. 

Exercises.    Page  117 

,{.   8-4  sq.  in 
7.   24sq.'cm 

1. 

s. 

(i)  25-5  sq.  cm 
(i)  8-95  sq.  in. 

;   (ii)   15-6  sq.  cm. 
(ii)  9-5  aq.  in.                     S. 

12,500  sq.  m. 

i.   3-3  sq.  in. 


Exercises.    Page  118 
6.  7-5  om.  6.  3-6  sq.  in. 


2()4 
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Exercises.     Page  123 

/.    (i)   ">om.;  (ii)  l)'>cm.:  liii)  :t-7".       .'.    li)   Mi";  (ii)  2-Sopi. 
,1.    n  ft.  J.   C'  milrs  ■''■   <)1  km.  (I.    lf>  ft. 

7.    4X  in.  S.    2.">  miles.  .'*.    T.i  m.  III.    fi2  ft. 

Exercises.     Page  126 

Id.  (i)  ami  (ill).         //.    2S:r'.  /-'.   4-24cm.;  18  sq.  cm. 

I.S.  70.71sq.m.         I.',,    /y  =  tiiW  cm. 

Ii:.  (i    'iOcm. ;   l.'i  cm. ;  (ii)  4()  cm. ;  3H  cm. 

17.  H.')cm.:   12  cm.;  HOti  sq.  cm. 

;,s'.  (il  ;{(isq.  in.;   (ii)  ™1  "q- ft- :   (iii)  12(>  sq.  cm. ;   (iv)  240  sq.  yds. 

/.''.  ">■  1  cm.  nearly. 

Exercises.    Page  132 

;.   (iliO  sq.  cm.;  1!)  cm. 

Exercises.    Page  134 


8-.">cm.;  90°. 
.>20". 


/.   71  cm. 


,1.  A  circle  of  radius  6  em. 
fl.   0-25". 

Exercises.    Page  136 
40  cm.      S.   1-6".      6.  3-1  om.;  15-6  sq.  om. 


Exercises.    Page  140 


;. 

23-90 

sq. 

cm.                              2.   8-40  sq.  in. 

3. 

27-52 

sq. 

cm.                            4-   129,800  sq.  m 
Exercises.    Page  149 

/. 

.')  cm. 

2.   24".                  3-  0-6",  0-8".        4- 

.5. 

1  ft. 

e.  0-6  sq.  in.        7.  0-8". 

Exercises.    Page  163 

/. 

1-7". 

a.   3v'2  =  4-2  cm.              S.  2 

-(. 

17". 

e.   5  cm. 

4.    V7  =  2-6  cm. 


S.  2v^  -  3-5  om. 


r    4  cm. 


Exercises.    Page  166 

7.    1-3". 


A\.S\VKIi.S 


2«r, 


.'.    I-8.V'. 


.;.  51". 


Exercises.    Page  167 

.(.    I  •()•.>". 

Exercises.    Page  160 

'■'.    I.li";    I..-)";  o.li". 


Exercises.     Page  163 

/.   74M48M«°.  J.    ii.-,M.:i,r  .,,   a.^-,  s°,  47=. 

Exercises.     Page  172 

/.  8-0  cm.     2.  n.r,".     ».  87™,.     .(.  12",  07".     a.  o-r,". 

Exercises.     Page  174 
3.   3  cm.  and  17  cm. 

Exercises.    Page  176 


/.   72°,  108°,  108° 


«.    1-6" 


Exercises.  Page  180 

*•    l^"-  4.    1.98",  1-6" 

Exercises.  Page  193 
*        <  cm.,  4-6  cm.,  6-9  cm.  ,9    1.39// 

4-   "jJcm.;  20-78sq.  cm.  7.'   3.2pm. 

Exercises.  Page  194 

/.   2- 12";  4S0sq.  in.  4.   8-.')  om. 

Exercises.  Page  191 
i.    128»°;  1.73". 

Exercises.  Page  196 

/•   ?w/4°""-  -•   259.8  sq.  cm. 
4-    (I)  41-,57  sq.  cm. ;  (ii)  77-25  aq.  cm. 


5.   20". 
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Exercises.  Page  200 

/.   (DiSUem.;  (ii)  ti'iHUcm.    -'.  (i)  Ititi'isq.  in. ;  (ii)  :i-'>2-99«q.  in. 

3     li;»l<'m.;   lO-lS  sq.  I'm.     .',.  .'id  sq.  cm.  .;.    43-98  »q.  in. 

7.   ;«)r>sq.  cm.        ,V.   SO".      .'*.  4";  a".  W.    12-57  sq.  in. 


(i)  3.">;   (ii)  K;   (iii)  n. 

4.0".  .'i-(')"-  'i 

4-0  cm.,  2-4  cm. :   ItiO  cm..  O.li  cm 


Exercises.     Page  209 

/,.    l(i..%  cm..  120  cm. 


Kxercises.     Page  214 

(i)  each  =3:2;  (ii)  each  =  .5:3;  (iii)  each  =  .5:2. 
(i)  14";  (ii)0.8";  (iii)  (>-4  cm.,  24  cm. 
(i)  ,5.()  cm. ;  (ii)  7-7  cm.,  2-S  cm. 

Exercises.     Page  216 

O.fl",  ()■«";  4.5",  3-0'- ;  3:2. 

2.()  cm.,  1.5  cm. ;   14-0  cm..  10,5  cm. 

Exercises.    Page  217 

10-5  sq.  in.  2.   3-0  cm.  .?.   04  sq.  cm. 

110".  -■■-   3;!- 0  acres. 

Exercises.     Page  222 

(i)  1-2";  (ii)2.0";  (iii)  7- 7  cm.     J.    (i)2.1";  (ii)  6-3  cm. 

OH  =  3.5",  BR  =  25".  .(.   32  cm.,  4-2  cm. 

2.1".  l.R".  «■   5  ft.,  12|ft.,  njf'- 

'.    12"!  1-3".  1-0.5."  K-   -58  "m. 

.   O-S  em..  1-4  cm.,  2-1  em. 


Exercises.     Page  230 

?.   20  sq.ft.         S.    10  sq.  em.         J,.   7:5. 


B.   5-6" 


26". 
3-6". 


Exercises.    Page  234 

2.   48  ft. ;  8  ft.  S.   2  cm. ;  32  cm. 

6.   8100  miles ;  10  miles. 


ANSWKHS 
Exercises.    Page  238 


2(17 


(i)   l(t";  (ii)  l>(l";  (iii)  M)  cm. 

1-4",  ()•(>";  :)-.•)",  \r,".  3.    (i)  2-();  (ii)2S;   liii)  20. 

I()  cm.,  24  fm.,  ;(-2  cm.  r,.    1-8",  1  2",  ()'9".      n.   2-7". 

(i)   1-73;   (ii)3.1(i:   (iii)  Mi".      H.    (i)  It;   i,iij3-21;   (iii)  2-2(i. 

(i)   1-2",  l-C",  2()":   (ii)  30  cm.,  3<ifm.,  4..->.-m.; 

liii)  2-.'i  cm..  4  3  cm.,  .'jO  cm. ;   (iv)  b  =  3-4",  r  =  2  1",  nearly. 

140  111.,  KiO  m.;   12.")  m.  /;.    24  ft.,  2  ft.  4  in. 

UUft.  /,?.    -2  ft.  /;.    100  ft. 


Exercises.    Page  246 


3.   0-52. 


31 :  28,  nearly. 


Exercises.     Page  248 


l.').4S  sq.  \i:  .{.   30  m.,  I-.")  m. 

90  acres.  i:.   .",12  acres. 

1  cm.  represents  l.">  metres. 


2-5  sq.  cm.,  0.4  sq.  cm, 
7.2". 


Exercises.     Page  2S0 

.(.    4:1. 

S.    <)-2  cm.,  3-8  em. 


Exercises.    Page  2S2 

'•    1:^2.  3.    40  cm.  4.   0-9  cm. 


10. 


Exercises.    Page  266 

(i)   lOJ";   (ii)   LOjft. 


